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A B S T R A C T
A d e t a i l e d  s t u d y  i s  made o f  t h e  N ew ton ian  
c o n c e p t  o f  f o r c e  w h ich  i s  e x p l i c i t  i n  t h e  F i r s t  -Law o f  
M o t io n .  I t  i s  shown t h a t  f o r  b o d i e s  o f  v a r i a b l e  m ass ,  
where t h e  t o t a l  r a t e  o f  change  o f  momentum i s  n o t  
e q u a l  t o  t h e  mass x a c c e l e r a t i o n  o f  t h e  bod y ,  t h e  
m e a s u r a b l e  n e t t  f o r c e  i s  g i v e n  n o t  b y  t h e  t o t a l  r a t e  o f  
change  o f  .momentum, b u t  by  t h e  mass  x a c c e l e r a t i o n  o f  
t h e  b o d y .  A c o n s i s t e n t  t h e o r y  o f  m e c h a n ic s  o f  v a r i a b l e  
m a s se s  i s  worked o u t  u s i n g  t h i s  d e f i n i t i o n  o f  f o r c e  
and  t h e  v a r i o u s  q u a n t i t i e s  i n v o l v e d  a r e  g i v e n  c l e a r  and  
p r e c i s e  p h y s i c a l  i n t e r p r e t a t i o n .  These N ew ton ian  i d e a s  a r e  
t h e n  u s e d  t o  c o n s t r u c t  a- t h e o r y  o f  m e c h a n ic s  o f  V a r i a b l e  
r e s t - m a s s e s ,  w i t h i n  t h e  f r a m e -w o r k  o f  t h e  S p e c i a l  T heory  
o f  R e l a t i v i t y .  • • .
The r e l a t i v i s t i c  - 4 - f o r c e  i s  d e f i n e d  a s  t h e  
r e s t - m a s s  x 4- a c c e l e r a t i o n  and  th e  t h e o r y  o f  m e c h a n i c s  b a s e d  
on t h i s  d e f i n i t i o n  i s  f o u n d  t o  be c o n s i s t e n t  and .  f r e e  
o f  t h e  d i s c r e p a n c i e s  w hich  p r e v i o u s  t h e o r i e s  o f  m e c h a n ic s  
have  s u f f e r e d .  F o r c e s  a c t i n g  on l a r g e  b o d i e s  a r e  e x am in e d  
and  t h e  n a t u r e  o f  su c h  p r o b le m s  i s  f o r m u l a t e d .  The c o n d i t i o n  
f o r  t h e  e q u i l i b r i u m  o f  l a r g e  b o d i e s  a r e  d i s c u s s e d  and  
i l l u s t r a t e d  by means o f  a  w e l l  known- p r o b le m .
A d e t a i l e d  s t u d y  i s  made o f  t h e  c o n c e p t  o f  
r e s t - m a s s  a s  a  p r e l i m i n a r y  t o  a  d e s c r i p t i o n  o f  c o n t in u u m  - 
m e c h a n ic s  o f  v a r i a b l e  r e s t - m a s s e s .  The fo rm s  o f  e n e r g y  
w hich  c o n s t i t u t e  t h e  r e s t - m a s s  o f  p o n d e r a b l e  m a t t e r  a r e
l i s t e d  and  d i s c u s s e d  i n  a  g e n e r a l ,  way. A c o n t in u u m  
m e c h a n ic s  o f  v a r i a b l e  r e s t - m a s s  m e d ia  i s  t h e n  c o n s t r u c t e d  
u s i n g  t h e  d e f i n i t i o n  o f  f o r c e  a s  r e s t - m a s s  x  4- a c c e l e r a t i o n .
The c o n c e p t  o f  **'' t h e  energy-momentum t e n s o r  i s  d i s c u s s e d  and
th e  r u l e s  f o r  th e  d e c o m p o s i t i o n  o f  th e  t o t a l  e n e r g y -  
momentum t e n s o r  i n t o  two p h y s i c a l l y  m e a n i n g f u l  t e n s o r s  
( energy-momentum'* t e n s o r  o f  p o n d e r a b l e  m a t t e r  and  t h e  
energy-momentum t e n s o r  o f  r e a c t i o n )  a r e  l a i d  o u t .  The. 
m ethod  o f  . . c a l c u l a t i n g  t h e  energy-momentum t e n s o r  o f  
r e a c t i o n  i s  d i s c u s s e d  and  a  Theorem o f  V i r t u a l  Power
i s  d e r i v e d .  The u s e  o f  t h e  t h e o re m  i s  d e m o n s t r a t e d  by
f i r s t  ' a p p l y i n g  i t  to  s im p le  m a t e r i a l  c o n t i n u a .  F i n a l l y  t h e  
r e v i s e d  t h e o r y  o f  m e c h a n ic s  i s  a p p l i e d  to  a n  e l e c t r o m a g n e t i c  
m a t e r i a l  medium. The energy-momentum t e n s o r  o f  r e a c t i o n  i s  
' d e r i v e d  ' u s i n g  t h e  ' Theorem o f  V i r t u a l  Power and  u s i n g  . t h i s  
t e n s o r ,  a  d e t a i l e d  d e s c r i p t i o n  o f  t h e  ' e n e r g y ,  momentum 
and f o r c e  d i s t r i b u t i o n s  in-, t h e  . m a t e r i a l / ,  medium i s  g i v e n .
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I N T R O D U C T I O N
The p r o b le m  o f  c a l c u l a t i n g  t h e  energy-momentum 
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m ed ia  h a s  som etim es  b e e n  d e s c r i b e d  a s  one o f  t h e  p e r p e t u a l  
p r o b le m s  o f  e l e c t r o d y n a m i c s .  . I t  h a s  b e e n  t h e  s u b j e c t  o f
much d i s c u s s i o n  and  a rg u m e n t  and  t h i s  c o n t r o v e r s i a l  p ro b le m  
now h a s  a  h i s t o r y  o f  o v e r  60 y e a r s .
The o r i g i n s  o f  t h e  p ro b le m  may be t r a c e d  b a c h  
to  1908  when H. Minkowski  p r o p o s e d  a  f o r m u l a t i o n  o f  
e l e c t r o d y n a m i c s  f o r  m oving  m a t e r i a l  m e d ia .  The f o r m u l a t i o n
was w i t h i n  t h e  f r a m e -w o r k  o f '  t h e  S p e c i a l  T heory  o f
R e l a t i v i t y .  A l th o u g h  th e  f i e l d  e q u a t i o n s  o f  h i s  t h e o r y  o f  
e l e c t r o d y n a m i c s  were p e r f e c t l y  a c c e p t a b l e  and  f o u n d  t o  be 
f r e e  o f  any  d i s c r e p a n c i e s ,  o r  i n c o n s i s t e n c i e s ,  t h e  e n e r g y -
momentum t e n s o r  t h a t  he p r o p o s e d  h a s  b e e n  c r i t i c i s e d  on  
v a r i o u s  g r o u n d s .  One o f  t h e  m a in  e a r l y  c r i t i c i s m s  was
i t s  n o n -sy m m etry .  I t  had  b e e n  shown t h a t  symmetry  was a  
r e q u i r e m e n t  o f  t h e  law  o f  c o n s e r v a t i o n  o f  a n g u l a r  ■ momentum. 
A c c o r d in g  t o  M j ^ l l e r ^ ^  t h e  Minkowski t e n s o r  i s  i n c o m p l e t e .  
S e v e r a l  energy-momentum t e n s o r s  have s i n c e b e e n  p r o p o s e d  
by  v a r i o u s  w o r k e r s  on t h e  s u b j e c t .  A c o m p re h e n s iv e  a c c o u n t  
o f  th e  p r o b le m  and i t s  h i s t o r y , ,  i n c l u d i n g  a  new s o l i i t i o n  
t o  t h e  p ro b le m ,  h a s  b e e n  g i v e n  by ? ,  P e n f i e l d  an d  . Haus
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o f  t h e  ,M. I . T .  An e a r l i e r  a c c o u n t  o f  t h e  p r o b le m  h a d
b e e n  g i v e n  by  p a u l i ^ ' .  The e a r l y  a c c o u n t s  o f  t h e
p ro b le m  a r e  m a i n l y  c r i t i c i s m s  o f  t h e  Minkowski  t e n s o r  
and  t h e  p ro b le m  i s  c o n s i d e r e d  a s  e s s e n t i a l l y  one i n  
e l e c t r o d y n a m i c s  o f  m oving  m e d ia .  The v iew  t a k e n  i n  t h i s
t h e s i s ,  r e g a r d i n g  th e  n a t u r e  o f  t h e  p ro b le m ,  i s  somewhat 
d i f f e r e n t .  . '
The i m p o r t a n c e  o f  !t h e  energy-momentum t e n s o r  l i e s  
i n  t h e  f a c t  t h a t  i t  i s  used* to  w r i t e  down t h e  l a w s  
o f  c o n s e r v a t i o n  o f  e n e r g y  and  momentum and  a l s o  t o  w r i t e  
down t h e  e q u a t i o n  o f  m o t i o n .  I s  i , t  t h e r e f o r e  n o t  s u r p r i s i n g  
t h a t  t h e r e  s h o u l d  be c o n t r o v e r s y  r e g a r d i n g  s u c h  : 
a  f u n d a m e n t a l  q u a n t i t y  a s  t h e  t e n s o r  w hich  g i v e s  t h e  
e n e r g y  and momentum • e q u a t i o n s  f o r  a n  e l e c t r o m a g n e t i c  m a t e r i a l
medium? I t  i s  t h e  b e l i e f  o f  t h e  a u t h o r  t h a t  t h e  p r o b le m
o f  t h e  energy-momentum t e n s o r  i s  ' n o t  one o f  e l e c t r o d y n a m i c s
b u t  one o f  r e l a t i v i s t i c  m e c h a n i c s .  I t  i s  a  d i r e c t  r e s u l t
o f  t h e  way i n  w h ich  r e l a t i v i s t i c  m e c h a n ic s  i s  n o r m a l l y  
p r e s e n t e d .  i  ' V
The e a r l y  r e s e a r c h  work,  f o r  t h i s  t h e s i s ,  b e g a n
w i t h  a n  e x t e n s i v e  s t u d y  o f  t h e  work done b y  P e n f i e l d  
and  . , H a u s ^ ^  on e l e c t r o d y n a m i c s  o f  m oving  m e d i a .  These 
two r e s e a r c h  w o r k e r s  had  made a  d e t a i l e d  s t u d y  o f  t h e
p ro b le m  o f  t h e  energy-momentum t e n s o r  f o r  e l e c t r o m a g n e t i c  
m e d ia  and p u t  f o r w a r d  t h e i r  own s o l u t i o n  t o  t h e  p r o b le m .
A", c l o s e  e x a m i n a t i o n  o f  t h e i r  work showed t h a t  t h e  
m e c h a n ic s  ( r e l a t i v i s t i c )  t h a t  t h e y  had  u s e d  was f u n d a m e n t a l l y  
d i f f e r e n t  f rom  t h e .  m e c h a n ic s  t h a t  i s  n o r m a l l y  u s e d  i n
th e  b e x t - b o o k s  on r e l a t i v i t y .  - However,  t h e s e  a u t h o r s  gave 
no- r e a s o n s  a s  t o  why t h i s '  was so n o r  wha t  t h e y  
i n t e n d e d  t o  g a i n  by  i t .  The r e s e a r c h  work f o r  t h e  t h e s i s  
soon  d i v e r t e d  t o  t h e  s u b j e c t  o f  m e c h a n i c s .  I t  g r a d u a l l y  
became a p p a r e n t  t h a t  a l l  was n o t  w e l l .  M i s c o n c e p t i o n s  
and  d i s c r e p a n c i e s  em erg ed .  Much o f  t h e s e  were  c e n t r e d
ro u n d  t h e  c o n c e p t  o f  r e s t - m a s s  and  th e  e q u a t i o n  f o r
f o r c e  and  4- f o r c e «
C o n v e n t i o n a l  r e l a t i v i s t i c  m e c h a n ic s  d e f i n e s  t h e  
f o r c e  a s  t h e  t o t a l  r a t e  o f  .change o f  t h e  momentum o f
^  "body, so t h a t  t h e  n e t t  4- f o r c e  a c t i n g  on a  body  i s
w r i t t e n  a s
• Ka  = I - 1
w h e r e '  MQ i s  t h e  r e s t - m a s s  o f  t h e  body ,  ^  t h e  p r o p e r
t im e  a n d  v  t h e  4- v e l o c i t y .  T h i s  d e f i n i t i o n  i s  a ssum ed  t o
U > ■,
be c o r r e c t  e v en  when t h e  r e s t - m a s s  M i s  c h a n g i n g  w i t h
time., ^ . e .  when M ' = M (# )  • I t  i s  s t a t e d  by  a u t h o r s
su ch  a s  B i n d l e r ^  t h a t  t h i s  d e f i n i t i o n  i s  t h e  l o g i c a l  
• e x t e n s i o n  t o  th e  c o n c e p t  . o f  f o r c e  i n  N ew to n ian  m e c h a n ic s
o f  v a r i a b l e  m a s s e s ,  which  t h e y  w r i t e  a s
K = £ j M ( t )  v ) ,  1 . 2 .
where M (t)  i s  t h e  v a r i a b l e  mass o f  t h e  b o d y ,  v  i t s  v e l o c . i t  
and  t  i s  t h e  t im e . .  jjow i t  i s t r u e  t h a t '  K g i v e n  above
i s  r e f e r e d  to  a s  t h e  f o r c e  i n  some t e x t - b o o k s  on N ew to n ian
m e c h a n ic s  and  p h y s i c s  b u t  i t  h a s  n e v e r  b e e n  u s e d  a s
su c h .  When p ro b le m s  i n v o l v i n g  th e  m o t io n  o f  v a r i a b l e  m a s s e s
have to  be d e a l t  w i t h ,  t h e  law' o f  c o n s e r v a t i o n  o f  
momentum i s  u s e d  t o  d e r i v e  e q u a t i o n s  o f  m o t i o n ,  i l s o ,  t h e
e x p r e s s i o n  f o r  K g i v e n  by  e q u a t i o n  1 . 2  i s  n e v e r  u s e d  
to  c a l c u l a t e  t h e  r a t e  o f  w o r k in g  i n  t h e  c a s e  o f  b o d i e s
o f  v a r i a b l e  m ass ,  a s  we would  n o r m a l ly  c a l c u l a t e  f o r  a  
f o r c e  whose p o i n t  o f  a p p l i c a t i o n  i s  i n  m o t i o n .  I n  f a c t ,  
i f  we a t t e m p t  su ch  a  c a l c u l a t i o n  bv  w o r k in g  o u t  K* v.
t h e  r e s u l t  i s  an  e x p r e s s i o n  which  h a s  no m e a n i n g f u l . .. 
p h y s i c a l  i n t e r p r e t a t i o n .  So t h e  e x p r e s s i o n  1 . 2 ,  t h o u g h  
r e f e r e d  t o  a s  t h e  f o r c e  on a  body  o f  v a r i a b l e  m ass ,  
i s  n e v e r  u s e d  a s  such . '
F o r c e  i s  a  f u n d a m e n t a l  j ) h y s i c a l  q u a n t i t y  and  
we know t h a t  a l l  f u n d a m e n t a l  q u a n t i t i e s  i n  P h y s i c s  a r e  
d i r e c t l y  m e a s u r a b l e  q u a n t i t i e s ,  w h ich  a r e  a l l  . d e f i n e d  i n  
t e r m s  o f  t h e  m ethod  u s e d  f o r  t h e i r  m e a s u r e m e n t .  v.She
m a t h e m a t i c a l  e q u a t i o n s  - which  r e l a t e  t h e s e  f u n d a m e n t a l  
q u a n t i t i e s  a r e  e m p i r i c a l l y  d e t e r m i n e d .  A l l  s u b s e q u e n t
t h e o r e t i c a l  c o n s i d e r a t i o n s  a r e  b a s e d  , on t h e s e  e m p i r i c a l l y  
d e t e r m i n e d  f u n d a m e n t a l  e q u a t i o n s  o f  P h y s i c s .  The e q u a t i o n  
w h ich  r e l a t e s  f o r c e  to  t h e  mass and  m o t io n  o f  a  body  
( o f  c o n s t a n t  o r  v a r i a b l e  mass) ,  i s  o f  a  . s i m i l a r  n a t u r e .
F o rc e  i s  d e f i n e d  a s  t h a t  w h ich  i s  m e a s u re d  by  means - c f
s p r i n g  b a l a n c e  and th e  m a t h e m a t i c a l  r e l a t i o n s h i p  w h ich  r e l a t e  
t h i s  m e a s u r a b l e  f o r c e  t o  t h e  mass a n d / m o t i o n  i s  o f  
e m p i r i c a l  o r i g i n  and  n o t  j u s t  a  c o n v e n i e n t  t h e o r e t i c a l  
d e f i n i t i o n .  The r e s e a r c h  work r e p o r t e d  in .  t h i s  t h e s i s  
shows t h a t '  i f  f o r c e  i s  to  be d e f i n e d  a s  what  i s  
m e a su re d  by means o f  a  s p r i n g  b a l a n c e ,  t h e n  i t  i s  n o t
g i v e n  by  th e  e x p r e s s i o n  f o r  K ( e q u a t i o n  1 . 2 ) b u t  b y  t h e  
e x p r e s s i o n  mass  x a c c e l e r a t i o n  a s -  ' r /
r\ . . - ’ .
p = M(t) a_v ' 1.3
a t
A d e t a i l e d  s t u d y  o f  t h e  two e x p r e s s i o n s  f o r  f o r c e  1 . 2
and 1 .3  was made an d  i t  was fo u n d  . t h a t  K does  n o t  
co n fo rm  w i t h  t h e : N e w to n ian  c o n c e p t  o f  f o r c e  w h ic h ;  i s  ' d a
e x p l i c i t  i n  N e w to n 's  f i r s t  l aw  o f  m o t i o n .  V/hen th e
c o n c e p t  o f  work done by  a f o r c e  was i n v e s t i g a t e d ,  i t
was fo u n d  t h a t  t h e  e x p r e s s i o n  K .v  j i s  . [ o f  no p h y s i c a l  ;f
s i g n i f i c a n c e '  a t  a l l  w h i l e  t h e  e x p r e s s i o n  F .v ,  g i v e s  t h e  
r a t e  o f  - i n c r e a s e  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  bod y ,  due 
e n t i r e l y  t o  t h e  a c t i o n  o f  P .  A N ew to n ian  m e c h a n ic s  o f
v a r i a b l e  m as se s  was d e v e l o p e d  w i t h  p a r t i c u l a r  e m p h a s i s  
on t h e  v a l u e '  o f  t h e  m e a s u r a b l e  f o r c e . The c o n c e p t s  d e v e l o p e d
i n  t h e  N ew ton ian  m e c h a n ic s  o f  v a r i a b l e  m a s s e s  were then-
u s e d  to  c o n s t r u c t  a  r e l a t i v i s t i c  t h e o r y . .  The r e s u l t  was 
a  r e l a t i v i s t i c  t h e o r y  o f  m e c h a n ic s  ; o f ’ - v a r i a b l e ' - r e s t - m a s s e s .  
The d e f i n i t i o n  o f  f o r c e  a s
V  = Mn ^  ± * a  "  1*4a  0 -dX
. h  /  . y  ■   ; . f ; v ............. ' 1 1 . ' 1  ' '■ , '  ~ f v ; h
was th en ,  f o u n d  to  be  m ost  . s u i t a b l e  ■
Due t o  t h e  f u n d a m e n ta l  n a t u r e  o f  t h e  d e p a r t u r e
from c o n v e n t i o n a l  m e c h a n i c s ,  a  d e t a i l e d  s t u d y  was- made o f
a l l  t h e  b a s i c  c o n c e p t s  and d e f i n i t i o n s  i n  m e c h a n i c s .  The
n a t u r e  o f  t h e  r e s t - m a s s  . M and t h e  way i n  w h ic h  t h i s
may change  was s t u d i e d  . i n  g r e a t  d e t a i l .  With  t h e  d e v e lo p m e n t  
o f  t h e  m e c h a n i c s ,  i t  became a p p a r e n t  t h a t  t h e  b a s i c  
d i f f i c u l t y  w i t h  p r o b le m s  s u c h  a s  t h e  energy-momentum t e n s o r  
f o r  e l e c t r o m a g n e t i c  m ed ia  l a y  i n  t h e  l a c k  o f  u n d e r s t a n d i n g  
o f  some o f  t h e  more f u n d a m e n t a l  c o n c e p t s  o f  m e c h a n i c s  
and  i n  p a r t i c u l a r  t h e  c o n c e p t s  o f  r e s t - m a s s  and f o r c e .
The work o f  P e n f i e l d  and  Haus shows ample e v i d e n c e  o f  
t h i s .  A lmost  u n w i t t i n g l y  t h e s e  two a u t h o r s  u s e  a  c o n c e p t
o f  r e s t - m a s s  and  a  d e f i n i t i o n  o f  f o r c e  w h ich  i s  v e r y
d i f f e r e n t  f rom  th e  c o n v e n t i o n a l  d e f i n i t i o n s .  However i t  
c an  he e a s i l y  shown t h a t  t h e i r  c o n c e p t  o f  r e s t - m a s s  i s  
n o t  s u i t a b l e  f o r  any  r e l a t i v i s t i c  t h e o r y  . o f ; m e c h a n ic s  and
i n  p r i n c i p l e  c an  be shown ■ t o  be i n  e r r o r  by  e x p e r i m e n t .
They assum ed t h a t  t h e  r e s t - m a s s  o f  a  m a t e r i a l  bo d y ,  o r  o f
t h e  r e g i o n  o f  a  body ,  (composed o f  a  c o n s t a n t  number o f  
m a t e r i a l  p a r t i c l e s )  i s  a  c o n s t a n t ,  e v e n  when t h e  i n t e r n a l
e n e r g i e s  s u c h  a s  h e a t  e n e r g y ,  s t r e s s  e n e r g y  e t c . ,  are-
c h a n g i n g .  T h e r e f o r e  i n  t h e i r  t h e o r y  o f  m e c h a n ic s  t h e .
q u a n t i t i e s  'K  and  a r e  a lw a y s  e q u a l  t o  e a c h  o t h e r  a s
Ka  = § / o v a  = Mo | / a  = ^
The r e s t - m a s s  o f  a  body i s  h o t  j u s t  a  c o n v e n i e n  
t h e o r e t i c a l  c o n c e p t  b u t  a  p h y s i c a l  q u a n t i t y  o f  r e a l  
s i g n i f i c a n c e  t h a t  c an  be d i r e c t l y  m e a su re d  by  w e i g h in g  
( t h e  m ea su re m e n t  b e i n g  j u s t i f i e d  by  th e  e q i v a l e n e e  o f  
t h e  g r a v i t a t i o n a l  an d  i n e r t i a l  m a s s e s  w h ich  h a s  now 
b e e n  v e r i f i e d  by e x p e r i m e n t ) .  Hence i f  we h e a t  a  body
o f  r e s t - m a s s  M , s u p p l y i n g  i t  w i t h  h e a t  e n e r g y  
r e s t - m a s s  o f  th e  body  w i l l ,  be i n c r e a s e d  t o  
where t h i s  new r e s t - m a s s  i s . g i v e n  by
where c i s  t h e  v e l o c i t y  o f  l i g h t  i n  vacuo and  M i s  
m e a s u r e d  i n  mass  u n i t s  and  W p ^ ° i s  m e a s u r e d  i n  - e n e r g y  
u n i t s .  The same a p p l i e s  t o  a l l  o t h e r  fo rm s  o f  i n t e r n a l  
e n e r g y  a n d : t h e r e f o r e  t o  assume, a n  e q u a t i o n  su c h  a s  1 . 5  
would  be a  f u n d a m e n t a l  e r r o r .  Hence t h e  a s s u m p t i o n  made 
by P e n f i e l d  and  Haus i n  r e g a r d i n g  t h e  r e s t - m a s s  o f  a  
b od y ,  o r  a  r e g i o n  o f  a  body ,  c o n t a i n i n g  a  c o n s t a n t  number 
o f  m a t e r i a l  p a r t i c l e s  t o  be  a  c o n s t a n t  i s  u n f o r t u n a t e  
s i n c e  i t  i n v a l i d a t e s  a l l  s u b s e q u e n t  c a l c u l a t i o n s  o f  m e c h a n ic s
and  e l e c t r o d y n a m i c s  made b y  them .
1 . 1  . .THE PROBLEM AS VIEWED BY THE' AUTHOR OF
THIS THESIS.
The i m p o r t a n c e  o f  h a v i n g  a  c l e a r  u n d e r s t a n d i n g  o f  
t h e  fu n d a m e n ta l : -  c o n c e p t s  o f  m e c h a n ic s  such  a s  m ass  a n d  
f o r c e  c a n n o t  be o v e r  e m p h a s i s e d .  The s t u d y  o f  t h e  p ro b le m
o f  t h e  energy-momentum t e n s o r  f o r  e l e c t r o m a g n e t i c  m ed ia  
p r o v i d e d  ample e v i d e n c e  o f  t h e  l a c k  o f  u n d e r s t a n d i n g  o f  
t h e s e  f u n d a m e n t a l  p h y s i c a l  q u a n t i t i e s .  As was p o i n t e d  o u t
e a r l i e r ,  t h e  energy-momentum t e n s o r s  t h a t  have  b e e n  p r e v i o u s !  
p r o p o s e d  have  a l l  b e e n  c r i t i c i s e d  on v a r i o u s  g r o u n d s .
They a r e  a l l  v a l i d  c r i t i c i s m s  and  have  t o  be g i v e n  due
c o n s i d e r a t i o n .  However, t h e r e  i s  one c r i t i c i s m  t h a t  .can  be 
l e v e l l e d  a g a i n s t  a l l  o f  t h e  p r e v i o u s l y  p r o p o s e d  e n e r g y -
momentum t e n s o r s  f o r  e l e c t r o m a g n e t i c  m ed ia  w h ich  h a s  n e v e r
b e f o r e  b e e n  c o n s i d e r e d  o r  ev en  m e n t i o n e d .  The c r i t i c i s m  
i s  t h a t  none o f  t h e  p r e v i o u s  a u t h o r s  on t h e  s u b j e c t
have t a k e n  i n t o  a c c o u n t  th e  e f f e c t  o f  p o l a r i s a t i o n  and
m a g n e t i s a t i o n  , on t h e  r e s t - m a s s  o f  m a t t e r .
The r e s t - m a s s  o f  a  body  o r  s. r e g i o n  o f  a
m a t e r i a l  medium i s  a  m easu re ,  o f  t h e  t o t a l  e n e r g y  a s s o c i a t e d
w i t h  t h e  " p o n d e r a b l e  m a t t e r "  i n  t h e  body ,  o r  t h e  r e g i o n  o f  . 
t h e  medium, a s  m e a s u r e d  f rom, i t s  i n s t a n t a n e o u s - r e s t - f r a m e «
T h is  e n e r g y  i n c l u d e s  a l l  f o rm s  o f  i n t e r n a l  e n e r g y  o f  t h e
m a t e r i a l  body ( o r  r e g i o n  o f  m a t e r i a l  medium) s u c h  a s
h e a t  e n e r g y ,  s t r e s s  e n e r g y ,  p o l a r i s a t i o n  e n e r g y ,  m a g n e t i s a t i o n
e n e r g y ,  b i n d i n g  e n e r g y  e t c . .  B u t  a s  f a r  a s  i s  known t o  
t h e  a u t h o r ,  no one h a s  p r e v i o u s l y  c o n s i d e r e d  t h e  c h a n g e s  
i n  t h e  r e s t - m a s s  o f  m a t t e r  due to  p o l a r i s a t i o n  o r
m a g n e t i s a t i o n .  T h i s  i s  a  s e r i o u s  o m i s s i o n  s i n c e  r e s t - m a s s
i s  a  q u a n t i t y  t h a t  c an  be  d i r e c t l y  m e a s u r e d .  T h i s  a l o n e  
g i v e s  r i s e  to  d i f f e r e n c e s  b e tw e e n  t h e  energy-momentum t e n s o r  
p r o p o s e d  i n  t h i s  t h e s i s  a n d  a l l  t h o s e  t h a t  have  b e e n  
p r e v i o u s l y  p u t  f o r w a r d .  These d i f f e r e n c e s  may w e l l  be
w i t h i n  t h e  l i m i t s  o f  e x p e r i m e n t a l  m e a s u re m e n t .  F o r  ex am p le ,
/  ■
• t h e  energy-momentum t e n s o r  g i v e n  i n  t h i s  t h e s i s  w i l l
p r e d i c t  a n  i n c r e a s e  i n  t h e  r e s t - m a s s  o f  a  body  when i t  
i s  m a g n e t i s e d ,  t h e  i n c r e a s e  b e i n g  e q u a l  t o  t h e  i n c r e a s e
i n  t h e  e n e r g y  o f  m a g n e t i s a t i o n  ( i n  mass u n i t s ) .  The 
t e n s o r  g i v e n  by' ‘ P e n f i e l d  and  Haus p r e d i c t s  no i n c r e a s e  
i n  - the  r e s t - m a s s .  The Minkowski  energy-momentum t e n s o r  h a s  
b e e n  . exam ined  by  M p ' l l e r ^ ^  and  he shows t h a t ,  f o r  i s o t r o p i c  
homogeneous m ed ia ,  t h e  r e s t - m a s s  i s  o n l y  c h an g e d  due to
. c h an g e s  i n  t h e  J o u l e  h e a t  o f  t h e  b o d y ,  and  m a g n e t i s a t i o n  
makes no d i f f e r e n c e  t o  , i t • o i m r l a r l y ,  o u r  t e n s o r  g i v e s  
a  change  m  t h e  r e s t —mass due t o  e l e c t r i c  p o l a r i s a t i o n
o f  m a t t e r ,  b u t  t h e  o t h e r  t e n s o r s  do n o t  g i v e  t h e s e  
c h a n g e s .  These p r e d i c t i o n s  o f  r e s t - m a s s  change  c o u l d ,  i n ' 
p r i n c i p l e ,  be u s e d  f o r  t h e  e x p e r i m e n t a l  v e r i f i c a t i o n  o f  
some a s p e c t s  o f  t h e  t e n s o r  p r o p o s e d  i n  t h i s  t h e s i s .
The i n v e s t i g a t i o n s  t h a t  l e d  to  t h e  w r i t i n g  o f  
t h i s  t h e s i s  p r o v i d e d  ample e v i d e n c e  i n  s u p p o r t  o f  t h e
v iew t h a t  t h e  r e a s o n  why none o f  t h e  p r e v i o u s  w orke rs  
had  p a i d  any a t t e n t i o n  t o  t h e  m echanism  o f  r e s t - m a s s
change  i n  m a t e r i a l  m e d ia ,  p a r t i c u l a r l y  i n  e l e c t r o m a g n e t i c  
me“d i a ,  i s  b e c a u s e  o f  t h e  way f o r c e  i s  d e f i n e d .  I t  i s  
n o r m a l l y  assum ed  t h a t  f o r c e  i s  g i v e n  by t h e  :t o t a l  r a t e  
o f  change  o f  t h e  momentum o f  t h e  b od y .  The t o t a l  r a t e
o f .  change  . o f  momentum o f  a  body i s  an  i m p o r t a n t  q u a n t  i t  
due t o  t h e  law o f  c o n s e r v a t i o n  o f  momentum. However,  to
assume t h a t  i t  i s  a l s o  t h e  n e t t  m e a s u r a b l e  f o r c e  a c t i n g
on t h e  body ,  i n  t h e  c a s e  o f  v a r i a b l e  r e s t - m a s s e s ,  o n l y
l e a d s  t o  m i s c o n c e p t i o n s ,  d i s c r e p a n c i e s  and  e r r o r s .
■: r: ? • V-
1 .2  WHAT THIS THESIS CONTAINS ! /
As i t  h a s  b e e n  a l r e a d y  i n d i c a t e d ,  i t  ‘ i s  t h e
f i r m  b e l i e f  o f  t h e  a u t h o r  t h a t  a  c l o s e  e x a m i n a t i o n  o f
th e  f u n d a m e n t a l s  o f  m e c h a n ic s  i s  r e q u i r e d .  T h i s  i s  wha t
i s  done i n  t h i s  t h e s i s .
To b e g i n  w i t h  t h e  N ew ton ian  c o n c e p t  o f  f o r c e  i s  
exam ined  f o r  b o d i e s  o f  v a r i a b l e  m ass ,  i . e .  where  t h e  mas 
M i s  a  f u n c t i o n  o f  t im e  t  a s  M = M ( t j .  T h ree  q u a n t i t i
d X x  O i  Vv*xiJ.L?xi i ic lv S  UIi.6 U .liU 0iiSJL U lio ,.U1 J.OX dX't?
These t h r e e  q u a n t i t i e s  a r e ,
which  t h r e e  q u a n t i t i e s  a r e  r e l a t e d  by t h e  e q u a t i o n
K = 1  + G . 1 ,1 0
Of t h e s e ,  i t  i s  shown t h a t  ¥  a n d  o n l y  F can  be r e g a r d e d
a s  t h e  t r u e  n e t t  f o r c e  a c t i n g  on a  body  o f  v a r i a b l e  m a s s .
I t  i s  a l s o  shown t h a t  o f  the- th ree -  q u a n t i t i e s  K, ¥  a n d  G, 
o n l y  ¥  can  be m e a s u re d  b3r means o f  a  s p r i n g - b a l a n c e  *
Gf g i v e s  t h a t  , p a r t  o f  t h e  r a t e  o f  change  o f  t h e  momentum 
o f  t h e  body  due e n t i r e l y  to  t h e  c h a n g e s  i n  t h e  m ass  o f
t h e  b o d y .  A l th o u g h  gT h a s  t h e  d i m e n s i o n s  o f  f o r c e ,  i t  
makes no c o n t r i b u t i o n  t o  t h e  n e t t  f o r c e  a c t i n g  on t h e  
b od y .  K i s  t h e  sum o f  t h e s e  two q u a n t i t i e s  (w h ich  two •
g iv e  two d i s t i n c t  m echan ism s o f  momentum change o f  a  
body)  and  i s  o f  i m p o r t a n c e  due t o  t h e  l aw  o f  c o n s e r v a t i o n
o f  momentum. K i n e t i c  e n e rg y ,  and  t h e  c o n c e p t  o f  work a r e  
t h e n  e x a m in e d .  T h i s  c l o s e  e x a m i n a t i o n  o f  t h e  N ew to n ian  
m e c h a n ic s  o f  v a r i a b l e  m a s se s  fo rm s  th e  b a s i s  f o r  t h e
r e - a p p r a i s a l  o f  t h e  r e l a t i v i s t i c  m e c h a n ic s  o f  v a r i a b l e  
r e s t - m a s s e s .  P a r t i c u l a r  a t t e n t i o n  i s  p a i d  t o  t h e  c o n c e p t
o f  r e s t - m a s s  s i n c e  a  c l e a r  u n d e r s t a n d i n g  o f  i t s  n a t u r e  
and  c o m p o s i t i o n  a r e  e s s e n t i a l  f o r  t h e  r e - a p p r a i s a l  o f  
t h e  r e l a t i v i s t i c  m e c h a n ic s  o f  v a r i a b l e  r e s t - m a s s e s .
The argum ents t h a t  l e a d  us  to  w r ite  th e  Newtonian e q u a t io n  
o f  f o r c e ,  f o r  v a r ia b le  . m a sses ,  a s  mass x a c c e l e r a t i o n  
are c a r r ie d  to  t h e i r  l o g i c a l  c o n c lu s io n  by d e f i n i n g  the  
r e l a t i v i s t i c  4 - f o r c e  a c t i n g  on., a body a s  r e s t -m a s s  x  
4 - a c c e l e r a t i .o n ,  w hether  th e  r e s t - m a s s  i s  chan g in g  or  n o t .
For the  sake o f  c o m p le te n e ss  o f  the  th e o r y  o f
m ech a n ics , we a l s o  d i s c u s s  the  c o n d i t io n s  o f  e q u i l ib r iu m  
i n  b o th  Newtonian m echan ics  and a c c o r d in g  to  th e  S ioec ia l  
Theory o f  R e l a t i v i t y .  Here, the paradox known as  Tolm an's
P aradox, r e g a r d in g  th e  e q u i l ib r iu m  o f  a r i g h t - a n g l e d  l e v e r
i s  d i s c u s s e d .  The e x p la n a t io n  g iv e n  i s  d i f f e r e n t  from  
th o s e  . g iv e n ,  e a r l i e r  ( s e e  W, P a u l i ^ ' * ) .
The m echan ics  o f  v a r ia b le  r e s t - m a s s e s  i s  t h e n ' .
e x ten d ed  f o r  th e  d e s c r i p t i o n  o f  c o n t in u o u s  m a t e r ia l  m ed ia .
In the  ^ d e s c r ip t io n  o f  c o n t in u o u s  m edia , p a r t i c u l a r  a t t e n t i o n
i s  p a id  to  the  m eaning o f  th e  energy-momentum t e n s o r ,
f  r n \
and how the t o t a l  energy-momentum t e n s o r  T : t ' , a t  any J/  Cvp .
p o i n t ,  i s  to  be s e p a r a te d  in t o  th e  energy-momentum t e n s o r  
f o r  "ponderable  m atter" a t  th e  p o in t ,  an<^
energy-momentum - t e n s o r  o f  r e a c t i o n  . A c l e a r  un der­
s t a n d in g  o f  t h e s e ; th r e e  t e n s o r s  i s  c o n s id e r e d  to  be
e x tr e m e ly  im p o r ta n t ,  f o r  th e  th e o r y  o f  m echan ics  r e q u ir e s  
u s to  d ec id e  how the  en ergy  i n  a g iv e n  r e g io n  i s  to
be d iv id e d  betw een  the  t e n s o r s  ^ 0 * ^  an  ^ f i r s t
o f  which c o n t a in s  a l l  th o se  e n e r g i e s  t h a t  are  to  be 
a s s o c i a t e d  w ith  the "ponderable  m a t t e r " . i n . th e  r e g io n
and th e  secon d  o f  which c o n t a in s  a l l  o t h e r  form s o f  
e n e rg y . T h is  in d eed  i s  the  cru x  o f  the  problem  o f  the
energy-momentum t e n s o r  f o r  e l e c t r o m a g n e t i c  m a t e r i a l  c o n t i n u a ,  
a l t h o u g h  i t  h a s  n o t  "been t r e a t e d  a s  su c h  p r e v i o u s l y .
The s t u d y  o f  t h e  m e c h a n ic s  o f  m a t e r i a l  c o n t i n u a
p r o c e e d s  w i t h  t h e  d e v e lo p m e n t  o f  a  " P r i n c i p l e  o f  V i r t u a l
P o w e r" .  The p r i n c i p l e  i s  f o r  c o m p l e t i n g  t h e  energy-momentum
(B)t e n s o r  o f  r e a c t i o n  T^p '  when o n l y  t h e  e n e r g y  and  th ean
e n e r g y  f l o w  i n  t h e  m a t e r i a l  medium i s  known. T h is
r e l a t i v i s t i c  p r i n c i p l e  o f  v i r t u a l  power  i s  s i m i l a r  t o  
t h e  p r i n c i p l e  _ d i s c u s s e d  by  P e n f i e l d  and  Haus,  b u t  t h e r e  
. i s  a  d i f f e r e n c e  o f  a  f u n d a m e n t a l  n a t u r e  i n  t h a t  h e r e  
t h e  c h a n g e s  i n  t h e  r e s t - m a s s  a r e  t a k e n  i n t o  a c c o u n t .  (As
m e n t i o n e d  e a r l i e r ,  P e n f i e l d  and  Haus u s e d  a  c o n s t a n t  r e s t -  
mass m e c h a n ic s  w h ich  i s  u n s u i t a b l e  f o r  a  r e l a t i v i s t i c  
t h e o r y  o f  m e c h a n i c s ) .  The u s e  o f  t h e  p r i n c i p l e ,  
w hich  i s  r e f e r e d  t o  a s  t h e  Theorem o f  V i r t u a l
Power,  i s  d e m o n s t r a t e d  by  f i r s t  a p p l y i n g  i t  t o  v e r y
s im p le  t y p e s  o f  c o n t i n u o u s  m e d ia .  F i r s t l y  i t  i s  a p p l i e d
to  a  s im p le  model  o f  a  c o m p r e s s i b l e  f l u i d ,  f l o w i n g  and  
d e fo r m in g  u n d e r  a d i a b a t i c  c o n d i t i o n s .  I t  i s  t h e n  a p p l i e d  
t o  a  s im p le  model o f  an  e l a s t i c  s o l i d ,  a g a i n  m oving  an d .
d e fo r m in g  u n d e r  a d i a b a t i c  c o n d i t i o n s . ’ I n  t h e  c a s e  o f  t h e s e  
two s im p le  c o n t i n u o u s  m e d ia ,  t h e  energy-momentum t e n s o r s  
t h a t  a r e  d e r i v e d ,  u s i n g  t h e  Theorem o f  V i r t u a l  Pow er ,  
a g re e ;  w i t h  t h o s e  g i v e n  by M / l l e r  b u t  n o t  w i t h  t h o s e
o f  P e n f i e l d  and  Haus .  Of c o u r s e  o u r  e q u a t i o n s  o f  f o r c e  
a r e  d i f f e r e n t  f rom  t h o s e  g i v e n  by  M i l l e r .  A d e t a i l e d  a c c o u n t  
o f  t h e  m echanism s o f  momentum and  e n e r g y  change  a r e  g i v e n  
f o r  b o t h  t h e s e  m e d ia .  Such a  . d e t a i l e d  d e s c r i p t i o n  i s
p o s s i b l e  o n l y  w i t h  t h e  m e c h a n i c s  o f  v a r i a b l e  r e s t - m a s s e s  
g i v e n  i n  t h i s  t h e s i s .  Then, t h e  Theorem o f  V i r t u a l  Power 
i s  a p p l i e d  t o  a  c l o u d  o f  c h a r g e d  p a r t i c l e s  w i t h  i n t e r n a l  
i n t e r a c t i o n s  b u t  w i t h o u t  p o l a r i s a t i o n  o r  m a g n e t i s a t i o n .  (A 
c lo u d  o f  e l e c t r o n s  i s  o f  t h i s  t y p e . ) .  The r e s u l t s  a r e
d i s c u s s e d  and  i t  i s  shown t h a t  t h e  energy-momentum t e n s o r  
t h a t  i s  d e r i v e d  h e r e  w i l l  r e d u c e  t o  t h e  energy-m omentum  t e n s o  
t h a t  i s  U s u a l l y  g i v e n  f o r  a  c h a r g e d  c l o u d  when t h e  
i n t e r n a l  i n t e r a c t i o n s  a r e  i g n o r e d .  T h i s  t e n s o r  i s  c o n s i d e r e  
to  be more g e n e r a l  t h a n  th e  one t h a t  i s  u s u a l l y  g i v e n  
i n  t h e  t e x t - b o o k s .  F i n a l l y ,  t h e  Theorem o f  V i r t u a l  B o w er ' '
i s  a p p l i e d  t o  an  e l e c t r o m a g n e t i c  m a t e r i a l  medium w i t h  
p o l a r i s a t i o n  and  m a g n e t i s a t i o n .  H ere ,  t h e  r e s u l t s  do n o t  
depend  e n t i r e l y  on t h e  t h e o r y  o f  m e c h a n ic s  b u t  on t h e
t h e o r y  o f  e l e c t r o m a g n e t i s m  a s  w e l l .
• S e v e r a l  t h e o r i e s  o f  e l e c t r o m a g n e t i s m  have  b e e n
p u t  f o r w a r d  i n  t h e  p a s t .  Many o f  t h e s e  d ep en d  on t h e
model t h a t  i s  u s e d  f o r  p o l a r i s a t i o n  and  m a g n e t i s a t i o n .
f l l ^(See P e n f i e l d  and  Haus,  M . I .T  r e s e a r c h  m onograph  40)^
The Am perian  and  th e  B o f f  i  f o r m u l a t i o n s  u se  a  d i p o l e
model f o r  p o l a r i s a t i o n  and  . a.11 e l e c t r i c  c u r r e n t  l o o p '  model
f o r  m a g n e t i s a t i o n .  The Chu f o r m u l a t i o n  u s e s  an  e l e c t r i c
d i p o l e  model  f o r  t h e  p o l a r i s a t i o n  an d  a. m a g n e t i c  d i p o l e  
model f o r  t h e  m a g n e t i s a t i o n .  The 'Minkowski f o r m u l a t i o n ,  
•which i s  wha t  i s  m os t  commonly u s e d ,  u s e s  no model  f o r
p o l a r i s a t i o n  o r  m a g n e t i s a t i o n  an d  i n  f a c t  d o e s  n o t  r e f e r  
to  them i n  th e  f i e l d  e q u a t i o n s .  A l th o u g h  t h e  Minkowski  
f o r m u l a t i o n  i s  t h e  b e s t  known o f  t h e  f o r m u l a t i o n s ,  t h e
Theorem o f  V ir tu a l  Power o f  the m echan ics  o f  v a r ia b le  
r e s t - m a s s e s  i s  n o t  a p p l ie d  to  i t *  The Minkowski f o r m u la t io n ,
a s  i s  u s u a l l y  p r e s e n te d ,  i s  n o t  s u i t a b l e  f o r  use  w ith
a th eo rj7- o f  v a r ia b le i  r e s t - m a s s  m ec h a n ics .  T his i s  b ecau se  
no d e t a i l e d  a c co u n t  i s  g iv e n  o f  th e  e n e r g i e s  o f  p o l a r i s a t i o n  
and m a g n e t i s a t io n  and th e s e  are  r e q ir e d  to  c a l c u l a t e  the  
c o n t r ib u t io n  th ey  make ’ to  the  r e s t - m a s s  o f  the  m a tte r .
Hence, the  . Chu fo r m u la t io n  i s  s e l e c t e d  f o r  -the a p p l i c a t i o n
o f  the  Theorem o f  V ir tu a l  Power. The v a l i d i t y  o f  r e s u l t s  
g iv e n  in  the ‘d i s c u s s i o n  o f  e le c tr o d y n a m ic s  o f  moving  
m a t e r ia l  media depends on the v a l i d i t y  o f  the  Chu
fo r m u la t io n  a s  "well a s  the th e o r y  o f  v a r ia b le  r e s t - m a s s  
m ech a n ics .  No a ttem p t i s '  made here  to  examine the v a l i d i t y
o f  the Chu fo r m u la t io n .  The energy-momentum t e n s o r  for. the  
Chu fo r m u la t io n  i s  d e r iv e d  and the e q u a t io n s  o f  c o n s e r v a t io n  
o f  momentum and en erg y  and th e  f o r c e  e q u a t io n  are
d i s c u s s e d .  The r e s u l t s  o b ta in e d  here are d i f f e r e n t  from  
any o f  th o se  g iv e n  e a r l i e r .  Some o f  t h e s e  d i f f e r e n c e s ,
though e x tr e m e ly  sm a ll  i n  m agnitude, may p o s s i b l y  . be 
determ ined  by e x p e r im e n t .  An example i s  the  in c r e a s e  in  
r e s t -m a s s  t h a t  i s  p r e d ic t e d  here  when a body i s  m a g n e t ise d  
and p o l a r i s e d .
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1 . 1  INTRODUCTION*
E q u a t i o n s  o f  m o t i o n  i n  t h e  m e c h a n ic s  o f  v a r i a b l e  
m a s se s  ( o f  w h ich  t h e  s im p le  r o c k e t  i s  t h e  c l a s s i c  ex am ple )
a r e  u s u a l l y  c a l c u l a t e d  u s i n g  t h e  p r i n c i p l e  o f  c o n s e r v a t i o n  
o f  momentum ( J . A . R i c h a r d s ,  F.W. S e a r s , - M.R.Wehr & M.W.-
Zemansky) ^  ( H.Lamb) ( D . R u t h e r f o r d )  ( H . H a u s e r ) .
Most  t e x t - b o o k s  on m e c h a n i c s  o n l y  d e a l  w i t h  t h e  s u b j e c t
b r i e f l y  an d  u s u a l l y  r e s t r i c t  t h e  d i s c u s s i o n  t o  t h e  s im p le  
example  o f  t h e  . i d e a l  r o c k e t  o r  t o  a  s i m i l a r  p r o b le m  o f
v a r i a b l e  mass  which, i n v o l v e s  a  s i n g l e  e f f l u x  or- i n f l u x  
s t r e a m  o f  . m a t t e r  f rom  o r  t o  t h e  body* I t  i s  w e l l  known
t h a t  t h e  e q u a t i o n s  o f  m o t i o n  i n  su c h  s im p le  e x a m p le s  
a r e  r e a d i l y  d e r i v e d  u s i n g  t h e  p r i n c i p l e  o f  c o n s e r v a t i o n  
o f  momentum. Some a u t h o r s  d e a l  w i t h  t h e  s l i g h t l y  " more
complex  p ro b le m  where  i n  a d d i t i o n  t o  a n  e f f l u x  o r  an
i n f l u x  s t r e a m  o f  known v e l o c i t y ,  t h e r e  i s  a l s o  an
a d d i t i o n a l  e x t e r n a l  f o r c e  a c t i n g  on t h e  b o d y .  A g a in  t h e
e q u a t i o n s  o f  m o t i o n  f o r  such  b o d i e s  c a n  be  d e r i v e d  f rom
t h e  p r i n c i p l e  o f  c o n s e r v a t i o n  o f  momentum. U s u a l l y  t h e s e
p ro b le m s  a r e  o n l y  d e a l t  w i t h  b r i e f l y  w i t h o u t  a c t u a l l y
r e f e r r i n g  t o  t h e  n e t t  o r  r e s u l t a n t  f o r c e  t h a t  i s  a c t i n g
on t h e  b o d y .  Nowhere i s  t h e r e  t o  be fo u n d  a  c o m p l e t e l y
g e n e r a l  f o r m u l a t i o n  o f  m e c h a n ic s  o f  v a r i a b l e  m a s s e s  where
g e n e r a l  e q u a t i o n s  o f  • f o r c e  and e n e r g y  a r e  d i s c u s s e d  i n  
d e t a i l .  Yet  f o r c e  i s  a  v e r y  i m p o r t a n t  p h y s i c a l  q u a n t i t y ,
w h ich  n o t  o n l y  c a n  be  m e a su re d  d i r e c t l y  (by  means o f  a
s p r i n g  b a l a n c e )  b u t  o f  w h ich  we have  i n t u i t i v e  knowledge  
th r o u g h  th e  e x e r t i o n  o f  th e .  m u s c l e s ,  o f  o u r  b o d i e s  ' .
(Max Jam m er) .  I n d e e d  o u r  c o n c e p t s  o f  work and  e n e r g y  
a r e  a  r e s u l t  o f  o u r  u n d e r s t a n d i n g  o f  t h e  n a t u r e  -of  
f o r c e .
l o c k e t  e n g i n e e r s ,  when d e a l i n g  w i th '  t h e  c a l c u l a t i o n  
o f  t h e  m o t i o n  o f  a c t u a l  r o c k e t s ,  e q u a t e  t h e  n e t t  o r  
r e s u l t a n t  f o r c e a c t i n g  on  t h e  r o c k e t  i n  m o t i o n  t o  t h e
p r o d u c t  mas s X ac. c e I  e r a t  i o n  ( ^  ( J . B . R o s s e r , R . R . N e w t o n  &
G . l . G r o s s )  and  n o t  t o  t h e  t o t a l  r a t e  o f  change  o f  
momentum o f  t h e  . r o c k e t  a s  i s  o f t e n  b e l i e v e d  by  r e l a t i v i s t s
' ' ( W .R in d le r ) .. I n  t h e  c a s e  o f  a  r e a l  p r a c t i c a l  r o c k e t ,  V
t h e  two q u a n t i t i e s  P and  K d e f i n e d  by  F = M dy and
■ — ^K -- j i_  (M v ) d i f f e r  by  a  v e r y  l a r g e  amount and  no e r r o r
d t  . .
r e s u l t i n g  from  a  c o n f u s i o n  a s  t o  w h ich  o f  t h e s e  q u a n t i t i e s
n e t t  f o r c e  c a n  be  a f f o r d e d .  However,  r e l a t i v i s t s ,
when d e a l i n g  w i t h  t h e  t h e o r y  o f  c o r r e s p o n d i n g  p r o b l e m s
w i t h i n  t h e  f r a m e -w o r k  o f  E i n s t e i n e a n  R e l a t i v i t y ,  i . e .
p ro b le m s  o f  v a r i a b l e  r e s t  ~ m a s s , ' d e f i n e  t h e  f o r c e  a s  t l ie
t o t a l  r a t e  o f  change  o f  t h e  momentum o f  t h e  body  ( i . e .
a s  4 ^  ) { 8 ) ( C . M A l e r )  ^ ( W .  P a u l i )  ^  ( w . E i n d l e r )CL t* O CL
r a t h e r  t h a n  a s  t h e  r e s t - m a s s  X r e l a t i v i s t i c  4 - a c e e l e r a t i o n
( i . e .  a s  M (T) dv ) .  The r e l a t i v i s t s  d e f i n i t i o n  o f  o
f o r c e  a s  t h e  t o t a l  r a t e  o f  ’ change  o f  t h e  momentum o f  
t h e  body  h a s .  so m e t im es ,  b e e n  ■ j i i s t i f i e d  by  i n s i s t i n g  
t h a t  t h i s  i s  wha t  i s  u s e d  i n  t h e  N ew ton ian  M e c h a n ic s
o f  v a r i a b l e  m a s s e s ,  g i v i n g  t h e  '‘i d e a l  r o c k e t "  a s  a n
example  ^ ^ ( W . R i n d l e r ) . I n  v iew  o f  t h e  r e l a t i v i s t s  p l e a  
t h a t  t h e  f o r c e  on a  body o f  v a r i a b l e  r e s t - m a s s  s h o u l d  
be t h e  t o t a l  r a t e  o f  change  o f  momentum o f  t h e  body
w i t h  t h e  c l a i m  t h a t  i t  i s  m e r e l y  a  l o g i c a l  e x t e n s i o n
o f  t h e  N ew to n ian  M e ch a n ic s  o f  v a r i a b l e  m a s s e s ,  and  t h e  
f a c t  t h a t  r o c k e t  e n g i n e e r s  u s i n g  ' t h e  d e f i n i t i o n  
N e t t  F o r c e  = Mass X A c c e l e r a t i o n  a r e  a b l e  t o  d i r e c t  t h e i r  
v a r i a b l e - m a s s  p r o j e c t i l e s  t o  t h e  moon and t h e  p l a n e t s  
w i t h  r e m a r k a b l e  a c c u r a c y ,  t h e  q u e s t i o n  o f  what  s h o u l d  be 
m eant  by t h e  t e r m  f o r c e  i s  w o r th y  o f  f u r t h e r  i n v e s t i g a t i o n  
What we a r e  a f t e r  i s  a  c l e a r  and p r e c i s e  p h y s i c a l
i n t e r p r e t a t i o n  o f  t h e  two p h y s i c a l  q u a n t i t i e s  K and  F 
d e f i n e d  a s  t h e  t o t a l  r a t e  o f  change  o f  momentum o f  t h e  
boby  and t h e  mass X a c c e l e r a t i o n  o f  t h e  body  r e s p e c t i v e l y .
We a r e  a l s o  i n t e r e s t e d  i n  any  o t h e r  p h y s i c a l  q u a n t i t y  
t h a t  may emerge , i n  o u r  s t u d y  o f  N e w to n ian  M e c h a n ic s  o f   ^
v a r i a b l e  m a s se s  w o r k in g  .w i th in  t h e  f r a m e -w o rk  o f  G a l i l e a n  
R e l a t i v i t y .  We w i l l  t h e n  e x t e n d  t h e s e  i d e a s  i n t o  E i n s t e i n e a n  
M e ch an ics  o f _ v a r i a b l e  r e s t - m a s s e s  w o rk in g  w i th in ,  t h e  f r a m e ­
work o f  t h e  S p e c i a l  T heory  Of R e l a t i v i t y .  '
1 . 2  THE NOTION OF FORCE, ITS MEASUREMENT AND ITS
IMPLICATIONS IN GALILEAN RELATIVITY^
; Our i n t u i t i v e  n o t i o n  o f  f o r c e  i s  c l e a r l y  i n d i c a t e d
i n  N e w to n 's  F i r s t  Lav/ Of M o t io n ,  a c c o r d i n g  t o  w h ich  law ,  
f o r c e  i s  " t h a t  w h ich  t e n d s  t o  d e v i a t e  a  body f rom  
u n i f o r m  m o t i o n  i n  a  s t r a i g h t  l i n e  o r  f rom  a  s t a t e  o f  
r e s t " .  ( I s a a c  Newton -  P r i n c i p i a ) . N o th in g  i s  s a i d  a s  t o
t h e  c o n s t a n c y  o r  t h e  v a r i a b i l i t y  o f  t h e  mass o f  t h e  
b od y .  U n d o u b te d ly  -.Newton was p r i m a r i l y  c o n c e r n e d  w i t h  r i g i d  
b o d i e s  o f  c o n s t a n t  m a s s .  However, e n g i n e e r s  a n d  t e c h n o l o g i s t  
o f t e n  f i n d  i t  n e c e s s a r y  t o  d e a l  w i t h  t h e  m o t i o n  o f  b o d i e s  
o f  v a r i a b l e  mass- and  a  r e - e x a m i n a t i o n  o f  t h e  l a w s  f o r  
t h i s  more g e n e r a l  c a s e  o f  v a r i a b l e  mass i s  e s s e n t i a l .
O b v i o u s l y  some d e s c r i p t i o n  a s  t o  wha t  i s  p r e c i s e l y  m ean t  
by  a  body  o f  v a r i a b l e  mass i s  r e q u i r e d .
B e f o r e  d e s c r i b i n g  t h e  v a r i a t i o n s  i n  t h e  m ass ,
we w i l l  d e s c r i b e ,  t h e  body : i t s e l f  * a s  a  s y s te m  o f
c o n n e c t e d  p a r t i c l e s  whose c o l l e c t i v e  m o t i o n  i s  w ha t  i s  o f
i n t e r e s t .  Then t h e  body ,  w h e t h e r  i t  be i n  m o t i o n  o r  a t  
r e s t ,  may e i t h e r  c o l l e c t  p a r t i c l e s  f ro m  a n  a r b i t r a r y  i n f l u x  
o f  p a r t i c l e s  t o  t h e  body o r  l o s e  p a r t i c l e s  f ro m  a n  
a r b i t r a r y  e f f l u x  o f  p a r t i c l e s  f rom  t h e  b o d y ,  o r  may have  
bo-th p r o c e s s e s  i n  p r o g r e s s  a t  t h e  same t i m e .  Such a  
body  i s  a  body  o f  v a r i a b l e  m a s s .  T h i s  d e f i n i t i o n  o f
v a r i a b l e  mass w i l l  s u f f i c e  o n l y  f o r  N ew ton ian  M e c h a n i c s .  - 
We s h a l l  l e a v e  t h e  d i s c u s s i o n  o f  E i n s t e i n e a n  M e c h a n ic s  o f
v a r i a b l e  r e s t - m a s s e s  t o  a  l a t e r  c h a p t e r  ( c h a p t e r  I I ) . To
c o n t i n u e  w i t h  t h e  N e w to n ian  d e s c r i p t i o n ,  we s h a l l  f o r
i - ‘ •
c o n v e n i e n c e ,  assume t h a t  t h i s  v a r i a b l e  mass o f  t h e  bod y
i s  a  c o n t i n u o u s  d i f f e r e n t i a b l e  f u n c t i o n  o f  t im e . .
I t  i s  c l e a r  t h a t -  o u r  i n t u i t i v e  n o t i o n  o f  f o r c e
would  t e l l  u s  t h a t  t h e  im p a c t  o f  p a r t i c l e s  due t o  t h e  
i n f l u x  s t r e a m  and t h e  r e j e c t i o n  o f  p a r t i c l e s  due t o  t h e
e f f l u x  o f  p a r t i c l e s  would  g i v e  r i s e  t o  f o r c e s  on  t h e
body  o f  v a r i a b l e  m a s s .  We may v e r i f y  t h i s  by e x p e r i m e n t  
and  f i n d  t h a t  t h i s  i s  s o .  To do so we would  have  t o  
depend  on  N e w to n 's  d e f i n i t i o n  of- f o r c e  "An i m p r e s s e d  f o r c e  
i s  a n  a c t i o n  upon  ,a u  body ,  i n  o r d e r  t o  change  i t s
# i
s t a t e ,  e i t h e r  o f  r e s t ,  o r  o f  u n i f o r m  m o t i o n  i n  a  r i g h t
l i n e "  ( N e w t o n -  P r i n c i p i a ,  -  D e f i n i t i o n  I V ) .  B u t ,  i f  i t  so
h a p p e n s  t h a t ,  a l l  o f  t h e  f o r c e s  o f  i m p a c t  (due t o  t h e  
i n f l u x ,  o f  p a r t i c l e s )  and  t h e  f o r c e s  o f  r e j e c t i o n  (due  t o
xne e m u x  01 p a r u i c i e s ;  o a x a n c e a  e a c n  o t n e r  o u t  so t n a t
t h e r e  was no n e t t  f o r c e  on t h e  body  o f  v a r i a b l e  m a s s , /
t h e n  t h i s  body  o f  v a r i a b l e  mass m ust  c o n t i n u e  e i t h e r  i n
a  s t a t e  o f  r e s t ,  o r  o f  u n i f o r m  m o t io n  i n  a  r i g h t  l i n e .
Hence Newton*s f i r s t  law  o f  m o t i o n  w i l l  r e m a in  u n a l t e r e d
f o r  b o d i e s  o f  v a r i a b l e  mass  and  may t h e r e f o r e  be  s t a t e d
a s  a  g e n e r a l  l a w  a s  11A body ,  w h e t h e r  ri t s  m ass  be  c o n s t a n t
o r  v a r i a b l e ,  w i l l  c o n t i n u e  e i t h e r  i n  a  s t a t e  o f  r e s t ,
o r  o f  u n i f o r m  m o t i o n  i n  a  s t r a i g h t  l i n e ,  u n l e s s  t h e r e
is .  a  n e t t  f o r c e  a c t i n g  on t h e  b o d y , "  The r e a d e r  who
f i n d s  t h e  g e n e r a l  d e f i n i t i o n  o b v i o u s  and  so c o n s i d e r s  t h e  '
l a b o r i o u s . a rg u m e n ts  e x t e n d i n g  t h e  d e f i n i t i o n  t o  v a r i a b l e
m as se s  some what  s u p e r f l u o u s  h a s  a l r e a d y  c o m m i t t e d  h i m s e l f
t o  r e j e c t i n g  K = d (Mv) a s  a  d e f i n i t i o n  o f  f o r c e .  To
d t
i l l u s t r a t e  t h i s  p o i n t  l e t *  u s  c o n s i d e r  a  s p h e r i c a l  body  
w h ich  i s  r e j e c t i n g  p a r t i c l e s  f ro m  a l l  o f  i t s  s u r f a c e  
i s o t r o p i c a l l y .  Now, s i n c e  t h e  p a r t i c l e s  a r e  r e j e c t e d  
• i s o t r o p i c a l l y ,  a l l  t h e  f o r c e s  a c t i n g  on t h e  body  w i l l  be
u n i f o r m l y  d i s t r i b u t e d  o v e r  i t s  s u r f a c e  and  w i l l  t h e r e f o r e  
b a l a n c e  e a c h  o t h e r  o u t .  Hence t h e r e  w i l l  be no n e t t  f o r c e -
a c t i n g  on t h e  body  an d  t h e  body w i l l  e i t h e r  r e m a i n  i n  
a  s t a t e  o f  r e s t  o r  c o n t i n u e  i n  a  s t a t e  o f  u n i f o r m
m o t i o n  i n  a  s t r a i g h t  l i n e .  L e t  u s  now c o n s i d e r  a n  o b s e r v e r
who o b s e r v e s  t h e  body  t o  be m oving  u n i f o r m l y  w i t h  a
v e l o c i t y  o f  v .  F o r  t h i s  o b s e r v e r  we have  t h a t  t h e  r a t e
o f  change  o f  t h e  *’ momentum *of t h e  body i s  g i v e n  a s ,
\  ' - o
K = 4 + ( M ( t )  v l  = M ( t ) d v  + v d M ( t ) ,  1 . 1
v;, d t  d t  •
h e n c e ,  K = vdM(t)  . * ' 1 . 2
^ v y j- i ts .L 't? . vvtJ i j l c l v c  j u c i u . «  u . o c  kjjl. u x i c  j l  u  u i i a ,  o 0J . i t ;  i j o u j  , i , »
n o t  a c c e l e r a t i n g ,  i . e .  dv = 0 )* A c c o r d i n g  t o  N e w to n 's  
- d t
f i r s t  l aw  o f  m o t i o n  t h e r e  s h o u l d  be no f o r c e  a c t i n g  on
t h i s  body  a s  i t  i s  moving  u n i f o r m l y  i n  a  s t r a i g h t  l i n e *
However,  we see  t h a t  t h e r e  i s  a  f i n i t e  / v a l u e  f o r  t h e  v
t o t a l  r a t e  ' o f  change  o f  momentum o f  t h i s  v a r i a b l e  mass
body* Hence t h e  r a t e  o f  change  o f  momentum K c a n n o t  be
t h e  v a l u e  o f  t h e  n e t t  f o r c e  a c t i n g  on a  body  o f
v a r i a b l e  m ass .  At l e a s t ,  i t  c a n n o t  be  a  g e n e r a l  e x p r e s s i o n
f o r  t h e  f o r c e  i n  su c h  c a s e s .  O b v io u s ly  v/e n e e d  t o  s t u d y
t h i s  p ro b le m  o f  f o r c e  more c a r e f u l l y .  T h e r e f o r e ,  we s h a l l
r e t u r n  t o  t h e  g e n e r a l  d i s c u s s i o n  o f  t h e  n o t i o n  o f  f o r c e .
. N e w to n 's  t h i r d  l aw  o f  m o t i o n ,  i . e .  t h e  e q u a l i t y  
o f  a c t i o n  and  r e a c t i o n  i s  a  g e n e r a l  law  w i t h o u t  r e s t r i c t i o n  
I t s  v a l i d i t y  i s  e s s e n t i a l -  f o r  t h e  p r e s e r v a t i o n  o f  t h e
law  o f  c o n s e r v a t i o n  o f  e n e r g y .  T h i s  e q u a l i t y  o f  t h e  f o r c e
o f  a c t i o n  and  th e  f o r c e  o f  r e a c t i o n  i m m e d i a t e l y  g i v e s  ' u s  
a  m ethod  o f  d i r e c t l y  m e a s u r i n g  t h e  n e t t  o r  r e s u l t a n t
f o r c e  a c t i n g  o n - a  b o d y .  The m ethod  o f  m e a su re m e n t  i s  a s
f o l l o w s .  I f  a  body  o f  c o n s t a n t  o r  o f  v a r i a b l e  m ass  M ( t ) s 
i s  i n  a r b i t r a r y  m o t i o n  w i t h  v e l o c i t y  v ( t )  under* t h e  
a c t i o n  o f  a  s y s te m  o f  f o r c e s ,  -whose r e s u l t a n t  i s  g i v e n  
by  t h e  v e c t o r  F ( t ) ,  t h e n  t h i s  r e s u l t a n t  f o r c e  i s  m e a s u r e d
a t  any t im e  t  by  u s i n g  a  s p r i n g  b a l a n c e  t o  c o n s t r a i n  
t h e  body to  move w i t h  u n i f o r m  v e l o c i t y  v  f o r  a  s h o r t
p e r i o d  o f  t i m e .  D u r in g  t h i s  t i m e ,  ( e v e n  th o u g h  t h e  s p r i n g  
c o n n e c t i n g  th e  body .to th e  s p r i n g - b a l a n o e  w i l l  be s t r a i n e d )  
t h e  s p r i n g  b a l a n c e  w i l l '  a l s o  be m oving  w i t h  u n i f o r m  
v e l o c i t y  v .  O b v i o u s l y  t h e  s p r i n g  b a l a n c e  h a s  to  be 
a n c h o r e d  on t o  some e x t e r n a l  d r i v i n g  'm echanism  c a p a b l e  o f
m a i n t a i n i n g  t h e  t e n s i o n  ( o r  t h e  c o m p r e s s io n )  o f  t h e  s p r i n g .
We- w i l l  t h e n  d e f i n e  t h a t  t h e  f o r c e  a p p l i e d  by. ,  means o f
t h e  s p r i n g  b a l a n c e  and  m e a s u r e d  a s  P was e q u a l  t o  b u ts
o p p o s i t e  i n  d i r e c t i o n  t o  t h e  r e s u l t a n t  f o r c e  P ( t ) .  t h a t  
we w i s h e d  t o  m ea su re  a t  t h a t  p a r t i c u l a r  t im e  t .  Hence we 
have t h a t ,
P e ■ - ¥  . “ . 1 . 3
'■ . s
The n o t i o n  o f  f o r c e  d e s c r i b e d  e a r l i e r  by  means o f  Newton* s.-
f i r s t  l aw  i s  c o n s i s t e n t  w i t h  t h e  d e f i n i t i o n  o f  f o r c e  a s
a  p h y s i c a l  q u a n t i t y  d i r e c t l y  m e a s u r e d  by means o f  a
s p r i n g  b a l a n c e  ( i n  t h e  m anner  j u s t  d e s c r i b e d )  s i n c e  i t  i s  
u s e d  t o  c o u n t e r  p r e c i s e l y  t h e  e f f e c t  o f  t h a t  w h ich  i s  
t e n d i n g  t o  change  t h e  s t a t e  o f  u n i f o r m  m o t i o n  i n  a
s t r a i g h t  l i n e  o r  t h a t  o f  r e s t  o f  t h e  body .
S in c e  N ew to n ian  M e ch a n ic s  f a l l s  w i t h i n  t h e  f r a m e ­
work o f  G a l i l e a n  R e l a t i v i t y ,  and  s i n c e  /  t h e  same s p r i n g 1
b a l a n c e  r e a d i n g  m u s t  be a c c e p t e d  by  a l l  i n e r t i a l  o b s e r v e r s ,
t h i s  r e a d i n g  and t h e r e f o r e  t h e  m a g n i tu d e  o f  t h e  n e t t
f o r c e  a c t i n g  on t h e  body  i s  a  G a l i l e a n  I n v a r i a n t .
We w i l l  now summarise  and  s t a t e  f o r m a l l y  t h e  '
t h r e e  i m p o r t a n t  p r i n c i p l e s  t h a t  have  em erged ,  t h e  f i r s t
o f  w h ich  d e s c r i b e s  t h e  n o t i o n  - o f  f o r c e  and  t h e  s e c o n d  
and t h i r d  o f  w h ich  d e f i n e s  i t  i n  t e r m s  o f  a  d i r e c t
m e a su re m e n t .
, o'  . ■
(1 )  A body o f  c o n s t a n t  o r  o f  v a r i a b l e  m ass
w i l l  d e v i a t e  f rom  a  s t a t e  o f  u n i f o r m  m o t i o n
i n  a  s t r a i g h t  l i n e  o r  o f  r e s t  i f  t h e r e
i s  a  n e t t  f o r c e  a c t i n g  on i t *
( 2 ;  The n e t t  ( r e s u l t a n t ;  z o r c e  a c t i n g  on a
body o f  c o n s t a n t  o r  o f  v a r i a b l e  m ass  a t
any  t im e  t  c a n  be  d i r e c t l y  m e a s u r e d  by  
means o f  a  s p r i n g  b a l a n c e  t h a t  i s  u s e d  t o  
c o n s t r a i n  t h e  body  t o  move w i t h o u t  a  change  
i n  i t s  v e l o c i t y  o v e r  a  s h o r t  . p e r i o d  o f  t i m e .  
The t im e  o f  i n t e r e s t  . t  fi s  i n c l u d e d  i n  t h i s
s h o r t  p e r i o d .  . . ,
(3 )  The m a g n i tu d e  o f  t h e  f o r c e  i s  a  G a l i l e a n
- . I n v a r i a n t .
1 . 3  A STUDY OF THE TOTAL HATE OF CHANGE OF MOMENTUM
AND MASS X ACCELERATION M(t)djv
I f ,  ¥  = M(-fc) dv 1 . 4
Y d t , '  ■,/ ' ' ' v
an d ,  '■ K = § t { M ( t ) v } s 1 . 5
t h e n ,  by  d i f f e r e n t i a t i o n  o f  e q u a t i o n  1*5,
K = M ( t )  dv -f v  d M (t)  * 1 . 6
d t  d t
Then, u s i n g  1 . 4 , /  t h i s  e q u a t i o n  c an  be w r i t t e n  a s
K = F + G , 1 . 7
where  we have  - d e f i n e d  t h e  symbol G a s
G = v  d j f f ( t ) '  1 . 8
. . d t
I n  t h i s  s e c t i o n  we w i l l  exam ine  i n  d e t a i l  t h e  q u a n t i t i e s
F and  K go u n a  . ouu w neuuer  . e n n e r  ' o f - '  t h e s e  w i l l  
con fo rm  c o m p l e t e l y  to  t h e  " t h r e e  p r i n c i p l e s "  g i v e n  i n  
t h e  s e c t i o n  1 . 2  f o r  t h e  n o t i o n  an d  t h e  d e f i n i t i o n  o f  
f o r c e ,  r e s t r i c t i n g  our-  d i s c u s s i o n  t o  s e l e c t e d  e x a m p le s .  
EXAMPLE I .  MOTION OF A BODY WITH AN ISOTROPIC INFLUX- 
STREAM OF MATTER. I
A body ,  w h ich  i n  i t s  own i n s t a n t a n e o u s - r e s t - f r a m e  
o f  r e f e r e n c e  ( a  G a l i l e a n  f r a m e ) ,  i s  o b s e r v e d  t o  h ave
an  i s o t r o p i c  i n f l u x  ( o r  e f f l u x )  o f  m a t t e r ,  b y  which, 
p r o c e s s  i t  g a i n s  m ass  a t  t h e  r a t e  -g^M(t).  Due t o  t h e  
i s o t r o p y  o f  t h e  m ass  i n f l u x  p r o c e s s  t h e  body  m us t  r e m a in  
a t  r e s t  w i t h  r e f e r e n c e  t o  t h e  f ram e 2£° .  Then, u s i n g  a  
z e r o  ' i n d e x  f o r  a l l  t h e s e  q u a n t i t i e s  m e a s u re d  o r  e v a l u a t e d  
i n  t h i s  r e s t  f ram e  S ° ,  we have  t h a t  s i n c e  t h e  momentum 
f lo w  t o  t h e  body  i s  i s o t r o p i c ,  -
K° = , = O'. 1 . 9
S in c e  t h e  body r e m a in s  i n  a  s t a t e  o f  ^ r e s t ,  a n d  K° i s
z e r o ,  t h e n  K° s a t i s f i e s  t h e  " f i r s t  p r i n c i p l e "  f o r  t h i s  
p a r t i c u l a r  o b s e r v e r .  Now, i f  t h i s  same body  i s ’ o b s e r v e d -  
f rom  a n o t h e r  f ram e  ,' f rom  w h ich  t h e  f ram e  22°  ( an d
t h e r e f o r e  t h e  body)  i s  o b s e r v e d  t o  be moving  w i t h  a
v e l o c i t y  v,  t h e  v a l u e  o f  K a s  e v a l u a t e d  f rom  t h i s  f ram e
S  i s  o b t a i n e d  f rom  e q u a t i o n  1 . 6  by  p u t t i n g  dv = 0
d t
( s i n c e  t h e  body  i s  o b s e r v e d  t o  be i n  u n i f o r m  m o t i o n )  
and  we have  t h a t ,
•K = v d M ( t ) . 1 . 1 0
d t
I n v a r i a n t ) *  . /
S in c e  t h e  bod y ,  when o b s e r v e d  f rom  t h e  f ram e  J 2  , 
h a s  no t e n d e n c y  t o  change  i t s  s t a t e  o f  m o t i o n , t h e n
a c c o r d i n g  t o  p r i n c i p l e  1 ,  we . sh o u ld  have no n e t t  f o r c e  
a c t i n g  on th e  b o d y . . '  However, K h a s  a  v a l u e  w hich  i s  
p r o p o r t i o n a l  t o  t h e  v e l o c i t y  v o f  t h e  body and t h e r e f o r e ,
a c c o r d i n g  t o  t h e  ' ' p r i n c i p l e  1" and  a l s o  t h e  “p r i n c i p l e  3 iS
c a n n o t  be t h e  v a l u e  o f  t h e  n e t t  f o r c e .
Now l e t  u s  c o n s i d e r  t h e  q u a n t i t y  F f o r  t h e
.bod3^ f a s  e v a l u a t e d  f rom  t h e  f ram e  . J 2 . .  S in c e  t h e  body
i s  o b s e r v e d  t o  be i n  u n i f o r m  m o t i o n  i n  a  s t r a i g h t  l i n e
( i e e * d t  = 0 ^9
¥  w  M( t ) '  dv = 0 c l „ i :
, d t  ' .
Hence F, t h e  mass x a c c e l e r a t i o n ,  i f  d e f i n e d  a s  t h e  m e a su re  
o f  t h e  n e t t  f o r c e ,  w i l l  i n  t h i s  example be c o n s i s t e n t
w i t h  t h e  p r i n c i p l e s  1 ,  2 and 3.
EXAMPLE I I .  SPRING:- BALANCE MEASUREMENT MALE ON A BODY 
WITH A SINGLE INFLUX STREAM. ,
C o n s i d e r  a  body o f  v a r i a b l e  mass  M ( t ) ,  where,  t h e
mass v a r i a t i o n s  a r e  e n t i r e l y  due t o  a  s i n g l e  u n i f o r m
i n f l u x  s t r e a m  o f  m a t t e r .  The r a t e  o f  change o f  t h e
mass o f  t h e  body due t o  t h e  i n f l u x  s t r e a m  o f  m a t t e r
^  fi/T T A ^  T ^  a 4*Tr /■* -p 4-U A 4 -PT tr  VIA r> vi H n  1  ^
• i  K J  Va. XIX •  J U  v »  i* U i i v  V v  x .  K J  Vx v  J .  v  •&. x i .  J .  J u  v i  A  O  v x  v  w i i x x  Ju v J  « i>  C v  v  x  v  w
^  - oto  t h e  body be u . Then f o r  a n  o b s e r v e r  i n  t h e  *. ■
i n s t a n t a n e o u s - r e s t - G a l i l e a n - f r a m e  o f  t h e  _ b o d y ' J S 0 , e q u a t i o n s
T r~t „ J 1 Q __• __i e  / CiXiU J_ . U jJiXVt!
K° = F° 1.12
:We c a n  e a s i l y  c a l c u l a t e  t h e  v a l u e  o f  t h i s  a s
F° = K° = u°d_M(-t) ,
d t
1 . 1 3
(where we have  u s e d  t h e  law  o f  c o n s e r v a t i o n  o f  momentum) 
A s p r i n g  b a l a n c e  c o n n e c t e d  t o  t h e  body a s  shown i n  
t h e  f i g u r e  1 w i l l  m ea su re  t h i s  f o r c e *
S p r i n g - b a l a n c e
Tb^ e s p r i n g  b a l a n c e  i s  c o n n e c t e d
t o  some means o f  g e n e r a t i n g  th e
r e q u i r e d  t h r u s t .
/  ' '
THE BODY AS OBSERVED FROM THE REST-FRAMERS.
FIGURE 1 .
v
;i£»aC3352SS3Ei®S2SSn®33^
THE BODY AND THE SPRING BALANCE SYSTEM AS 
OBSEREVED PROM AN ARBITRARY GALILEAN-FRAME, 2 .
FIGURE 2.  •
Now l e t  u s  c o n s i d e r  a  G a l i l e a n  f ram e  S- f rom
w hich  t h e  body- i s  o b s e r v e d  t o  be moving  w i t h  a  v e l o c i t y
v  ( a t  t h e  t im e  o f  i n t e r e s t )  an d  i n  th e  same d i r e c t i o n
a s  t h e  p a r t i c l e  s t r e a m .  A ga in  a  s p r i n g  b a l a n c e  c o n n e c t e d
a s  shown i n  t h e  f i g u r e  2 w i l l  m e a su re  t h e  f o r c e  due 
t o  t h e  i n f l u x  s t ream *  T h is  o b s e r v e r  would  a r g u e  t h a t , ,  a s  
t h e  s p r i n g  b a l a n c e  f o r c e  i s  u s e d  t o  p r e c i s e l y  c o u n t e r
t h e  n e t t  f o r c e  on t h e  body  due t o  t h e  i n f l u x  s t r e a m ,
c a u s i n g  t h e  body  t o  move u n i f o r m l y  i n  a  s t r a i g h t  l i n e ,  
t h e  s p r i n g  b a l a n c e  r e a d i n g  w i l l  g i v e  t h e  v a l u e  o f  t h e
f o r c e  due t o  t h e  i n f l u x  s t ream *  T h i s  r e a d i n g  o f  t h e
s p r i n g  b a l a n c e  w i l l  be same f o r  t h i s  o b s e r v e r  a s :  . f o r
t h e  r e s t - f r a m e  o b s e r v e r .  - Hence i t  would  be  t h e  same a s
t h e  v a l u e  g i v e n  by t h e  e q u a t i o n  1*13 w h ich  was c a l c u l a t e d
f o r  t h e  r e s t - f r a m e .  However, l e t  u s  now exam ine  t h e
e q u a t i o n s  t h a t  would  be s e t  up by t h e  moving  o b s e r v e r  i n  
t h e  f ram e SEU . The t o t a l  r a t e  o f  change  o f  t h e  momentum.,
o f  t h e  body  K, due to  t h e .  i n f l u x  s t r e a m  i s  e a s i l y  
c a l c u l a t e d  u s i n g  t h e  law  o f  c o n s e r v a t i o n  o f  momentum a s ,
k = 4 rfj(t)v = . u aur-t) , 1 .14. at . -
and  s i n c e  by  t h e  lav/ o f  a d d i t i o n  o f  v e l o c i t i e s ,
u  = u °  + v .  1 . 1 5
t h e n ,  c K = (u °  + v)  dM . 1 . 1 6
' ' d t
I t  i s  now c l e a r ,  t h a t  s i n c e  K i s  n o t  e q u a l  t o  t h e  
v a l u e  o f  F° and  K? a s  g i v e n  f o r  t h e  v a l u e  o f  t h e  f o r c e
by e q u a t i o n  1 . 1 3 .  T h e r e f o r e  t h e  t o t a l  r a t e  o f  change  o f  
t h e  momentum o f  t h e  body  K c a n n o t  be a  g e n e r a l  e x p r e s s i o n
f o r  t h e  m e a s u r a b l e  n e t t  f o r c e  a c t i n g  on a  body  o f
v a r i a b l e  m a s s .
Now th e  q u a n t i t y  P i s  r e a d i l y  c a l c u l a t e d  a s
-  v  dM . 1 .1 7
1 d t
T h e n , ,  u s i n g  1 . 1 4  and  1 . 1 6
F = (v  -f u ° )  dM -  v  dM , ' l . l B
d t  d t
g i v i n g  p = u °  dM- . 1 . 1 9
d t
The v a l u e  o f  P c a l c u l a t e d  i s  i d e n t i c a l  t o  t h e  l a g  v a l u e
o f  t h e  s p r i n g  b a l a n c e  r e a d i n g  g i v e n  by  e q u a t i o n  1 . 1 3 .
Hence t h e  q u a n t i t y  P s a t i s f i e s  t h e  " t h r e e  p r i n c i p l e s "
o f  f o r c e  g i v e n  e a r l i e r  i n  s e c t i o n  1.2*.
I n  t h e  two e x a m p le s  we have  s t u d i e d  we have  
fo u n d  t h a t  t h e  v a l u e  o f  K i s  d e p e n d e n t  on t h e  o b s e r v e r ,
and  t h a t  i t  g i v e s  t h e  v a l u e  o f  t h e  m e a s u r a b l e  f o r c e  
o n l y  when t h e  o b s e r v e r  i s  i n s t a n t a n e o u s l y  a t  r e s t  w i t h  
r e s p e c t  t o  t h e  b o d y .  On t h e  o t h e r  h an d ,  we have  f o u n d
t h a t  t h e  v a l u e  . o f  F i s  i n d e p e n d e n t  o f  t h e  o b s e r v e r  an d  
w i l l  a lw a y s  g i v e  . th e  v a lu e  o f  t h e  m e a s u r a b l e  f o r c e s  These
c o n c l u s i o n s  a r e 0 n o t  s p e c i f i c  t o  t h e  two e x a m p le s  t h a t  
we have  d e a l t  w i t h .  The s t u d y  o f  any  p ro b lem  i n  
v a r i a b l e - m a s s  m e c h a n ic s  would  b r i n g  u s  t o  t h e  same 
c o n c l u s i o n s .  V/e w i l l  t h e r e f o r e  w r i t e  down o u r  i d e a s  i n
P = M dv = 
d t
Suppose t h e r e  i s  a  body o f  v a r i a b l e  mass M (t)  
w h ich  i s  a c t e d  u p o n  by num erous  f o r c e s  i n  a d d i t i o n ,  t o  
a n y  f o r c e s  w hich  a r i s e  due t o  t h e  mass v a r i a t i o n  p r o c e s s  
So we have  f o r c e s  due to  t h e  i n f l u x  o f  m a t t e r ,  f o r c e s
due t o  t h e  e f f l u x  o f  m a t t e r ,  o t h e r  m e c h a n i c a l l y  i m p r e s s e d
f o r c e s ,  f o r c e s  due t o  p r e s s u r e s  e t c *  Then,  i n  t h e  i  . •
i n s t a n t a n e o u s - r e s t - f r a m e  2E° o f  t h e  bod y ,  t h e  n e t t  o r  
r e s u l t a n t  f o r c e  a c t i n g  on t h e  body i s  g i v e n  by  e i t h e r  
t h e  t o t a l  r a t e  o f  change o f  momentum o f  th e  body  E0-1 o r
by t h e  mass  x a c c e l e r a t i o n  F° 'These two q u a n t i t i e s  h a p p e n  
to  be e q u a l  i n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  a s ,
K° d Mv 
d t
1 *  20
M J dv 
1 d t
-f- v°d.M 
d t
1*21
Now, a s  t h e  body  i s  i n s t a n t a n e o u s l y  a t  r e s t  i n  t h i s  
f r a m e ,  >1;.'
v° 0* 1*22
Hence, M f dv
t  d t  I
f ° 1*23
Now, t h e  v a l u e  o f  t h e  a c c e l e r a t i o n  o f  t h e  body  dv i s
d t
a  G a l i l e a n  I n v a r i a n t  i . e .  i t  h a s  t h e  same v a l u e  f o r  
a l l  i n e r t i a l  o b s e r v e r s .  Hence v/e may d rop  t h e  z e r o  i n d e x  
and  w r i t e  f o r  any  i n e r t i a l  f r a m e ,
r M /  dv I dv F . 1 . 2 4
Hence mass  x a c c e l e r a t i o n  w i l l  a lw a y s  g iv e  u s  t h e  n e t t  o r
. r e s u l t a n t  for .cq. a c t i n g ,  on . ,:th§-... .body..'  ./.Since.; vntass and' .. . . 
a c c e l e r a t i o n  a r e  b o t h  '■■Galilean ' I n v a r i a n t s , t h e i r  p r o d u c t  ' 
w i l l  a l s o  be a  G a l i l e a n  i n v a r i a n t .  F = mass x  a c c e l e r a t i o n . 
s a t i s f i e s  t h e  t h r e e -  p r i n c i p l e s  o f  f o r c e  l a i d  down in .  ' 
s e c t i o n  1 . 2  o f  t h i s  c h a p t e r .  On t h e  o t h e r  h a n d  K = r a t e  
o f  change  ' o f  . th e  momentum, d oes  n o t  s a t i s f y  t h e  t h r e e  
p r i n c i p l e s  o f  f o r c e .  I t  v i o l a t e s  t h e  f i r s t  p r i n c i p l e  s i n c e  
a s  we have s e e n , ;  K may have  a  v a l u e  f o r  a  body  o f  
v a r i a b l e  mass w h ic h  i s  i n  u n i f o r m  m o t io n  and  w h ich
t h e r e f o r e  s h o u l d  have  no n e t t  f o r c e  a c t i n g  u p o n  , i t .  ; I t  . 
v i o l a t e s  t h e  s e c o n d  p r i n c i p l e  s i n c e  t h e  v a l u e  o f  K i s
n o t  i n  g e n e r a l  e q u a l  t o  t h e  v a l u e  o f  K° o r  F° ( K° - ¥ ° )
w h i c h ,  g i v e s  t h e  v a l u e  o f  t h e  f o r c e  a s  m e a s u r e d  by  a  
s p r i n g  b a l a n c e .  L a s t l y  i t .  v i o l a t e s  t h e  t h i r d  p r i n c i p l e  
s i n c e  . i t  can  be  . e a s i l y  shown t h a t  i t  i s  n o t  a  G a l i l e a n
I n v a r i a n t  a s  f o l l o w s ,  '
K V  d j r lv '  = M dv. + • v  dM . 1 . 2 5
d t  d t  d t
Now t h e  f i r s t  t e r m  on t h e  H H . S .  i s  a  G a l i l e a n  I n v a r i a n t
dv —.s i n c e  a s  we showed b e f o r e ,  M and  . a r e  i n v a r i a n t s ,  i n
t h e  s e c o n d  t e r m  on t h e  R .H .S .  we have  a  p r o d u c t  o f  v ,
w h ich  i s  n o t  a  G a l i l e a n  I n v a r i a n t ,  and  41L w h ic h  i s  aUu
G a l i l e a n  I n v a r i a n t .  Hence vdM i s  n o t  a  G a l i l e a n  I n v a r i a n t .
_  d t
Hence K i s  n o t  *a G a l i l e a n  I n v a r i a n t .  V/e t h e r e f o r e  ' c o n c lu d e
t h a t  t h e  o n l y  g e n e r a l  e x p r e s s i o n  f o r  f o r c e  i s  m ass  x  a c c e l ­
e r a t i o n  i . e .
l i e  :THE/fWO 'PXSTINCT MECHANISES;y $ F  yMOMENTUM 'ANI): KINETIC .
' exchange m  •. a  ' b o d y : - o f  ’ V a r i a b l e s  m a s s i y  ■ • : ; : ’"■•
• . . .A s '  - we. . have  .seen.- i n  t t h e  . .p rev iou s  : s e c t i o n ,  t h e  t o t a l
ra te -  o f  -change- o f m p m e n t p i m  of,  -a -h o d y  has.;  i n  • g e n e r a l  ... 
two d i s t i n c t ,  m echan ism s  o f  momentum c h a n g e .
d ItwtA  M dv + v dMy|iifJLV |  =« r i = at I t '  1-27
F  = F • +- 6 . 1 . 2 8
Folj-owing t h e  d i s c u s s i o n  o f  t h e  p r e v i o u s  s e c t i o n  r e g a r d i n g  
what  we mean by  f o r c e  an d  t h e  m a t h e m a t i c a l  e x p r e s s i o n  
f o r  f o r c e ,  we may now d e s c r i b e  t h e  t h r e e  q u a n t i t i e s  K,
F and  G a s  f o l l o w s .  i t
. The t o t a l  r a t e  o f  change o f  momentum o f  a  body
h a s  two com-ponents, F and  G. These  two v e c t o r s  r e p r e s e n t  
two d i s t i n c t  m echan ism s  by  w hich  t h e  momentum o f  a  
v a r i a b l e - m a s s  body maj' c h a n g e .  We w i l l  d i s c u s s  t h e s e
m echan ism s .
THE COMPONENT F, d e f i n e d  a s ,
F = M (t )  dv , 1 . 2 9
- . . d t
i s  t h e  r a t e  o f  change  o f  t h e  momentum o f  t h e  bod y  due 
e n t i r e l y  t o  t h e  c h a n g e s  i n  t h e  v e l o c i t y  o f  t h e  b o d y .  T h i s  
p h y s i c a l  q u a n t i t y  i s  t h e  m e a s u r a b l e  n e t t  f o r c e  a c t i n g  on  t h e  
bo ay .  i t s  m a g n i tu d e  i s  - a  G a l i l e a n  xiiv&ri&ii'G •
THECOIiPONENI a ,  g i v e n  by
G =- v  dM(t) ,• 1 .  30
d t
i s  t h e  r a t e  o f  c h a n g e . o f  t h e  momentum o f  t h e  body  due 
e n t i r e l y  to  t h e  c h a n g e s  i n  t h e  mass o f  t h e  b o d y .  The 
m a g n i tu d e  o f  G i s  d i r e c t l y  p r o p o r t i o n a l  to  t h e  m a g n i tu d e  
o f  t h e  v e l o c i t y  ' v an d  t h e r e f o r e  i s  n o t  a  G a l i l e a n  
I n v a r i a n t .  U n l ik e  P , ■ t h e -  q u a n t i t y  G i s  n o t  a  f o r c e  and 
i t  c a n n o t  be m e a s u r e d  by  means o f  a  s p r i n g  b a l a n c e .
THE QUANTITY K, where
d
d t•|l’5 ( t ) v jK =■ 4 r W t ) v (  -1 .3 1
i s  t h e  sum o f  F and  G and i s  t h e  t o t a l  r a t e  o f  
change  o f  t h e  momentum o f  t h e  b o d y .  K h a s  no o t h e r
p h y s i c a l  i n t e r p r e t a t i o n  o f  any  i m p o r t a n c e .  However t h i s
/
p h y s i c a l  q u a n t i t y  i s  a n  e x t r e m e l y  i m p o r t a n t  one d u e e t o  t h e  
c o n s e r v a t i o n  law  o f  momentum. I n  t h e  i n s t a n t a n e o u s - r e s t -  
f ram e  i t s  v a l u e ,  K° i s  e q u a l  t o  t h e  v a l u e  o f  t h e  f o r c e
F w h ich  c a n  be d i r e c t l y  m e a s u r e d  by  means o f  a  s p r i n g  
b a l a n c e •
The r e s u l t  o f  t h e  a c t i o n  o f  t h e  n e t t  f o r c e  
F a c t i n g  on a  body  i s  t h a t  i t  c h a n g e s  t h e  s t a t e  o f  
m o t io n  o f  t h e  body  i . e .  i t  c h a n g e s  t h e  v e l o c i t y  o f  t h e
bod y .  T h i s  means t h a t  t h e  a c t i o n  o f  t h e  n e t t  f o r c e  
s u p p l i e s  k i n e t i c  e n e r g y  t o  t h e  bod y ,  an d  t h i s  i s  e a s i l y  
c a l c u l a t e d  m  t h e  u s u a l  way by e x a m in i n g  th e  r a t e  a t
which  t h e  f o r c e  F i s  d o i n g  work .  T h i s  r a t e  o f  work i s
But t h e  k i n e t i c  ’ e n e r g y  o f  t h e  body may a l s o  change
due t o  t h e  v a r i a t i o n  o f  i t s  m a s s .  B o th  o f  t h e s e  t y p e s
o f  c han g e -  g i v e s  r i s e  t o  t h e  change  i n  t h e  t o t a l  k i n e t i c
e n e r g y  o f  t h e  b o d y ,  l e t  u s  t h e r e f o r e  p r o c e e d  t o '  exam ine
t h e  n a t u r e  o f  t h e  k i n e t i c  e n e r g y  o f  a  v a r i a b l e  mass
body and  th e  m echan ism s  by w hich  t h i s  e n e r g y  may c h a n g e .
1 2The t o t a l  k i n e t i c  e n e r g y  o f  t h e  body  i s  ^Mv an d
f o r  v a r i a b l e  mass  b o d i e s  we have  th e  i d e n t i t y
a f i  Mv2 1 = M a fv2/ |  1 ,
at I.2 i at I ‘ 2. j  T a t -  -1-"
The two t e r m s  on t h e  . R.H.S* o f  t h e  above i d e n t i t y
/  •
r e p r e s e n t  two d i s t i n c t  m echan ism s o f  k i n e t i c  e n e r g y  change
and  s u b m i t  t o  p r e c i s e  i n t e r p r e t a t i o n  i n  t e r m s  o f  t h e
f o r c e  v e c t o r  F and  t h e  mass change  v e c t o r  0? a s  -follows-*
( I )  The t e rm  Md jv /2 V  i s  t h e  r a t e  o f  change  o f  t h e  K.E.
d t 1*
o f  t h e  body  d-ue. e n t i r e l y  t o  t h e  a c t i o n  o f  t h e  n e t t
f o r c e  on t h e  body -  Y .  I t  i s  i n  f a c t ,  t h e  r a t e  o f  
work ,  done by  t h e  n e t t  f o r c e  and  i s  g i v e n  by
o f  " t h e  body  due e n t i r e l y  ’ t o  t h e  c h a n g e s  i n  t h e  m ass’ 
o f  t h e  . b o d y .  S in c e  th e . ,  •vector. *& i s  n o t  a .  f o r c e ,  i t
d o e s  h o t  do any  work .  However t h i s  v e c t o r  i s  r e l a t e d
t o  . t h e  above e n e r g y  te r ra  b y . . .the e q u a t i o n  '
G . v / 2 V2
v dM 
d t
v 2 ai£ 1 ,3 6
2 d t
( I I I )  The t e r m  d J mv^ /  1 i s  t h e  t o t a l  r a t e  o f  change
d t l  f 2 j
o f  t h e  K .E .  o f  t h e  body and  i s  g i v e n  by  t h e  sum o f
th e  above  two m echan ism s a s
d
d t (*#} F v G- . v  2 1 .3 7
1 . 5  ENERGY • AND -MOMENTUM DIAGRAMS
The two m echan ism s b y  w h ich  t h e  K .E .  o f  a  
body  o f  v a r i a b l e  mass c h a n g e s  c a n  be  ' i l l u s t r a t e d  by 
means o f  a  d i a g ra m  a s  shown i n  f i g u r e '  3* As a  body  
v a r i a b l e  mass moves from
a  p o i n t  P t o  a  p o i n t  
Q, we p l o t  t h e  mass o f
pt h e  ibody M (t)  a g a i n s t  v*2 . . .
The s e c t i o n e d  a r e a  u n d e r  
t h e  . c u rv e  j o i n i n g  P to  
Q i s  g i v e n  by  t h e  i n t e g r a l  
Q
r i 2C  , * r  
(  M (t )  djf J
J  s
M FIGURE 3
Oil
and  i s  t h e  work done by
E n e rg y  D iag ram
Q
H*30*oO'C. 2v,V-
t h e  n e t t  f o r c e  . . a c t i n g ,  on t h e  body., an d .  . i s  . . t h e r e f o r e . ,  the. . .
change  i n  t h e  O c  ' o f  th e -  bod y ,  a s ;  i t  moves f r o m ' P  ;
t o  - Q, due e n t i r e l y  t o  t h e  a c t i o n  of .  t h e  n e t t  f o r c e
The a r e a  ( s h a d e d )  'on' t h e  ' s ide"  o f  t h e  c u rv e
f rom  P t o  Q i s  g i v e n  by th e  i n t e g r a l
and  i s  t h e  change  i n  t h e  K*E. o f  t h e  body ,  a s  i t  
moves f rom  P t o  Q, due e n t i r e l y  t o  t h e  c h a n g e s  i n  t h e
mass  o f  t h e  b o d y .
The sum o f  t h e  above two e n e r g y  i n t e g r a l s  g i v e s
t h e  t o t a l  change  i n  t h e  K.E .  o f  t h e  body  a s  i t  moves
f rom  P t o  Q. T h i s  i s  t h e  i n t e g r a l
Q . ’
;
_ /  ,/- •
The two d i s t i n c t  fo rm s  o f  momentum change  c an  a l s o  be
r e p r e s e n t e d  by  means o f  d i a g r a m s  s i m i l a r  t o  t h e  e n e r g y  
d i a g r a m s .  Due t o  t h e  v e c t o r  n a t u r e  o f  t h e  momentum, t h r e e
s u c h  d ia g ra m s  would  be r e q u i r e d  f o r  t h e  t h r e e  c a r t e s i a n  
com ponen ts  o f  th e  momentum. We i l l u s t r a t e  one o f  t h e s e
by t h e  . f i g u r e  4* H e re ,  we p l o t  ~M(t) a g a i n s t  t h e  component
o f  v  i n  t h e  x - d i r e c t i o n .  Then,  t h e  a r e a  u n d e r  t h e  c u rv e  
f rom  P t o  Q i s  g i v e n  by  t h e  i n t e g r a l
and r e p r e s e n t s  t h e  change, 
i n  t h e  momentum o f  t h e  
body ,  i n  . t h e  x - d i r e c t i o n ,  
a s  t h e  body  moves f ro m  P 
t o  Q, due j e n t i r e l y  t o  t h e  
a c t i o n  o f  t h e  n e t t  f o r c e  
i n  t h a t  d i r e c t i o n .
The a r e a  by  t h e  
s i d e  o f  t h e  c u rv e  f rom  
P t o  Q ( s h a d e d  . i n  t h e  
d ia g ra m )  i s  g i v e n ,  by  t h e  
i n t e g r a l
Q '
dM
M (t)
4
FIGURE 4
M,
. Momentum D iagram  
Q
and  r e p r e s e n t s  t h e  change  i n  t h e  momentum o f  t h e  body  i n  
t h e  x - d i r e c t i o n f- ; a s  i t  moves f rom  P to, Q, due e n t i r e l y
J
t o  t h e  c h a n g e s  i n  t h e  mass o f  t h e  bod y .
The sum o f  t h e  two a r e a s  g i v e s  t h e  t o t a l  change  
i n  t h e  momentum o f  t h e  body i n  t h e  x - d i r e c t i o n  an d
i s  o b v i o u s l y  g i v e n  by t h e  i n t e g r a l
d A Mv.x
1 . 6  A WORKED EXAMPLE IN THE MECHANICS OF . VARIABLE 
MASSES t o  THE SIMPLE ROCKET.
As . p o i n t e d  ■ o u t  e a r l i e r ^  t h e  commonest exam ple  
on v a r i a b l e - m a s s  m e c h a n ic s  t h a t  i s  worked  o u t  i n  t h e
t e x t - b o o k s  o f .  m e c h a n ic s  i s  th e  s im p le  r o c k e t .  These  books  
c a l c u l a t e  t h e  v e l o c i t y  o f  t h e  r o c k e t  by t h e  d i r e c t  \  
a p p l i c a t i o n  o f  t h e  law  o f  c o n s e r v a t i o n  o f  momentum and 
no c l e a r  d e s c r i p t i o n  i s  g i v e n  o f  t h e  t h r u s t  o f  t h e  
r o c k e t  m o t o r s .  F u r t h e r ,  : d e t a i l e d  d i s c u s s i o n  o f  t h e
m echan ism s ' o f  -momentum and  k i n e t i c  e n e r g y  change  a r e  
a v o i d e d ,  i n  t h i s  s e c t i o n  we s h a l l  n o t  o n l y  c a l c u l a t e  
t h e  v e l o c i t y  ' o f  t h e  r o c k e t  b u t  a l s o  g i v e  a  c l e a r
denser i p  t  i o n  o f  t h e  t h r u s t  o f  t h e  r o c k e t  m o t o r s  an d  how 
th e  momentum and  e n e r g y  c h a n g e s  t a k e  p l a c e .  We s h a l l  a l s o  
b r i e f l y  c o n s i d e r  a  more p r a c t i c a l  r o c k e t  t a k i n g  i n t o  
a c c o u n t  t h e  w e i g h t  o f  t h e  r o c k e t  an d  t h e  e f f e c t  o f  t h e
a i r  r e s i s t a n c e  when i n  f l i g h t .  The c l e a r  a d v a n t a g e  o f  
t h e  m e c h a n ic s  t h a t  we have  d e v e l o p e d ,  o v e r  t h e  . u s e  o f  
t h e  c o n s e r v a t i o n  law  o f  momentum, when w r i t i n g  down t h e  
e q u a t i o n  o f  m o t i o n  f o r  t h e  more p r a c t i e l e  r o c k e t  becom es
v e r y  o b v i o u s .  -
The Simple R o c k e t
FIGURE 5
L e t '  u s  f i r s t  c o n s i d e r  t h e  s im p le  r o c k e t  w i t h  
no a i r  r e s i s t a n c e  o r  w e i g h t .  Suppose t h a t  t h e  r o c k e t
-O , ' .
when o b s e r v e d  f rom  an i n e r t i a l  f ram e  JS h a s  a  v e l o c i t y
• $ 
v ( t )  and  t h a t  t h e  e x h a u s t  p a r t i c l e s '  have  a  mean v e l o c i t y
u ,  b o t h  v e l o c i t i e s  h a v i n g  t h e  same l i n e  o f  a c t i o n
( s e e  f i g u r e  5 ) .  Nov/, i f  i n  t h e  i n s t a n t a n e o u s - r e s t - l n e r t i a l  
f ram e  o f  t h e  r o c k e t  t h e  e x h a u s t  p a r t i c l e s  have  a  mean 
v e l o c i t y  u °  ( t h i s  i s  t h e  same a s  t h e  v e l o c i t y  o f  t h e
e x h a u s t  r e l a t i v e  t o  t h e  r o c k e t )  t h e n  by  G a l i l e a n  R e l a t i v i t y , *
u  = u °  4* v. . 1 . 3 6
L e t  t h e  r a t e  o f  l o s s  o f  mass  f ro m  t h e  r o c k e t  t o  t h e
e x h a u s t  be r e p r e s e n t e d  by  t h e  symbol p,. Then,
M (t )  = Mq -  pit ,  1 . 3 9
where  M0 i s  t h e  i n i t i a l . ,  mass  o f  t h e  r o c k e t  a t  t  = 0 .
Now, a c c o r d i n g  t o  t h e  m e c h a n ic s  o f  v a r i a b l e  
m a s s e s  we have  d i s c u s s e d ,  t h e  n e t t  f o r c e  on t h e  r o c k e t
i s  g i v e n  by
*: *; ■ /  ' -
F = M (t)  i z  > 1 '1 - 4 0
d t
^ ( t )  ? }  -  1 . 4 1
i . e .  F = K -  G . 1 . 4 2
S in c e  t h e  f l i g h t  i s  i n  a  vacuum and  t h e r e  i s  a l s o  no 
f o r c e  due t o  g r a v i t y ,  t h e  v a l u e  o f  K, t h e  t o t a l  r a t e  
o f  i n c r e a s e  o f  . .momentum of" . . the r o c k e t  m us t  be e q u a l  
b u t  o p p o s i t e  t o  t h e  r a t e  o f  i n c r e a s e  o f  t h e  momentum 
o f  t h e  e x h a u s t .  Hence,
A lso ,  s i n c e  t h e  r a t e  o f  i n c r e a s e  o f '  t h e  mass o f  t h e
r o c k e t  i s  g i v e n  a s
dJM(f) =' -  \ i ,  1 . 4 4
d t
we o b t a i n  by  t h e  s u b s t i t u t i o n  o f  1 . 4 3  and 1*44 i n t o
1 . 4 1  t h a t
F = -  ii u  4- v  . 1 . 4  5
' ss -  U (u -  v)  . . 1 .4 6
But  a c c o r d i n g  t o  t h e  G a l i l e a n  a d d i t i o n  o f  v e l o c i t i e s
( e q u a t i o n  1 . 3 8 ) ,  ' ■,
. v  ■ . . "  ' ' /  : ■ ■
u  -  v  -  u ° .  1 . 4 7
Then t h e  f o r c e  e q u a t i o n  I .46  r e d u c e s  to
f  - u.u°. ■ x. 4 8
So we have  t h a t  t h e  m a g n i tu d e  o f  t h e  n e t t  f o r c e  a c t i n g
on t h e  r o c k e t  i s  - \ i  u ° ,  a  q u a n t i t y  w h ich  i s  i n d e p e n d e n t  
o f  t h e  f rame o f  r e f e r e n c e .  T h is  q u a n t i t y  — p. u^ i s  
i n d e e d  w ha t  a  r o c k e t  e n g i n e e r  would  m easu re  i n  t h e
l a b o r a t o r y  a s  t h e  t h r u s t  o f  th e  r o c k e t  e n g in e  i f  t h e
e n g in e  was h e l d  down by  th e  a p p l i c a t i o n  o f  a m e a s u r a b l e
f o r c e  e q u a l  i n  m a g n i tu d e  b u t  o p p o s i t e  i n  d i r e c t i o n  t o  t h e
t h r u s t  o f  th e  r o c k e t  e ng ine*
The v e l o c i t y  o f " ' t h e  r o c k e t  a t  a n y  t im e  t  i s  
e a s i l y  o b t a i n e d  f rom  t h e  f o r c e  e q u a t i o n  1.4-8 a s ,
¥  = M ( t )  dv = -p, u ° ,  1*49
V .V . d t
i . e .  F = £m -  | i t \  dy = ' -  \x u °  , 1 . 5 0
 ^ '  d t
_  - }i u °  1
g i v i n g ,  dv = — —  ? d t ,  1 . 5 1
■o “* jX * 3
and by  i n t e g r a t i o n ,
V  = u ° { l Q g Mo -  ^ |  1 , 5 2
, l  M0 J
The r a t e  a t  w h ich  t h e  K .E .  o f  t h e  r o c k e t  i s  
i n c r e a s i n g  i s  o b t a i n e d  b y  u s i n g  t h e  f a c t  t h a t  t h e  K .E .  ‘ 
c an  i n c r e a s e  due t o  t h e  c h a n g e s  i n  v e l o c i t 3?' and  a l s o  
due t o  c h a n g e s  i n  t h e  m ass  a s
Hence b y  s u b s t i t u t i n g  1 .5 6  & 1*57 i n t o  1 . 5 4 ,
d_fMv2 
at I 2 . i  jjl ( v 2 -  2 u v ) .  1 . 5 8
There  i s  a l s o  t h e  IC.E. : t h a t  i s  s u p p l i e d  t o  t h e  e x h a u s t  
p a r t i c l e s  and  t h e  r a t e  a t  w h ich  t h i s  ' i s  s u p p l i e d  i s
•j 2 ’ ........ ..........  ............  •
s im p ly ,  2 M*n * Then, t h e  r a t e  a t  w h ich  th e  K.E.. o f  t h e  whole 
r o c k e t - e x h a u s t  s y s te m  i s  i n c r e a s i n g  i s
1 2 1 2 ^  p. (v  -  2uv)  * w > u  f
1 ■ / \  2 •jr (v -  u )  9
I  |r(.u0 ) 2 . ' . 1 . 5 9
T h is  t o t a l  r a t e  o f  e n e r g y  c o n v e r s i o n  we see  i s  a
G a l i l e a n  • • I n v a r i a n t .  T h i s  m u s t  be so s i n c e  t h i s  i s  t h e
r a t e  a t  w h ich  t h e  h e a t  e n e r g y  ( f ro m  t h e  c h e m i c a l  e n e r g y
o f  t h e  f u e l )  i s  b e i n g  c o n v e r t e d  i n t o  IC.E.., a n d  we
know t h a t  h e a t '  e n e r g y  i s  a  - G a l i l e a n  I n v a r i a n t .
L e t  u s  now c o n s i d e r  a  more p r a c t i c l e  r o c k e t
where o t h e r  f o r c e s ,  su c h  a s  t h e  a i r  r e s i s t a n c e  R and
t h e  w e i g h t  o f  t h e  r o c k e t  M (t)  g  h a s  t o  be t a k e n  i n t o
a c c o u n t*  How* l e t  • t h e  t h r u s t  o f  t h e  r o c k e t  m o t o r s  a s
m e a su re d  i n  t h e  l a b o r a t o r j 7- i n  t h e  m anner  d e s c r i b e d  e a r l i e r
be T. Then,  s i n c e  P = M dv i s  t h e  n e t t  f o r c e  a c t i n g
d^
on t h e  r o c k e t ,  we s i m p ly  w r i t e  down.
p = M ( t )  dv -  T +' R + g * 1 .6 o
dr*
T h is  i s  t h e  e q u a t i o n  o f  m o t io n  f o r  t h e  r o c k e t  ( J . B . R o s s e r  
R.R*Newton, and  G .L .G -ross ) .  The v e l o c i t y  o f  t h e  r o c k e t  
a t  any  t im e  t  i s  o b t a i n e d  f rom  1*60 a s
M (t )  dv = ( f  + R +■ M ( t ) g )  d t  . 1*61
T h i s  i s  t h e  im p u l s e  e q u a t i o n ,  an d  by  i t s  i n t e g r a t i o n  
we o b t a i n ,
v
t
T + R + M (t )  g  I
J l - M (t)
d t  • 1*62.
S in c e  t h e  t h r u s t  o f  t h e  r o c k e t  e n g i n e s  i s  t h e  same a s  
c a l c u l a t e  e a r l i e r  f o r  t h e  s im p le  r o c k e t ,  i . e . ,
T =  • -  ji u °  . " l * 6 p
Then t h e  v e l o c i t y  i s  o b t a i n e d  a s ,  /
• • . t
-jx u °  + H + (M — f i t )  g
d t 1 s 64.
Mq *-■ j i t
T h i s  example  shows t h a t  t h e  m e c h a n i c s  o f  v a r i a b l e - m a s s e  s 
t h a t  we have  d e v e l o p e d ,  w i t h  t h e  c o n c e p t  o f  a  m e a s u r a b l e  
n e t t  f o r c e  a s  mass  x a c c e l e r a t i o n ,  g i v e s  u s  a  c l e a r  
a d v a n t a g e  o v e r  t h e  c o n v e n t i o n a l  m e th o d s  o f  u s i n g  momentum' 
b a l a n c e « T h i s  a d v a n t a g e  i s  m a i n t a i n e d  i f  t h e  p r o b le m  i s  
examined i n  g r e a t e r  d e t a i l  end  t h e  e n e r g y  e q u a t i o n s  a r e  
s t u d i e d .
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1*7 FUNDAMENTAL CONCEPTS OP NEWTONIAN MECHANICS
Our d e s c r i p t i o n  o f  t h e  p h y s i c a l  w o r ld  we 3.1ve
i n ,  dep en d s  ori a  few f u n d a m e n t a l  n o t i o n s  we h av e  r e g a r d i n g
s p a c e s t im e  an d  m a t t e r .  The c o n c e p t s  o f  l e n g t h y  t im e  and 
mass a r e  u s u a l l y  r e g a r d e d  a s  m o s t  f u n d a m e n t a l .  However,
a l t h o u g h  - we a l l  a p p e a r  t o  d e v e l o p  s u b j e c t i v e  c o n c e p t i o n s  
o f  t h e s e  q u a n t i t i e s ,  t h e i r  , o b j e c t i v e  d e s c r i p t i o n  a n d
m easu re m e n t  i s  n o t  w i t h o u t  d i f f i c u l t y .  Of t h e s e ,  t h e
m ea su re m e n t  o f  l e n g t h  i s  p r o b a b l y  t h e  l e a s t  p r o b l e m a t i c ,  
a n d  we t r u s t  t h a t  a  s t i c k  made o f  some r i g i d  m a t e r i a l ,  
w h ich  we t a k e  a s  a  s t a n d a r d  o f  l e n g t h ,  c o u l d  be  u s e d
t o  m easu re  o t h e r  l e n g t h s .  The m easu re m e n t  o f  t im e  how ever ,
r e q u i r e s  *a c lo c k , ,  a n  a p p a r a t u s  o f  some c o m p l e x i t y . The
e s s e n t i a l  p a r t  o f  a  c l o c k  i s  some mechanism w h ich  i s
s u b j e c t  t o  some form. . o f  p e r i o d i c  o r  r e p e t i t i v e  m o t i o n
where e a c h  o f  t h e  r e p e t i t i o n s  t a k e  p l a c e  o v e r  e q u a l
/'
i n t e r v a l s  o f  ' t i m e .  B u t  how a r e  we t o  know t h a t  t h e s e  
r e p e t i t i o n s  do i n  f a c t  d e s c r i b e  e q u a l  i n t e r v a l s  o f  t im e ?
We c o u l d  n o t  u s e  a n o t h e r  c l o c k  f o r  we would have  t h e
same d i f f i c u l t y ' ,  i n  j u s t i f y i n g  t h e  w o r k in g s  o f  t h i s  c l o c k .
We c a n n o t  r e s o r t  t o  a  t h e o r e t i c a l  j u s t i f i c a t i o n  s i n c e  t h e  
t h e o r y  o f  m e c h a n ic s  i s  b a s e d  on o b s e r v a t i o n s  w h ic h  i n v o l v e  
t h e  m easu re m e n t  o f  t im e  and  #t h e r e f o r e  t h e  u s e  o f  a
c l o c k .  So. t h e  j u s t i f i c a t i o n  o f  t h e  u s e  o f  t h e  c l o c k  f o r  
t im e  m e a su re m e n ts  and  t h e  t h e o r y  o f  m e c h a n ic s  a r e  c y c l i c  
a rg u m e n ts . .  »
m i .  ^  — ----------- - _  —  J -  J ?  _ _  j l v  . . .  _  . .  . u __»____ „  . . . .  . .  . i _  ji , . . .xxxt; ouxxvxejo u u i  incurs tits uxxe qllcux o I  o.y o x  m a o oex*
a l s o  r u n s  i n t o  d i f f i c u l t y  when .we t r y  to  d e s c r i b e  how
t h i s  f u n d a m e n t a l  q u a n t i t y  may be m e a s u r e d .  H av ing  s e l e c t e d  
a  s u i t a b l e  body  w h ich  would  f rom  t h e n  on be r e g a r d e d  a s  
t h e  s t a n d a r d  u n i t  o f  m ass ,  we t h e n  r e q u i r e  some m ethod
by  w h ich  we v/ould be a b l e  t o  compare t h e  " q u a n t i t y  o f
m a t t e r 1* o f  any  o t h e r  body  t o  t h i s  s t a n d a r d .  T h i s  we do 
b y  t h e  u s e  o f  a  p a i r  o f  s c a l e  p a n s .  But  we c a n n o t
j u s t i f y  t h e  u s e  o f  t h e  p a i r  o f  s c a l e  p a n s  w i t h o u t
r e s o r t i n g  t o  t h e  u s e  o f  t h e  t h e o r y  o f  moments o f  t h e
t h e o r y  o f  s t a t i c  f o r c e s .  B u t  t h e  t h e o r y  o f  " s t a t i c s "
i n v o l v e s  t h e  c o n c e p t  o f  f o r c e  and  we would n o t  be  a b l e
t o  u s e  t h i s  t h e o r y  u n l e s s  we a r e  a b l e  to  show t h a t
we c a n  d e f i n e  f o r c e  i n d e p e n d e n t  o f  th e  d e f i n i t i o n  o f  
m ass .  T h i s  would  be p o s s i b l e  i f  we d e f i n e  f o r c e  s i m p ly  
a s  t h a t  q u a n t i t y  w h ich  i s  -measured by  means o f  a  s p r i n g -
b a l a n c e .  However, v/e would  f i r s t  have  t o  show how a  
s p r i n g - b a l a n c e  c o u ld  be . c a l i b r a t e d  i n d e p e n d e n t  o f  any  
d e f i n i t i o n  o f  m a s s .  T h i s  may be done by  f i r s t  m ak ing
t h e  a s s u m p t i o n  t h a t  d i f f e r e n t  b o d i e s ,  when s u s p e n d e d  from  
th e  end  o f  t h e  s p r i n g ,  w i l l  i n . - t u r n ,  p ro d u c e  t h e  same 
e x t e n s i o n  o f  t h e  s p r i n g  o n l y  i f  e a c h  o f  t h e s e  b o d i e s
i s  p u l l e d  down t o w a r d s  t h e  e a r t h  b y  t h e  same f o r c e .
Then,  by  m ak ing  su c h  b o d i e s ,  and  by  f u r t h e r  a s s u m i n g
t h a t  two o f  t h e s e  b o d i e s  w i l l  p r o d u c e  t w i c e  t h e  f o r c e
and  t h r e e  o f  t h e  b o d i e s  t h r e e  t i m e s  t h e  f o r c e  a n d  so
on,  t h e  s p r i n g - b a l a n c e  c an  be c a l i b r a t e d .  So t h e  t h e o r y  
o f  s t a t i c s  c an  be d e v e l o p e d  an d  a  p a i r  o f  s c a l e  p a n s
calx be  useCi i O r  m e a su rx n g  o r  cuiups,xrug m a s s e s .  v r  .course;
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f o r  i t  i s  a ssum ed  i n  t h e  m e a su re m e n t  t h a t  t h e  f o r c e
a c t i n g  on e a c h  o f  t h e  b o d i e s  i n  t h e  s c a l e  p a n s ,  w h ich
i s  due t o  g r a v i t y ,  i s  p r o p o r t i o n a l  t o  t h e  q u a n t i t y  o f
m a t t e r  o r  mass  p f  t h e  b o d y .  T h a t  i s  t o  s a y ,  we assume
t h a t  t h e  f o r c e  o f  g r a v i t y  a c t i n g  on a  body  i s  g i v e n
b y ,
¥  = M g  , 1 . 6 5
where  *g i s  a  m ea su re  o f  t h e  i n t e n s i t y  o f  g r a v i t y  a t
t h a t  " p o i n t .  However,  ' we n e e d  t o  have  no know ledge  o f
t h e  a c t u a l  v a l u e  o f  g to  make u s e  o f  t h e  p a i r  o f  s c a l e :
p a n s ,  and  an y  f i n i t e  v a l u e  o f  g w i l l  be s u i t a b l e .  S in c e  
t h i s  m ea su re m e n t  o f  mass  d e p en d s  on t h e  a c t i o n  o f  ' g r a v i t y  
upon  i t  t h e  m e a s u re d  mass  i s  t h e  " g r a v i t a t i o n a l  mass**.
The d i s c u s s i o n  o f  t h e  f u n d a m e n t a l  q u a n t i t i e s  o f  
m e c h a n ic s  t e n d s  t o  c o n v in c e  u s  t h a t  t h e  c o n c e p t  o f  f o r c e  
i s  a s  f u n d a m e n t a l  a s  t h o s e  o f  l e n g t h  - and  t im e  an d  
i n d e e d  more f u n d a m e n t a l  t h a n  th e  c o n c e p t  o f  m a s s .  T h i s
i s  n o t  s u r p r i s i n g  s i n c e ,  a l t h o u g h  we a c q u i r e  a n  i n t u i t i v e  
knowledge  o f  f o r c e  by t h e  e x e r t i o n  o f  o u r  m u s c l e s ,  . we
have  no su c h  knowledge  o f  q u a n t i t y  o f  m a t t e r  o r  m a s s .
However,  t h r o u g h  o u r  i n t u i t i v e  know ledge  o f  f o r c e  we
become aware  o f .  t h e  w e i g h t  o f  b o d i e s  and  i t  i s  b y
a s s u m in g  a  r e l a t i o n s h i p  b e tw e e n  .the w e i g h t  a n d  t h e
q u a n t i t y  o f  m a t t e r  t h a t  we a r e  a b l e  t o  have  a  c o n c e p t i o n  
o f  t h e  m ass  which' i s  t h e  g r a v i t a t i o n a l  m a s s .
A n o th e r  c o n c e p t  o f  mass  t h a t  i s  a r r i v e d  a t  i s
by  means o f  what  Hewton d e s c r i b e s  a s  th e  " f o r c e  o f
i n a c t i v i t y "  o r  " i n e r t i a "  VJ’V/'  ( N e w t o n - P r i n c i p i a ,  D e f i n i t i o n  I I I )  
We become aw are  t h a t  an  e x e r t i o n  o f  - f o r c e  i s  r e q u i r e d  t o
change t h e  i n e r t  s t a t e  o f  a  boc^* We a l s o  become aware
o f  t h e  f a c t  t h a t  d i f f e r e n t  b o d i e s  r e q u i r e  d i f f e r e n t  
f o r c e s  t o  b r i n g  a b o u t  s i m i l a r  c h a n g e s  o f  s t a t e  f rom 
t h e i r  i n e r t  s t a t e s *  By r e l a t i n g  t h e s e  f o r c e s  to  t h e  £ 
q u a n t i t y  o f  m a t t e r  i n  t h e  body  we a g a i n  a r r i v e  a t  a  
c o n c e p t  o f  mass* T h i s  i s '  t h e  c o n c e p t  o f  " i n e r t i a l  mass"*
The m a t h e m a t i c a l ' ” - r e l a t i o n s h i p  t h a t  i s  e s t a b l i s h e d  b e tw e e n  
t h e  f o r c e  and t h e  mass  i s
1  = M a  , ' 1*66
where  a  i s  th.e a c c e l e r a t i o n  o f  t h e  body* So t h e  e q u a t i o n
f o r c e  = mass x a c c e l e r a t i o n  i s  r e a l l y  a  d e f i n i t i o n  o f
i n e r t i a l  mass* The e q u a t i q n  i s  a  v a l i d  d e f i n i t i o n  o f
i n e r t i a l  mass ,  w h e t h e r  t h e  m ass  i s  a  f u n c t i o n  o f  t im e
o r  no t*  I t  h a s  b e e n  • shown by e x p e r i m e n t  t h a t  t h e
g r a v i t a t i o n a l  m ass  and  th e  i n e r t i a l  mass  o f  a  bod y  a r e
* /  ~ 
v e r y  a c c u r a t e l y  e q u a l .
C H A P T E R  I I
EINSTEINIAN MECHANICS OP VARIABLE REST-MASS BODIES OF 
SMALL PHYSICAL DIMENSIONS*
2*1 INTRODUCTION
I n  t h e  p r o c e e d i n g  c h a p t e r  we d i s c u s s e d  t h e  
f u n d a m e n t a l  c o n c e p t s  o f  N e w to n ian  m e c h a n i c s  p a y i n g  p a r t i c u l a r  
a t t e n t i o n  to  t h e  b a s i c  c o n c e p t s  o f  t h e  m e c h a n i c s  o f  
v a r i a b l e - m a s s e s .  I n  t h i s  c h a p t e r  -we. w i l l  e x t e n d  t h e s e
c o n c e p t s  and r e - e x a m i n e  e a c h  o f  t h e s e  f u n d a m e n t a l  q u a n t i t i e s  
w i t h i n  t h e  f r a m e -w o rk  o f  t h e  S p e c i a l  T h eo ry  o f  R e l a t i v i t y *
E i n s t e i n 1s t h e o r e t i c a l  d e m o n s t r a t i o n  o f  t h e  
e q u i v a l e n c e  o f  mass  and  e n e r g y  c o n s o l i d a t e s  t h e  o r i g i n a l
c o n c e p t  o f  mass  a s  t h e  q u a n t i t y  o f  m a t t e r  . w i t h  t h e
a l t e r n a t i v e  v i e w p o i n t  a s  t h e  q u a n t i t y  o f  energy*  Through
t h i s  c o n c e p t  o f  m ass  a s  t h e  q u a n t i t y  • o f  e n e r g y ,  ■we a r e
a b l e  t o  have  .a \ d e e p e r  u n d e r s t a n d i n g  o f  t h e  n a t u r e  o f
mass and  i t s  p r e c i s e  c o m p o s i t i o n .  E q u a l l y  i m p o r t a n t  i s
t h e  u n i f i c a t i o n  o f  t h e  two s e p e r a t e  c o n s e r v a t i o n  l a w s  o f
mass an d  e n e r g y  i n t o  one c o n s e r v a t i o n  law  -  the* . c o n s e r v a t i o
o f  e n e r g y .  T h i s  p e r h a p s  i s  one o f  t h e  m os t  f u n d a m e n t a l '  
d e p a r t u r e s  f rom N e w ton ian  m e c h a n ic s  and  i t s  c o n s e q u e n c e s ,  
a s  we s h a l l  show a r e  f a r  r e a c h i n g .  The N e w to n ian  c o n c e p t
o f  t h e  c o n s e r v a t i o n  o f  mass h a s  t o  be  d i s c a r d e d  f o r ,  i n  
a  c l o s e d  sy s te m ,  n o t  e v e n  t h e  t o t a l  o f  t h e  r e s t - m a s s
i s  c o n s e r v e d .  U n f o r t u n a t e l y  t h i s  i m p o r t a n t  p o i n t  h a s  n o t
b e e n  a p p r e c i a t e d  by  some a u t h o r s  "and e v e n  r e c e n t l y
t h e o r e t i c a l  work h a s  b e e n  p u b l i s h e d  where  c o n s e r v a t i o n  
o f  r e s t - m a s s  h a s  b e e n  e x p l i c i t l y  u s e d  • P e n f i e l d  and
H. Haus, 1 9 6 7 ) .  V/e w i l l  ex am ine ,  t h e  c o n c e p t  o f  r e s t - m a s s  
i n  t h i s  c h a p t e r  an d  i t  w i l l  he  shown t h a t  t h e  g e n e r a l i s e d  
law  o f  c o n s e r v a t i o n  o f  e n e r g y  a s  g i v e n  by  t h e  S p e c i a l  
Theory  o f  R e l a t i v i t y  w i l l  n o t '  a l l o w  t h e  t o t a l  r e s t - m a s s ,  
o f  a  c l o s e d  s y s te m  t o  be c o n s e r v e d .
I n  t h e  p r e c e e  d i n g  c h a p t e r ,  where we made a
s t u d y  o f  t h e  N ew to n ian  m e c h a n ic s  o f  c o m p o s i t e  b o d i e s ,  we 
we assum ed  t h a t  t h e  s i m p l e r  m e c h a n i c s  o f  a  s i n g l e  p a r t i c l e  
body  "(of  c o n s t a n t  m ass)  was known. I n  a  s i m i l a r  way, i n  
t h i s  c h a p t e r  we w i l l  make a  s t u d y  o f  s m a l l  c o m p o s i t e
b o d i e s ,  w i t h i n  t h e  f r a m e -w o rk  o f  S p e c i a l  R e l a t i v i t y ,  
a s su m in g  t h a t  t h e  s i m p l e r  m e c h a n ic s  o f  t h e  s i n g l e - p a r t i c l e  
body i s  c l e a r l y  . u n d e r s t o o d  w i t h i n  t h i s  f r a m e - w o r k .  The 
m e c h a n ic s  o f  c o m p o s i t e  b o d i e s  i s  f a r  more com plex  t h a n  
t h e  m e c h a n ic s  o f  s i n g l e - p a r t i c l e  b o d i e s .  I n  t h e  e a s e  o f  
c o m p o s i t e  b o d i e s  t h e r e  a r e  num erous m i c r o s c o p i c  p r o c e s s e s
t h a t  g i v e  r i s e  t o  m a c r o s c o p i c  phenomena,. w h ich  we would 
n o t  have  i n  the .  c a s e  o f  a  s i n g l e - p a r t i c l e  b o d y .  F o r
exam ple ,  when c o n s i d e r i n g  a  s i n g l e - p a r t i c l e  body  s u c h  a s
a n  e l e c t r o n ,  we would  n o t  t a l k  o f  i t s  h e a t  e n e r g y  o r
i t s  e l a s t i c  e n e r g y  o r  i t s  p o l a r i s a t i o n  e n e r g y  f o r  t h e s e
fo rm s  o f  e n e r g y  a r e  o n l y  a s s o c i a t e d  w i t h  c o m p o s i t e  b o d i e s .  
F u r t h e r m o r e  a  c o m p o s i t e  bod y ,  u n l i k e  a  s i n g l e  p a r t i c l e  
body ,  may change i t s  r e s t - m a s s  e i t h e r  by  l o s i n g  o r
g a i n i n g  m a t e r i a l  ‘p a r t i c l e s  ( a s  d i s c u s s e d  i n  t h e  p r e v i o u s  
c h a p t e r  on N ew to n ian  m e c h a n i c s )  o r  by  - g a i n i n g  o r  l o s i n g -  
some fo rm  o f  i n t e r n a l  e n e r g y  su c h  a s  h e a t  e n e r g y  o r
s t r a i n  e n e r g y .  Even i f  we c o n s i d e r ,  a  body w h ic h  d o e s  n o t
a c q u i r e  o r  l o s e  m a t e r i a l  p a r t i c l e s  and  so m a i n t a i n  a
c o n s t a n t  number o f  p a r t i c l e s  i n  i t s  c o m p o s i t i o n ,  i t  may 
s t i l l  change  i t s  r e s t - m a s s  by  g a i n i n g  o r  l o s i n g  i n t e r n a l
e n e r g y  s u c h  a s  o f  h e a t ,  e l a s t i c ,  p o l a r i s a t i o n  and  
m a g n e t i s a t i o n .  So t h e  m e c h a n ic s  o f  c o m p o s i t e  b o d i e s  i s  
e s s e n t i a l l y  a  m e c h a n ic s  . o f  v a r i a b l e  r e s t - m a s s e s  and  i s  
a n a l o g o u s  t o  t h e  N ew to n ian  m e c h a n i c s  o f  v a r i a b l e  m a s s e s .
I n  o u r  d i s c u s s i o n  o f  t h e  m e c h a n i c s  o f .  v a r i a b l e  
r e s t - m a s s e s  i n  t h i s  c h a p t e r  t h e r e  i s  one v e r y  i m p o r t a n t  
d i f f e r e n c e  b e tw e e n  t h i s  and  th e '  e q u i v a l e n t  m e c h a n ic s  o f  
v a r i a b l e  m ass  b o d i e s  i n  N e w ton ian  m e c h a n i c s .  T h i s  i m p o r t a n t  
d i f f e r e n c e  i s  t h a t  a l l  o u r  c a l c u l a t i o n s  a r e  r e s t r i c t e d  t o  
f o r c e s ,  a c t i n g  a t  a  p o i n t .  Y/hen we t a l k  o f  t h e  r e s u l t a n t
o r  n e t t  f o r c e  a c t i n g  on a  body i t  w i l l  a lw a y s  be  a ssum ed  
t h a t  a l l  t h e  f o r c e s  a c t i n g  on t h e  body  a r e  a c t i n g  a t  
a  p o i n t . So, a l t h o u g h  we w i l l  be d e a l i n g  w i t h  c o m p o s i t e  
b o d i e s ,  o u r  t h e o r y  w i l l  r e q u i r e  t h e  b o d i e s  t o  be  s u c h
t h a t  a l l  t h e  d i f f e r e n t  f o r c e s  c o n s i d e r e d  have  t h e  same
.  - ‘  ^  ■ . . . . . . . .
p o i n t  o f  a p p l i c a t i o n .  T h is  c o n d i t i o n  i s  an  e s s e n t i a l  one 
t o  any  s u c h  m e c h a n ic s  o f  S p e c i a l  R e l a t i v i t y .  L a r g e r  b o d i e s  
w i t h  a  d i s t r i b u t i o n  o f  v a r i o u s  f o r c e s  a c t i n g  a t  d i f f e r e n t  
p o i n t s  m us t  an d  c a n  o n l y  be  d e a l t  w i t h  by means o f  
c o n t in u u m  m e c h a n i c s .  A d i s c u s s i o n  o f  what  h a p p e n s  when 
f o r c e s  a r e  a p p l i e d  to  d i f f e r e n t  p a r t s  o f  a  l a r g e  body  
i s  g i v e n  i n  c h a p t e r  I I I .  So t h e  r e a d e r  w i l l  have  t o  
remember t h r o u g h o u t  t h e  r e a d i n g  o f  c h a p t e r  I I  t h a t  a l l  
t h e  f o r c e s  d i s c u s s e d  a r e  a l l  a c t i n g  a t  one p o i n t  on  t h e  
body o r  t h e  body i t s e l f  i s  so s m a l l  t h a t  i t  c o u l d  be 
c o n s i d e r e d  to  be a  p o i n t .
2 .2 EXPRESSION FOB THE NETT FORCE ACTING ON A BODY 
OF VARIABLE REST-MASS
Y/hen we d i s c u s s e d  t h e  N e w to n ian  m e c h a n ic s  o f  
v a r i a b l e  m a s s e s  i n  c h a p t e r  I , ' we f o u n d  t h a t  b o t h  c h a n g e s  
i n  momentum' and  i n  t h e .  k i n e t i c  e n e r g y  o f  t h e  bod y  c o u l d
t a k e  p l a c e  by  means o f  two d i s t i n c t  m ec h an ism s .  These  a r e ,
1 .  by c h a n g e s  i n  t h e  v e l o c i t y  o f  t h e  bo d y ,  and  t h i s ,
by  d e f i n i t i o n  b e i n g  due e n t i r e l y  t o  t h e  a c t i o n
o f  t h e  n e t t  f o r c e  a c t i n g  on  t h e  b od y .
2 .  By c h a n g e s  i n  t h e  mass  o f  t h e  b o d y e
The e x t e n s i o n  o f  t h e  t h e o r y  o f  m e c h a n ic s  i n t o  t h e  f r a m e ­
work . o f  S p e c i a l  R e l a t i v i t y  m us t  n e c e s s a r i l y  be a n  e x t e n s i o n
o f  t h e  N e w to n ian  t h e o r y  i f  we a r e  t o  o b t a i n  a  t h e o r y  v ;  
t h a t  i s  c o n s i s t a n t  and r e d u c i b l e  t o  N e w to n ian  fo r m s  f o r  , ;i
v e l o c i t i e s  t h a t  a r e  s m a l l  i n  t h e  r e l a t i v i s t i e  s e n s e  .
B e f o re  p r o c e e d i n g  w i t h  t h e  r e l a t i v i s t i e  m e c h a n i c s  
we w i l l  d e f i n e s  t h e  sym bols  u s e d  t o  r e p r e s e n t  t h e  ’ 4
f u n d a m e n t a l  q u a n t i t i e s  o f  m ass  p o s i t i o n  and  t i m e .  1
M ■ i s  t h e  r e s t - m a s s  o f  a  b o d y .
x_ i s  t h e  p o s i t i o n  4 - v e c t o r ,  where a  = 1 ,  2 ,  3 ,  4'
CL
an d ,  x^ = i c t ,  X£ = . x ,  x^ = y ,  x^ = z ,
a n d ,  c i s  t h e  v e l o c i t y  o f  l i g h t  i n  a  vacuum
t  i s  t h e  t i m e ,  and  x ,  y ,  z a r e  3 - s p a c e  c o o r d i n a t e
l e n g t h  m e a s u r e m e n ts ,  an d  i  = s = i .
i s  t h e  ” p r o p e r  t i m e ” an d  i s  d e f i n e d  by
dZ2
As we are- u s i n g  t h e  Minkowski  s y s t e m  w i t h  an  i m a g i n a r y
t im e  c o o r d i n a t e ,  t h e  d i f f e r e n c e s  b e tw e e n  c o n t ra .v a . r i  a n t  
an d  c o v a r i a n t  q u a n t i t i e s  d i s a p p e a r  an d  we w i l l  t h e r e f o r e
u se  o n l y  l o w e r  s u f f i c e s .  F o r  t h e s e  d i m e n s i o n a l  s u f f i c e s  
t h e  Greek  l e t t e r s  a ,  (3, pi, y ' an d  X. w i l l  be u s e d .
When t h e  d e t a i l s  o f  t h e  e l e m e n t s  o f  a  t e n s o r  a r e  r e q u i r e d ,
t h e y  a r e  w r i t t e n  down u s i n g  t h e  p a r t i t i o n s d - m a t r i x  n o t a t i o n .  
I n  t h e  c a se  o f  4-'v e c t o r s ,  t h e  p a r t i t i o n i n g  i s  i n d i c a t e d
by  a  comma, and t h e  n o r m a l l y  u s e d  v e c t o r  n o t a t i o n  i s  
u s e d  f o r  t h e  s p a c e - l i k e  p a r t .
The t o t a l  e n e r g y  and th e  t o t a l  momentum o f  a
body  ( w h e th e r  t h e  r e s t - m a s s  i s  v a r i a b l e  o r  n o t )  i s  1
\  ■ /■  ■ • •
g i v e n  by  t h e  momentum 4 - v e c t o r  M v  , where v  i s  th e°  o a ? a.
4 - v e l o c i t y  o f  t h e  body  and  i s  d e f i n e d  a s
I
dt‘ JL_ (dx^ -f
c 2
9
dy + d z 2 )
and  v i s  t h e  v e l o c i t y  o f  th e  b o d y .  The 4-momentum o f  t h e  
body  h a s  two d i s t i n c t  m echan ism s o f  change  a n d  a r e  g i v e n  
by  t h e  4 - v e c t o r  e q u a t i o n s
Then, t h e  t o t a l  r a t e  o f  change  i s  g i v e n  by
Ka v„ d Ma  0
2 ,3
i  * e ©, Ka a 2*4
T h is  4 - v e c t o r  e q u a t i o n  c o r r e s p o n d s ,  t o  t h e v e c t o r  e q u a t i o n
1 . 2 8  and 1*37 o f  N ew ton ian  m e c h a n ic s  and  i t s  i n t e r p r e t a t i o n  
i s  a l s o  s i m i l a r *  I f  we a r e  to  c a r r y  o u r  a r g u m e n t s ,
g i v e n  i n  c h a p t e r  I  f o r  N e w to n ian  m e c h a n i c s ,  t o  t h e i r
/ ■  •
l o g i c a l  c o n c l u s i o n ,  we would  i n t e r p r e t  e q u a t i o n s  2*3 an d
2 .4  a s  f o l l o w s .
i s  ' t h e  r a t e  o f  change  o f  t h e  four-momentum o f  a  body  
due e n t i r e l y  to  t h e  c h a n g e s  i n  i t s  f o u r - v e l o c i t y  v  .vl
Then by  N ev / ton 's  f i r s t  law  o f  m e c h a n i c s ,  F m u s t  be
CL
d e f i n e d  a s  th e  f o u r - f o r c e  a c t i n g  c n  t h e  b od y .
i s  t h e  r a t e  o f  change o f  t h e  four-momentum o f  t h e  body  
due e n t i r e l y  t o  t h e  c h a n g e s  i n  t h e  r e s t - m a s s  o f  t h e  
body Mq .
i s  t h e  t o t a l  r a t e  o f  1 change  o f  t h e  four-momentum o f  
t h e  body  o f  v a r i a b l e  r e s t - m a s s  and  i s  t h e  sum o f  FQ
and G *(X
2 . 3  PHYSICAL INTERPRETATION* OP MOMENTUM AND ENERGY
CHANGES.
We w i l l  now e x p a n d .  K * F , , G i n t o  t h e i rvl Ur Ur
(1 -i- 3 ) com ponen ts  and  t h e n  g i v e  p h y s i c a l  i n t e r p r e t a t i o n  
t o  e a c h  o f  t h e s e  t e r n s .
L e t  u s  f u r t h e r  r e p r e s e n t  th e  (1 + 3 ) com ponen ts  o f  F . TC-  ' ~ ' ** n. *
Then hy  u s i n g  e q u a t i o n s  2 . 3  and  2 . 4?
d E, = d E« ■ + d E P .
a t  k «  f  d t  «  » 2 -14
and  K F + G . . 2 . 1 5
V/e w i l l  now i d e n t i f y  an d  g i v e  c l e a r  p h y s i c a l  i n t e r p r e t a t i o n  
t o  e a c h  o f  t h e  s i x  q u a n t i t i e s  i n  t h e  e q u a t i o n s  2 .1 4  and  
2 .1 5  s t a r t i n g  w i t h  t h e  l a t t e r .
1 . )  . F = IvL d r v  , 2 .1 6
. - ' : 0 d t  /  .
i s  t h e  “Newtonian"  f o r c e  i n  S p e c i a l  R e l a t i v i t y  and  i t  
i s  e a s i l y  shown t h a t  i t  i s  r e l a t e d  ' t o  t h e  v a l u e  o f  a  
s p r i n g  b a l a n c e  r e a d i n g  F ° ? made i n  t h e  i n s t a n t a n e o u s - r e s t -  
f rame o f  t h e  -body su ch  t h a t  . .
F °  = FU +  Y PJL 2 , 1 7
where F. and  Ft a r e  com ponents  o f  F i n  th e  d i r e c t i o n  o fIf •**
m o t i o n  aim o r t h o g o n a l  to  t h e  m o t i o n  r e s p e c t i v e l y .  F a l s o
•u ' jLt- _ _• ,» j---.. _ „ _ u. _ a . j u i «  ju a jl. 4 _ a.t~ _ __„ x» _ •>,.  ______ _ -c*x ld S  o ix 6  J..xx o c  i  j j x  c  i<a, o jluxx uxxcx u x  u x a  uxxt? x ’t i o c  o x  uxxaxxg,t? u x
t h e  momentum, o f  t h e  body ,  due e n t i r e l y  to  t h e  c h a n g e s  i n
t h e  v e l o c i t y  o f  t h e  bod y .
2 . )  G = Tv djff 2 .1 8
d t  0
i s  t h e  r a t e  o f  change  -of  t h e  momentum o f  t h e  bod y  due 
e n t i r e l y  t o  t h e  c h a n g e s  i n  t h e  i n e r t i a l  m ass  ( r e s t - m a s s )
Mq o f  t h e  b o d y .  15 i s  n o t  a  f o r c e  i n  t h e  s e n s e  t h a t
E i s .
3 . )  K -  d_(l5 f v )  = . F *  a 2 .1 9
d t  I  j
i s  t h e  t o t a l  r a t e  o f  change  o f  t h e  momentum o f  t h e
body and  h a s  no p h y s i c a l  s i g n i f i c a n c e  o t h e r  t h a n  a s  t h e
sum o f  t h e  n e t t  f o r c e  F and  t h e  mass  change  . v e c t o r  *5.'
However,  K i s  a n  i m p o r t a n t  p h y s i c a l  q u a n t i t y  b e c a u s e  o f
t h e  law  o f  c o n s e r v a t i o n  o f  momentum.
B e f o r e  t h e  p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  t h r e e
• ■ . • /  ' 
t e r m s  o f  t h e  e n e r g y  e q u a t i o n  2 .1 4  c an  be g i v e n ,  some
p r e l i m i n a r y  e x p l a n a t i o n  r e g a r d i n g  t h e  t o t a l  e n e r g y  o f  t h e
body  i s  a n  a d v a n t a g e .  The t o t a l  e n e r g y  o f  t h e  body  i s
2M0Yc . T h i s  e n e r g y  c o n s i s t s  o f  two d i s t i n c t  fo r m s  and
t h e s e  a r e ,
(1 )  The k i n e t i c  e n e r g y ,  E, ^ = M e  ( Y - l ) , and
J£ «> 6  • O p
(2 )  t h e  i n e r t i a l  o r  r e s t - m a s s  E. ’ = M^c i n  e n e r g yi  * m ♦ o
u n i t s .  Then, e x a m in in g  th e  r a t e s  o f  change  o f  t h e s e  two
q u a n t i t i e s ,  we have  th e  r a t e  o f  change o f  t h e  t o t a l
k i n e t i c  e n e r g y  a s ,
and f o r  t h e  r a t e  o f  change  o f  t h e  i n e r t i a l  mass  i n  
e n e r g y  u n i t s ,  we h a v e ,
a s .  „  = o2 a m . -2 . 2i
a t  1 ,nu  a t  0 -
We now r e t u r n  t o  t h e  e q u a t i o n  2 .1 4  an d  i n t e r p r e t
t h e  t e r m s  o f  t h e  e q u a t i o n  a s  f o l l o w s .
4 . )  - a  E-p = M  t o 2 2 .2 2
a t  * a t
i s  t h e  r a t e  o f  change  o f  t h e  k i n e t i c  e n e r g y  o f  t h e  body
due e n t i r e l y  t o  t h e  a c t i o n  o f  t h e  f o r c e  F. The " j u s t i f i c a ­
t i o n  o f  t h i s  i n t e r p r e t a t i o n  i s  t h a t  i t  i s  e a s i l y  shown 
( e i t h e r  by u s i n g  t h e  o r t h o g o n a l i t y  o f  F to  v  o rvv CU
o t h e r w i s e )  t h a t ,  \
M a _ r o 2 = F . v  . 2.-23
. .. 0 a t  - ; y  ■- -
5 . )  a s „  = r o 2 a ivi = ( y - i )  e 2 a j i  + o 2 a s i  2 . 2 4
• ai; g a t  0 a t  0 a t  0
i s  t h e  sum o f  t h e  s e c o n d  t e r m  on t h e  R .H .S .  o f  e q u a t i o n
2 .2 0  and  d E. g i v e n  by  e q u a t i o n  2 . 2 1  and t h e r e f o r e  t o"V \i" 1 • HId t
be i n t e r p r e t e d  a s  t h e  sum o f  t h e  r a t e  o f  change  o f  t h e  
k i n e t i c  e n e r g y  o f  t h e  body ,  due e n t i r e l y  t o  t h e  c h a n g e s  
i n  t h e  i n e r t i a l  - ( r e s t )  m ass ,  and  t h e  r a t e  o f  change  o f  
th e  i n e r t i a l  m ass ,  i n  e n e r g y  u n i t s .  The r e l a t i o n s h i p
h a s  t h e  p h y s i c a l  i n t e r p r e t a t i o n  t h a t  i t  i s  t h e  sum o f  
t h e  r a t e s  o f  change  o f  th e  t o t a l  k i n e t i c  e n e r g y  and  
t h e  i n e r t i a l  mass ( i n  e n e r g y  u n i t s ) ,  o r  a l t e r n a t i v e l y  a s  
t h e  sum o f  t h e  r a t e s  o f  change  o f  t h e  k i n e t i c  e n e r g y  
due e n t i r e l y  t o  t h e  a c t i o n  o f  t h e  f o r c e  F, t h e  r a t e  o f
change  o f  t h e  k i n e t i c  e n e r g y  due e n t i r e l y  t o  t h e  c h a n g i n g  
i n e r t i a l  m ass ,  and  t h e  r a t e  o f  change  o f  t h e  i n e r t i a l  
mass  i t s e l f  ( i n  e n e r g y  u n i t s )
The p r e c i s e  m echan ism s  "by w h ich  t h e  4-momentum 
o f  a  b o dy  o f  v a r i a b l e  r e s t - m a s s  c h a n g e s  can  be  i l l u s t r a t e d
d ia g r a m s  we p l o t  Mq (T)  on one a x i s  and  com ponen ts  o f
v e l o c i t y  v  ( f o r  a = l ,  2, 3, & .4) on  t h e  o t h e r  a x i s  a s  t h e
body moves f rom  a  p o i n t  ' v  >
2 * 4 ENERGY AND MOMENTUM DIAGRAMS
by  means o f  f o u r  e n e rg ^ m o m e n tu m  diagrams.- I n  t h e s e
P t o  a  p o i n t  Q. Then 
t h e  a r e a  o f  th e
M0 (y )
A
FIGURE 6
MP0
Q
p
and  i s  t h e  change i n
t h e  energy/momentum o f  t h e  body ,  a s  t h e  bodjr moves -from,,
p o i n t  P t o  p o i n t  Q, due e n t i r e l y  t o  t h e  a c t i o n  o f  t h e
n e t t  f o r c e  on t h e  body* The a r e a  o f  t h e  sh a d e d  p a r t  i s
g i v e n  by  t h e  i n t e g r a l
V CUYLa  o
and i s  t h e  change  i n  t h e  'energy/momentum o f  t h e  b o d y
due e n t i r e l y  t o  t h e  c h a n g e s  i n  t h e  r e s t - m a s s  o f  t h e  
body* The v a l u e s  o f  e a c h  o f  t h e s e  two i n t e g r a l s  d e p e n d s  
on t h e  p a t h  t a k e n  by  t h e  body  on t h e  energy-momentum
d ia g ra m .  The change  i n  t h e  energy/momentum o f  t h e  body  
i s  t h e  sum o f  t h e s e  two i n t e g r a l s  an d  i s  e q u a l  t o
M? vS -  v ?o a  o a
an d  t h i s  v a l u e  i s  i n d e p e n d e n t  o f  t h e  p a t h  t a k e n  . o n  t h e/ *
energy-momentum d ia g r a m .
2 . 5  CONVENTIONAL DEFINITION OF FORCE
T e x t - b o o k s  on t h e  t h e o r y  o f  r e l a t i v i t y  u s e  t h e
d e f i n i t i o n  " t h e  t o t a l  r a t e  o f  change  o f  momentum" f o r  
t h e  f o r c e .  The f o u r - f o r c e  i s  i n  g e n e r a l  t a k e n  t o  be 
K d e f i n e d  a sCL
F = d ¥  v  2«27
CL' "d*b  ^ °^
And t h e  t h r e e - v e c t o r  com ponents  o f  t h i s  a s  t h e  " N e w to n ia n
T h i s  d e f i n i t i o n  i s  d i f f e r e n t  f rom  o u r  e x p r e s s i o n  f o r  t h e  
f o r c e  w h ich  i s  mass ( r e s t - m a s s ) -  x  a c c e l e r a t i o n  ( r e l a t i v i s t i e ) .
two p h y s i c a l  q u a n t i t i e s  w h ich  a r e  com ponen ts  o f  t h e  v e c t o r  
K and were g i v e n  a s
We may r e p r e s e n t  t h e s e  by  means o f  a  p a r a l l e l o g r a m  o f ’ 
v e c t o r s  a s
The d e f i n i t i o n  o f  t h e  v e c t o r  K a s  t h e  f o r c e  l e a d s  t o  
num erous  p e c u l i a r i t i e s ,  one o f  t h e  m o s t  i n t e r e s t i n g  b e i n g  
g i v e n  by  t h e  f o l l o w i n g  example* Suppose by  way o f  
ex am p le ,  we c o n s i d e r  a  body  w h ich  i s  an  i s o t r o p i c  r a d i a t o r  
i n  i t s  r e s t - f r a m e  o f  r e f e r e n c e  ( s u c h  a s  o u r  sun )  and  
w h ich  t h e r e f o r e  l o s e s  r e s t - m a s s  a t  some f i n i t e  r a t e .  B u t ,  
s i n c e  t h e  r a d i a t i o n  i s  i s o t r o p i c  t h e  body w i l l  r e m a i n  
a t  r e s t  i n  t h i s  f r a m e .  We would  c o n c lu d e  t h a t  t h e  n e t t
As we h a d  shown e a r l i e r  K i s  th e  sum o f  t h e
K = -d_(M_Yv)
d t  0
i .  e K 2.30
FIGURE 1
Yvd .M 
d t  0
f o r c e  a c t i n g  on t h e  body due t o  t h e  i s o t r o p i c  r a d i a t i o n  
was z e r o .  We would  a l s o  c o n c lu d e  t h a t  no o t h e r  i n e r t i a l
- i .
o b s e r v e r  would  n e e d  t o  a t t r i b u t e  a  f o r c e  t o  a  body  w h ich  
he would o b s e r v e  t o  be  m oving  unifo.rro.ly i n  a  s t r a i g h t
l i n e .  Y e t ,  a l l  o b s e r v e r s  o t h e r  t h a n  t h e  r e s t - f r a m e  o b s e r v e r
w i l l  c a l c u l a t e  a  f i n i t e  v a l u e  f o r  K a s
I  = VT d M  ‘ 2 . 3 1
d t  0 :
Hence t h e  t h e o r y  o f  m e c h a n ic s  t h a t  u s e s  K a s  f o r c e  w i l l
have t o  e x p l a i n  how a  n e t t  f o r c e  ‘ a c t i n g  on a  b o dy  w i l l
have  no e f f e c t  o n . t h e  m o t i o n  o f  t h e  body  and  w i l l
c o n t i n u e  t o  move u n i f o r m l y  i n  a  s t r a i g h t  l i n e .  T h i s
p e c u l i a r  f o r c e  i s  a lw a y s  a c t i n g  i n  t h e  d i r e c t i o n  o f  m o t i o n
and ,  s i n c e  Y d .M i s  a n  i n v a r i a n t ,  i s  d i r e c t l y  p r o p o r t i o n a l
d t  0
to  t h e  v e l o c i t y  o f  t h e  body! W. P a u l i  n o t i c e d  t h i s  s t r a n g e
phenomenon and  r e m a rk e d  1 we o b t a i n  t h e  . r e m a r k a b l e  r e s u l t  
t h a t  t h e  v e l o c i t y  o f  a  body  n e e d  n o t  a lw a y s  h ave  to
f o
u n d e rg o  a  change  when i t  i s  a c t e d  upo n  by a  f o r c e "
T. .    — -■ "■ -  ■■ - n - r - -  •- i -i —■. ■ ■     —....................itti——r nT itw i 1 n   ir iTrir in n i >min iri . in* im in wanniiifmi. «n niTnimnnniiirin
(V/. P a u l i ) .  U n f o r t u n a t e l y  he does  n o t  g i v e  u s  any  i d e a
a s  t o  what  he means by  f o r c e ,  and  m ost  c e r t a i n l y  i t
m us t  be  v e r y  d i f f e r e n t  t o  o u r  c o n c e p t  o f  f o r c e  w h ich
comes f rom  t h e  N ew to n ian  c o n c e p t  a s  " t h a t  w h ic h  p r o d u c e s
a change  i n '  t h e  m o t i o n  o f  t h e  b o d y " .  W. P a u l i  seemed t o
o  t f A  /~\ w  r \  4 -  W  />  a  v*» 4 »  V> o  4 -  4 -  V> 4  r ^ 4 - - ^ n  >a r s  r \  t * r 1 a  4  V>
A i u  V V /  C ' O O U . , 1 .  UJ.1.%2 U J v J . U J . U A 4  U A 1 U  u  V U J L O  O  U l U U g O  JL KJ x  ^  C?
h a s  no e f f e c t  on t h e  v e l o c i t y  o f  t h e  body  i s  a  s t r a n g e
r e l a t i v i s t i e  e f f e c t ,  b u t  on t h e  c o n t r a r y  we h av e  a l r e a d v
come a c r o s s  i t  i n  Newtonian  m e c h a n ic s  ( C h a p t e r  I ,  s e c t i o n
1 . 3  example  I . )  when co m p a r in g  t h e  u s e  o f  K w i t h  t h e  u s e
v a r i a b l e - m a s s .  As w i t h  N ew ton ian  m e c h a n ic s  a l l  t h e  p e c u l a r i t i e *  
of* K a s  f o r c e '  a r e  due t o  t h e  i n c l u s i o n  o f  G w i t h  what
we c o n s i d e r  t o  be  t h e  e x p r e s s i o n  f o r  f o r c e  g i v e n  by
F. ' ;
F u r t h e r ,  i f  K i s  t a k e n  a s  t h e  f o r c e ,  t h e n  
K .v  m us t  r e p r e s e n t  t h e  r a t e  o f  work done by  t h e  f o r c e .
B u t ,  K .v  h a s  no a c c e p t a b l e  p h y s i c a l  i n t e r p r e t a t i o n .  We 
s h a l l  exam ine  t h i s  f u r t h e r  i n  a  l a t e r  c h a p t e r .  (See  s e c t i o n
5 .3  o f  c h a p t e r  V).
2 .6  A WORKED EXAMPLE:- THE SIMPLE ROCKET
We w i l l  now i l l u s t r a t e  some o f  t h e  c o n c e p t s  we
have  d i s c u s s e d  i n  t h i s  c h a p t e r  su c h  a s  t h e  c o n c e p t  o f  
r e s t - m a s s  an d  i t s  n o n - c o n s e r v a t i o n  i n  a  c l o s e d  s y s te m  
and  t h e  c o n c e p t  o f  f o r c e  f o r  b o d i e s  o f  v a r i a b l e  r e s t -
mass by w o rk in g  o u t  t h e  m o t i o n  o f  t h e  s im p le  r o c k e t .
L e t  u s  c o n s i d e r  t h e  m o t i o n  o f  t h e  r o c k e t  i n  a  r e g i o n
/  '
o f  sp a c e  f r e e  o f  g r a v i t y  and  a i r .  L e t  t h e  v e l o c i t y  o f  t h e  
r o c k e t  when o b s e r v e d  f rom  some a r b i t r a r y  i n e r t i a l  f r am e  
o f  r e f e r e n c e  2  be  v and  t h e  v e l o c i t y  o f  t h e  -e x h a u s t ,
p a r t i c l e s  a s  o b s e r v e d  f rom  t h i s  f ram e  be  u .  ( s e e  f i g u r e  6 * )
R e l a t i v i s t i e  R o c k e t
'FIGURE 8
I n  t h e  i n s t a n t a n e o u s  -  r e s t - f r a m e  o f  r e f e r e n c e  t h e  r o c k e t  i s  
m o m e n t a r i l y  a t  r e s t  and  t h e  e x h a u s t  p a r t i c l e s  a r e  o b s e r v e d  
t o  have  v e l o c i t y  u°« Now, u s i n g  4 - v e c t o r s  we d e f i n e  t h e  
f o l l o w i n g  sym bols  f o r  t h e  p h y s i c a l  q u a n t i t i e s  t o  be  u s e d  
i n  t h e  c a l c u l a t i o n s *
u a i c k ,  ku 2*32
u'a i c k
0«™»o \k wu 2 .3 3
whe re k 1 -  u . u  
2
•1
2 2 .3 4
v oK
•1
-o —o ) 2 1 -  u  . u 2 . 3 5
Then we o b t a i n  u a  i n  t e r m s  o f  u a  b y  a  l o r e n t z
t r a n s f o r m a t i o n  a s /
u a
■1 . . o '
-  u p * 2 . 3 6
T h i s  g i v e s  u s  t h a t
k rk° J l — —0v . u 2 .3 7
an d , ku = T k ° v  + k uu u + (Y -  l ) k u ( v . u u )v
’  __2
.OrrO 2 . 3 8
Now su p p o se  th e '  r e s t - m a s s  o f  t h e  p a r t i c l e s  e . i e c t e d  by t h e  
r o c k e t  p e r  s e co n d  o f  p r o p e r  t im e  be \iQ« S in c e  t h e  e x h a u s t
p a r t i c l e s  a r e  o b s e r v e d  t o  have  v e l o c i t y  u°  i n  t h e  
i n s t a n t a n e o u s  - r e s t - f r a m e  o f  t h e  r o c k e t ,  t h e  e n e r g y  l o s t  
p e r  s e c o n d  o f  p r o p e r  t im e  f rom  t h e  r o c k e t  i s  i n
mass u n i t s .  T h i s  m u s t  be e q u a l  t o  t h e  r a t e  o f  l o s s  
o f  r e s t - m a s s  o f  t h e  r o c k e t
d Fi = -  liJ c 0 . ' 2 . 3 9
at
Hence i f .  t h e  r o c k e t  i n i t i a l l y  had  a  r e s t - m a s s  o f  MQ0 
a t  p r o p e r  t im e  V  = 0 ,  t h e n  t h e  r e s t - m a s s  o f  t h e  r o c k e t  
a t  any  g i v e n  p r o p e r  t im e  - ¥  i s  g i v e n  by
M0 (r )  = M 0 -  2 . 4 0
The t h r u s t  a c t i n g  on  th e  r o c k e t  a s  c a l c u l a t e d  by  an  
o b s e r v e r  i n  t h e  a r b i t r a r y  i n e r t i a l  f r a m e  S  i s  c a l c u l a t e d  
u s i n g  . th e  f o r c e  e q u a t i o n  1
| _ v a  ; ■ 2 > a :
w hich  g i v e s  on  e x p a n s i o n ,
? a  . = f g { Mo ^ ) v a } -  v a ^ Mo W  2 "42
whe r e  d a  2*43
i s  t h e  t o t a l  r a t e  o f  i n c r e a s e  o f  t h e  4~mome.ntum o f  t h e  
r o c k e t  and  i s  o b t a i n e d  by a p p l y i n g  t h e  l aw  o f  c o n s e r v a t i o n
o f  4-momentum t o  t h e  r o c k e t  -  e x h a u s t  system* Then, t h e  
r a t e  o f  i n c r e a s e  o f  t h e  t o t a l  4-momentum’ o f  t h e  r o c k e t  
m u s t  e q u a l  t h e  r a t e  o f  i n c r e a s e  o f  t h e  4-momentum o f  
t h e  e x h a u s t  b u t  be o p p o s i t e  t o  i t  i n  d i r e c t i o n *  Then,
Ka  ' = " W  2 ' 44
Then, by  s u b s t i t u t i n g  2 .4 4  an d  2*39 i n  e q u a t i o n  2 .4 2  f o r  
t h e  f o r c e ,
F_ = M.(Z') d v  = -  u u  * v  u k ° , 2*45cl o a  ' o a  o/ o
S p l i t t i n g  t h i s  e q u a t i o n  i n t o  i t s  (1  + 3) c om ponen ts  i * e  
t h e  t i m e - l i k e  and  s p a c e - l i k e  c om ponen ts ,
M d f i e r i  .= -  fjt.ick + \i k°icT 2*46
6 X 1  i  .
g i v i n g  • • MqY dT ~ -  p,0k +■ jx k°Y. 2*47.
d t
S u b s t i t u t i n g  f o r  k -  f rom  e q u a t i o n  2*37? we o b t a i n
m y  ar = -  ix rk° ii  + v . u ° I  + ix k°r
° d t  0 [  7  r 0
i . e .  . i  a rc = - it
0 cFE 0
k °  j ^ v . u 0 2 .4 9
A c c o r d in g  t o  t h e  t h e o r e t i c a l  d i s c u s s i o n  g i v e n  i n  t h e  
s e c t i o n  2*3 o f  t h i s  c h a p t e r ,  t h e  above  e q u a t i o n  i s  t h e  
r a t e  o f  work done by  t h e  t h r u s t - f o r c e  o f  t h e  r o c k e t
e n g i n e s  ( s e e  e q u a t i o n  2 .2 3  and. i t s  i n t e r p r e t a t i o n ) . *  So
e q u a t i o n  2 .4 9  above g i v e s  t h e  r a t e  a t  w h ich  t h e  k i n e t i c
e n e r g y  o f  t h e  r o c k e t  i s  i n c r e a s i n g ,  due e n t i r e l y  t o  t h e  
a c t i o n  o f  t h e  n e t t  f o r c e  w hich  i s  t h e  t h r u s t  o f  t h e
e n g i n e s .
The s p a c e - l i k e  p a r t  o f  2 . 4 5  g i v e s  u s  t h e  n e t t  
f o r c e  a c t i n g  on t h e  r o c k e t  and  i s  due e n t i r e l y ,  t o  t h e
t h r u s t  o f  t h e  e n g i n e s  a s ,
TP ma (x ) jLXv =
0 dt
jiQku  + . fxQk y v 2 .5 0
Then, s u b s t i t u t i n g  f o r  ku  f ro m  e q u a t i o n  2 . 3 8 ,  we have
YF = d Yv =
dV
ti._k0S °  -  n . ( Y - l ) k u ( v . u ° ) vQ O | - ^
V
0  T:r\ 2 .5 1
i . e . F =  M d Yv
d t
|l k V >  + u .  ( Y - l ) k u ( u “ v)V j- 1o /~o:o o
hr2 ' J r 2 . 5 2
T h is  t h r u s t  f o r c e .  F c o u ld  a l s o  h av e  b e e n  o b t a i n e d  by  
d i r e c t l y  t r a n s f o r m i n g  (b y  means o f  a  L o r e n t z  T r a n s f o r m a t i o n )  
t h e  4 - f o r c e  d e t e r m i n e d  f o r  t h e  i n s t a n t a n e o u s - r e s t - f r a m e .  I n  
t h i s  i n s t a n t a n e o u s - r e s t - f r a m e  t h e  f o r c e  i s  a s  m e a s u r e d  by  
means o f  a  s p r i n g  b a l a n c e  and  i s  e q u a l  t o  -jjt k ° u ° ,  so
t h e  4 - v e c t o r  f o r b e  i s
wa °u° 1 .
Then, t h e  L o r e n t z  t r a n s f o r m a t i o n  would  g i v e  u s  t h e  same
e x p r e s s i o n s  f o r  f o r c e  a n d  power a s  g i v e n  by  e q u a t i o n s
2 .5 2  an d  2 .4 9  a s ,
* a  = A aJ • 2 ' 54
T h i s  c an  be e a s i l y  v e r i f i e d  by d i r e c t  c a l c u l a t i o n .
Now su pp o se  t h e  r o c k e t  a c c e l e r a t e s  from- z e r o  
v e l o c i t y  t o  v e l o c i t y  v  i n  t  s e c s . ,  t h e n  v  would be  i n  
t h e  same l i n e  o f  a c t i o n  a s  t h e  v e c t o r  u °  b u t  o p p o s i t e
i n  d i r e c t i o n ,  hen ce  we c o u l d  s i m p l i f y  t h e  f o r c e  e q u a t i o n
2 .5 2  a s ,  ( t a k i n g  t h e  d i r e c t i o n  o f  v  a s  t h e  +ve d i r e c t i o n )
|i0ku°  + .{io ( r ~ l j k ° u cJ  2„ 55
= L0k °u °r J  2 .5 6
i . e .  . F = Mq d Tv = p ok ° u °  . 2 .5 7
So t h e  m a g n i tu d e  .of t h e  t h r u s t  f o r c e  a p p e a r s  a s  a n
i n v a r i a n t  and  t h i s '  i s  c o n s i s t e n t  w i t h  t h e  t r a n s f o r m a t i o nmob on 1
l aw  f o r  f o r c e s  i n  t h e  t rnB-gvcrco d i r e c t i o n ^  an d  i s  a l s o  
t h e  v a l u e  t h a t  would  be m e a su re d  b y  means o f  a  s p r i n g  
b a l a n c e  i f  t h e  t h r u s t  o f  t h e  r o c k e t  e n g i n e s  were  m e a s u r e d
by e n g i n e e r s .
The v e l o c i t y  o f  t h e  r o c k e t  a t  any p r o p e r  t im e  
X  i s  c a l c u l a t e d  by  i n t e g r a t i n g  t h e  e q u a t i o n  2 .5 7  a s
F d Yv 
d t
S u b s t i t u t i n g  f o r  ' MQ ( )
&yv
Y
0
from  e q u a t i o n
2.-59
g i v i n g ,  on  p e r f o r m i n g  t h e  i n t e g r a t i o n ,  s i n c e  Y. = <1 ~ v  / 0^[ p
r
- = - u° i  l o g1 0 Moo -
J  I M rn 00
|  logeJ 1 + U  
U - v c
T h i s  t h e n  i s  t h e  e q u a t i o n  w h ich  g i v e s  t h e  v e l o c i t y  o f  
t h e  r o c k e t  a t  an y  p r o p e r '  t im e  V*  I t  m us t  a p p r o x i m a t e  
t o  t h e  e q u i v a l e n t  e x p r e s s i o n  we c a l c u l a t e d  i n  N e w to n ia n  
m e c h a n ic s  i n  c h a p t e r  I  ( s e c t i o n  1*6 ,  e q u a t i o n  1 . 5 2 ) .  Wc 
w i l l  v e r i f 3r t h i s  a s  f o l l o w s .  The L .H .S .  o f  2 . 6 0  . g i v e s
2 c 60
l o g e * + v ,
V,
lo g  (1 + V  ) -  l o g  ( l - v 0 ) ! 2*61
j
and  on u s i n g  t h e  l o g a r i t h m i c  s e r i e s ,  t h i s  e q u a t i o n  g i v e s  u s ,
§  l o g e I
i - 7 „
v/  + 1  V  3 * -1 v  ' o  + 3 c ! / „ 5  + 2 . 6 2
I f  we i g n o r e  a l l  t e r m s  h i g h e r  t h a n  /  . 2  a s  h e i n g  s m a l l ,u
t h e n
Also  f o r  s m a l l  v e l o c i t i e s  k  —^ 1  and  T — t  and 
t h e  R .H .S .  o f  2 . 6 0  a p p r o x i m a t e s  to
-  u l o g , Moo -  ^ o k
M
00
r
&  -  U° l l o J o Q - l V
I I
2 .6 4l
Hence e q u a t i o n  2 .6 0  a p p r o x i m a t e s ,  f o r  v e l o c i t i e s  t h a t  a r e  
s m a l l  i n  c o m p a r i s o n  t o  c ,  t o
V = - u J log *00 -  1*0
Moo J
2 . 6 5
w h i c h ’ i s  i d e n t i c a l  t o  t h e  N e w to n ian  e x p r e s s i o n  d e r i v e d  
i n  t h e  f i r s t  c h a p t e r  ( s e c t i o n  1 . 6  e q u a t i o n  1 . 5 2 ) .
C H A P T E R  I I I  
FORCES ACTING ON LARGE BODIES
3 . 1  INTRODUCTION
I n  t h e  p r e c e e d i n g  c h a p t e r  ( C h a p t e r  I I )  we d e a l t
w i t h  t h e  t h e o r y  o f  m e c h a n ic s  f o r  b o d i e s  o f  v a r i a b l e - r e s t -
mass a s s u m in g  t h a t  t h e  b o d i e s  were s m a l l  so t h a t  t h e
f o r c e s  a c t i n g  on t h e  body  c o u ld  be  c o n s i d e r e d  t o  be
a c t i n g  a t  a  p o i n t .  The t h e o r y ,  we p o i n t e d  o u t ,  c o u l d  
a l s o  be u s e d  t o  some e x t e n t  f o r  l a r g e r  b o d i e s  so l o n g
a s  a l l  t h e  f o r c e s  a c t i n g  on t h e  body ,  c o u ld  be  c o n s i d e r e d
t o  be s t e a d y  f o r c e s  a c t i n g  on  th e  body  a t  a  p o i n t .
However dynamic s y s t e m s  o f  l a r g e r  b o d i e s  o r  f l u i d s  c an
o n l y  be a c c u r a t e l y  d e s c r i b e d  b y  means o f  a  c o n t in u u m
m e c h a n ic s  t h e o r y  and  t h i s  s u b j e c t  i s  d e a l t  w i t h  l a t e r  i n
c h a p t e r  V. F o r  t h e  p r e s e n t ,  we a r e  o n l y  i n t e r e s t e d  i n
e x a m in in g  t h e  n a t u r e  o f  t h e  p r o b le m  o f /  f o r c e s  a c t i n g  on
a  l a r g e  body ,  and  t o  d e t e r m i n e  t o  what  e x t e n t  t h e  t h e o r y
o f  m e c h a n ic s  worked o u t  f o r  s m a l l  b o d i e s  c an  be  d i r e c t l y
a p p l i e d  t o  p r o b le m s  o f  l a r g e  b o d i e s .
3 .2  ' MECHANICS OF LARGE BODIES:- THE NATURE OF THE
' PROBLEM.
One o f  t h e  p r o b le m s  w i t h  s y s te m s  o f  f o r c e s  a c t i n g
on l a r g e  b o d i e s  i s  due t o  t h e  d e f o r m a t i o n  o f  t h e  body  
due t o  t h e  a p p l i c a t i o n  o f  f o r c e .  Y/hen a  m e c h a n i c a l  f o r c e
i s  a p p l i e d  t o  any  g i v e n  p o i n t  on a  bod y ,  t h e  whole  o f
t h e  body  i s  n o t  e f f e c t e d  by  t h e  f o r c e  a t  o n c e .  The e f f e c t
o f  t h e  a p p l i e d  f o r c e  h a s  t o  be p r o p a g a t e d  w i t h i n  t h e  
b u l k  o f  t h e  body  t o  i t s  v a r i o u s  p a r t s  and  t h i s  
p r o p a g a t i o n  t a k e s  a  f i n i t e  l e n g t h  o f  t i m e .  So, d i f f e r e n t
p a r t s  o f  t h e  body  b e g i n  to  de fo rm  a t  d i f f e r e n t  t i m e s  and  
t h e  whole  body w i l l  come u n d e r  t h e  i n f l u e n c e  o f  t h e
a p p l i e d  f o r c e  o n l y  a f t e r  a  f i n i t e  i n t e r v a l  o f  t i m e ,  
g o v e r n e d  b y  t h e  v e l o c i t y  w i t h  w h ich  t h e s e  f o r c e s  a r e  
p r o p a g a t e d  i n  t h e  p a r t i c u l a r  m a t e r i a l  o f  t h e  b o d y .  I n  
m o s t  p r a c t i c a l  e x am p le s  o f  t h e  a p p l i c a t i o n  o f  f o r c e s  t h a t  
a r e  e n c o u n t e r e d  i n  e v e r y  day l i f e ,  t h e  t im e  i n t e r v a l  o f
t h e  f o r c e  p r o p a g a t i o n  i n  t h e  b ody  i s  so s m a l l ,  t h a t
when we a p p l y  N ew to n ian  m e c h a n ic s  t o  t h e  p r o b le m  we a r e
u s u a l l y  n o t  t r o u b l e d  by  t h i s  s m a l l  t im e  i n t e r v a l  a n d  we
t h e r e f o r e  u s u a l l y  i g n o r e  i t *  However, i n  p r o b le m s  d e a l t
w i t h  u s i n g  t h e  S p e c i a l  T h eo ry  Of R e l a t i v i t y ,  t h e  r e l a t i v i t y  
o f  t im e  and  s i m u l t a n e i t y  w i l l  n o t  a l l o w  u s  t o  i g n o r e
t h e s e  t im e  i n t e r v a l s ,  and  i f  we do i g n o r e  them, i t  w i l l
/
g i v e  r i s e  t o  a p p a r a n t l y  p a r a d o x i c a l  r e s u l t s .  T h i s  i s  a n
e x t r e m e l y  i m p o r t a n t  p o i n t  to  remember an d  i s  t h e r e f o r e  
i l l u s t r a t e d  by  means o f  e x am p le s  i n  t h e  n e x t  s e c t i o n
( s e c t i o n  3 . 3 )
3 .3  CONSEQUENCES OF THE RELATIVITY OF TIME. AIxD
SIMULTANEITY.
U n l ik e  f o r  N ew to n ian  s y s te m s  o f  f o r c e s ,  t h e
r e l a t i v i t y  o f  s i m u l t a n e i t y  p r o d u c e s  some a p p a r e n t l y  
p a r a d o x i c a l  s i t u a t i o n s .  However, c l o s e  e x a m i n a t i o n  o f  e a c h
o f  t h e  p ro b le m s  w i l l  show t h a t  t h e r e  i s  no p a r a d o x .
C o n s i d e r  f o r  example  a  l o n g  r o d  o f  l e n g t h  1 ° ,  
i n  i t s  r e s t  f ram e o f  r e f e r e n c e  w i t h  no f o r c e s
a c t i n g  on  i t .  The r o d  o b v i o u s l y  c o n t i n u e s  t o  r e m a in  a t
r e s t  i n  t h i s  f ram e 22 Now sup p ose  t h a t  two e q u a !  b u t
o p p o s i t e  f o r c e s  F a r e  a p p l i e d  to  t h e  e nd s  o f  t h e  r o d s
P and Q, i n  l i n e  w i t h  t h e  a x i s ,  t h e  a p p l i c a t i o n  b e i n g  
s i m u l t a n e o u s  i n  t h e  f ram e  2E,° a s  shown be low  i n  f i g u r e  9«
i
(p )  . i °
F.o .
a t  t o a t
FICrURE 9
Then, s i n c e  t h e y  a r e  a p p l i e d  s i m u l t a n e o u s l y  i n  t h e  r e s t -
f ram e  2S°, we know from  o u r  p r a c t i c a l  and  t h e o r e t i c a l
knowledge  o f  N ew ton ian  m e c h a n i c s ,  t h a t  t h e  r o d  w i l l  be  i n
e q u i l i b r i u m *  Of c o u r s e :  a l t h o u g h  th e  r o d  w i l l  c o n t i n u e  t o
r e m a in  i n  e q u i l i b r i u m ,  i t s  r e s t  mass 'w o u ld  have  changed*
T h is  i s  b e c a u s e  o f  t h e  e n e r g y  i n  t h e  s t r e s s e s  p r o d u c e d
by t h e  two f o r c e s .  B u t ,  l e t  u s  now suppose  t h a t  a l l  t h i
was o b s e r v e d  f rom  . a n o t h e r  i n e r t i a l  f ram e  2 5 ,  w h i c h  i s  i n
u n i f o r m  m o t i o n  r e l a t i v e  t o  t h e  r o d  and  ZEL° w i t h  v e l o c i t y
v ,  i n  t h e  d i r e c t i o n  o f  t h e  a x i s  o f  t h e  r o d .  Now t h i s
o b s e r v e r  would  o b s e r v e  one o f  t h e  f o r c e s  t o  be a p p l i e d
b e f o r e  t h e  o t h e r  due t o  t h e  r e l a t i v i t y  o f  s i m u l t a n e i t y .
( s e e  f i g u r e  1 0 ) . ’ He o b s e r v e s  t h e  f o r c e  a t  t h e  e n d  P
t o  be a p p l i e d  f i r s t  and  a  t im e  d e l a y  o f  At ( e q u a l  to
Y v 1 ° )  b e f o r e  t h e  f o r c e -  a t  Q i s  o b s e r v e d  t o  be 
po r .a p p n e a Then d u r i n g  t h i s  t im e  i n t e r v a l  At* t h e  o b s e r v e r
FIGURE 10
i n  would  o b s e r v e  a  n e t t  f o r c e  F a c t i n g  on t h e  r o d
at" P .  B u t ,  s i n c e  we know t h e  r o d  r e m a in s  a t  r e s t  i n
t h e  r e s t  f ram e , 2 ° .  t h e  o b s e r v e r  i n  2EL would  o b s e r v e  t h e  
r o d  t o  c o n t i n u e  i n  u n i f o r m  m o t i o n  w i t h  v e l o c i t y  v .  So, ^
how do we a c c o u n t  f o r  t h i s  a p p a r a n t l y  p a r a d o x i c a l  s i t u a t i o n  
f o r  we have  i n s i s t e d  t h a t  by  d e f i n i t i o n  a  n e t t  f o r c e
m ust  p r o d u c e  a  change  o f ' s t a t e  o f  m o t io n ?  T h i s  a p p a r a n t l y
p a r a d o x i c a l  s i t u a t i o n  d i s s a p p e a r s  when we exam ine  t h e  d i r e c t  
c o n s e q u e n c e s  o f  t h e  a p p l i c a t i o n  o f  t h e  f o r c e s  a t  P a n d  Q
i n  detail-.*. I n  t h e  r e s t  f ram e t h e  p ro b le m  a t  f i r s t  a p p e a r s
t o  be a  s im p le  one o f  . s t a t i c s .  B u t  i t  i s  n o t .  The. 
a p p l i c a t i o n  o f  t h e  f o r c e s  defo rm  t h e  body  and  t h e  e n d s
o f .  t h e  r o d  a r e *  p u s h e d  i n .  A c o m p r e s s i o n  wave w i l l  t r a v e l
a l o n g  t h e  r o d  s t a r t i n g  f rom  t h e  two e n d s  an d  t h e r e  * w i l l
be a  l a p s e  o f  a  f i n i t e  i n t e r v a l  o f  t im e  b e f o r e  t h e  whole
o f  t h e  r o d  i s  e f f e c t e d  by t h e  a p p l i c a t i o n  o f  t h e  f o r c e s .
T here  i s  no p a r a d o x i c a l  s i t u a t i o n  i n  t h e  moving f ram e  22 , 
where t h e  f o r c e  a t  P i s  o b s e r v e d  b e f o r e  t h e  f o r c e  a t  Q.
T h is  f o r c e  a t  P w i l l  have  im m e d ia te  e f f e c t '  on t h e  r o d
and  b e g i n  t o  de fo rm  i t  and  a  c o m p a s s io n  wave w i l l  be
o b s e r v e d  t o  t r a v e l  a l o n g  th e  r o d  s t a r t i n g  f ro m  P .  We would
have t o  d e a l  w i t h  t h e  r o d  u s i n g  t h e  t h e o r y  o f  co n t in u u m  
m e c h a n i c s .  Our o r i g i n a l  c o n c e p t  o f  f o r c e  a s  n e t t  f o r c e  = 
mass x a c c e l e r a t i o n  w i l l  a p p l y  t o  any  e l e m e n t a r y  s e c t i o n  
o f  t h e  r o d .  F o r  ex am p le ,  r e f e r r i n g  t o  f i g u r e  11 ,  we 
would w r i t e  down f o r  t h e  m o t i o n  o f  t h e  e l e m e n t  o f  th e  
ro d
x , , dx------------- ^  v.  A | |  U A........  i t .
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w h e r e  dF i s  t h e  n e t t  f o r c e  a c t i n g  on / t h e  e l e m e n t  and
.dM i s  t h e  r e s t - m a s s  o f  t h e  e l e m e n t  o f  r o d .  The d e t a i l s  
o f  t h e  c a l c u l a t i o n s  a r e  d e f e r r e d  u n t i l  t h e  s u b j e c t  o f  
co n t in u u m  m e c h a n ic s  ‘ i s  d i s c u s s e d .
Numerous o t h e r  s i m i l a r  a p p a r e n t l y  p a r a d o x i c a l  
s i t u a t i o n s  can  be g i v e n  and  t h e y  a l l  a p p e a r  p a r a d o x i c a l  
due t o  t h e  same r e a s o n  t h e  d e f o r m a t i o n  o f  a l l  m a t e r i a l  
b o d i e s  when a c t e d  u pon  b y  a  f o r c e .  We s h a l l  d i s c u s s  one 
more example  w h ich  i s  o f  some i m p o r t a n c e  i n  t h e  a p p l i c a t i o n s
o f  co n t in u u m  m e c h a n ic s  t o  be  d e a l t  w i t h  l a t e r .
C o n s id e r ,  a n .  u n i f o r m  r o d ,  s i m i l a r  t o  t h e  one i n  
t h e  p r e v i o u s  exam ple ,  b e i n g  o b s e r v e d  by an i n e r t i a l
o b s e r v e r  i n  an  i n e r t i a l  f ram e  J 5 . Suppose t h a t  t h e  v e l o c i t y
o f  th e  r o d  a s  o b s e r v e d  ' b y  him to  be v i n  t h e  d i r e c t i o n
o f  th e  a x i s  o f  t h e  r o d .  Now su p p o se  he o b s e r v e s  two
f o r c e s  t o  be a p p l i e d  t o  t h e  e nd s  o f  t h e  r o d ,  ( e q u a l  and
o p p o s i t e  i n  d i r e c t i o n s ) ,  t h e  a p p l i c a t i o n  b e i n g  s i m u l t a n e o u s  
a c c o r d i n g  t o  t h i s  o b s e r v e r  i n  SEN What r e s p o n s e  would  he
o b s e r v e  due t o  t h e  a p p l i c a t i o n  o f  t h e s e  two f o r c e s ?  We 
know f ro m  t h e  d i s c u s s i o n  o f  t h e  p r e v i o u s  example  t h a t  
t h e r e  would  i m m e d i a t e l y  commence a  d e f o r m a t i o n  o f  t h e  b o d y .
But  . i n  t h e  p r e v i o u s  ex am ple ,  a l t h o u g h  t h e r e  was d e f o r m a t i o n
o f  t h e  body  f rom  t h e  e n d s  t o w a r d s  t h e  c e n t r e ,  t h e  c e n t r e
o f  mass  c o n t i n u e d  i n  u n i f o r m  m o t i o n  ( t h e  c e n t r e  o f  mass 
r e m a in s  s t a t i o n a r y  i n  th e  r e s t - f r a m e ) .  The s i t u a t i o n  i s  
now d i f f e r e n t ,  and a l t h o u g h  t h e  o b s e r v e r  i n  SS o b s e r v e s
s i m u l t a n e o u s  a p p l i c a t i o n  o f  t h e  f o r c e s ,  n o t  o n l y  w i l l  t h e  
body  de form ,  t h e  whole body w i l l  a c c e l e r a t e  f o r  a  s h o r t  
t i m e .  T h i s  i s  r e a l i s e d  by  c o n s i d e r i n g  t h e  s i t u a t i o n  i n  
th e  o r i g i n a l  i n s t a n t a n e o u s - r e s t - f r a m e  o f  t h e  body  where  t h e
two f o r c e s  a r e  n o t  s i m u l t a n e o u s ;  b u t  a p p l i e d  w i t h  a  t im e
o 'V v l  'l a p s e  o f  A t  -  * So t h e  f i r s t  f o r c e  t o  be  a p p l i e d
V ' C
i s  n o t  c o u n t e r a c t e d  a t  t h e  o t h e r  e n d  by  an  o p p o s i n g
f o r c e  and  w i l l  t h e r e f o r e  p r o p a g a t e  a  d e f o r m a t i o n  a l o n g  
t h e  body  w h ich  w i l l  e v e n t u a l l y  make t h e  whole  body
a c c e l e r a t e  i n  t h e  d i r e c t i o n  o f  t h e  f o r c e  u n t i l  t h e  e f f e c t
o f  t h e  s e co n d  f o r c e  o p p o se s  t h e  f i r s t  . and  r e s t o r e s
e q u i l i b r i u m .  T h is  d e v i a t i o n  o f  t h e  ’whole body  f rom  r e s t
w i l l  be o b s e r v e d  from f ram e .!§*, a s  a  d e v i a t i o n  i n  v e l o c i t y
and  t h e  c e n t r e  o f  m a s s , w i l l  be a c c e l e r a t e d  f o r  a  s h o r t
For*T  r  + i n n o  ‘H 'tro  M + n o l  1 o ’ i  o  -nri o  +  o n o r l  o  virlW WV S/.&. VJ rn > VAA v U+ KJ JU J L  K j J. O IJ V O X O Vb
t h e  body c o n t i n u e s  to  move u n i f o r m l y  w i t h  i t s  new v e l o c i t y
A ga in ,  a  d e t a i l e d  c a l c u l a t i o n  c an  be made o n l y  w i t h  the--' 
u s e  o f  Continuum M e c h a n ic s .
3 .4  RIGIDITY OF SOLID BODIES. AND THE CONCEPT OF FORCE.
I n  t h e  d i s c u s s i o n  o f  t h e  f u n d a m e n t a l  c o n c e p t s  
i n  'N e w t o n i a n  m e c h a n ic s  i n  s e c t i o n  1 . 7  o f  c h a p t e r  I ,  we 
d e f i n e d  f o r c e  ' a s  t h a t  w h ich  c an  be  d i r e c t l y  m e a s u r e d  by
means o f  a  s p r i n g - b a l n c e . The s p r i n g  -  b a l a n c e  c o n s i s t s  
e s s e n t i a l l y  o f  some s p r i n g  whose e x t e n s i o n  due t o  t h e  
a c t i o n  o f  f o r c e  i s  m e a s u r e d  on a  s c a l e .  The s p r i n g  i t s e l f  
i s  made o u t  o f  some m a t e r i a l  su c h  a s  s t e e l ,  w h ich  we 
would n o r m a l l y  c a l l  a  m a t e r i a l  w h ich  fo rm s  " r i g i d  b o d i e s ” . 
However r i g i d  we b e l i e v e  s t e e l  t o  be i t  . d oes  de fo rm  when
a  f o r c e  i s  a p p l i e d  t o  i t .  The h e l i c a l  shape  u s e d  f o r  
t h e  m ak ing  o f  t h e  i n s t r u m e n t s  m e r e l y  e x a g g e r a t e s  t h e  
d e f o r m a t i o n  and  makes ' the  m ea su rem en t  o f  f o r c e  more 
c o n v e n i e n t .  J'
Any m a t e r i a l  bod y ,  how ever  ‘ r i g i d  i t  may b e ,  w i l l  
de fo rm  when a  m e c h a n i c a l  f o r c e  i s  a p p l i e d  t o  some r e g i o n  
o f  i t .  When t h e  d e f o r m a t i o n  i s  p r o p o r t i o n a l  t o  t h e  f o r c e ,
t h e .  m a t e r i a l  i s  s a i d  t o  be ’’e l a s t i c " ,  i f  i t  i s  n o t  i t  
i t  .may be c a l l e d  " p l a s t i c ” . I n  t h e  e l a s t i c  r e g i o n ,  an y
r i g i d  body ,  made i n t o  a  c o n v e n i e n t  shape  c o u l d  be  u s e d  
a s  an  i n s t r u m e n t  f o r  m e a s u r i n g  f o r c e  *
Not o n l y  i s  i t  t r u e  t o  s a y  t h a t  t h e r e  i s  no 
fo rm  o f  m a t e r i a l  t h a t  c o u l d  form  a  r i g i d  body  t h a t  wou ld  
n o t  deform u n d e r  t h e  a p p l i c a t i o n  o f  any  f o r c e ,  h ow ever  
s m a l l ,  t h e  t h e o r y  o f  r e l a t i v i s t i c  m e c h a n ic s  w i l l  n o t  
p e r m i t  t h e  e x i s t e n c e  o f  su c h  a m a t e r i a l s
3 . 5  SUBDIVISION OP THE THEORY OP EELATIVISTIC MECHANICS
Prom o u r  d i s c u s s i o n  o f  t h e  s i m u l t a n e o u s  a p p l i c a t i o n ^  
o f  f o r c e s  to  l a r g e  b o d i e s  ( s e c t i o n  3 . 3 )  i t  i s  c l e a r  t h a t  
t h e  s i t u a t i o n '  w h ich  i n  N ew ton ian  m e c h a n ic s  would  i m m e d ia t e l y  
be t r e a t e d  a s  a  11 s t a t i c  s y s t e m 11 o f  f o r c e s  i s  i r r e c o n c i l a b l e
w i t h  th e -  R e l a t i v i s t i c  T heory  o f  M e c h a n ic s .  I m m e d ia t e l y
a f t e r  t h e  a p p l i c a t i o n  o f  a  s y s te m  o f  f o r c e s ,  e v e n  when
t h e i r  v e c t o r  sum i s  z e r o ,  t h e  p ro b le m  h a s  t o  be d e a l t
w i t h  a s  a  p ro b le m  i n  d y n a m ics .  Such - c a s e s  where  t h e
v e c t o r  sum o f  t h e  f o r c e s  r e d u c e s  t o  z e r o ,  w i l l  ho w ever ,
r e d u c e  t o  a  " s t a t i c "  s i t u a t i o n  a f t e r  a  l a p s e  o f  t i m e ,
when a l l  p r o p a g a t i o n  o f  f o r c e  waves have  d e c a y e d  t o  a
n e g l i g i b l e  am ount .  We w i l l  d i v i d e  s y s te m s  o f  f o r c e s  a p p l i e d  
t o  b o d i e s  i n t o  t h r e e  s i t u a t i o n s  and  d e s c r i b e  w ha t  t y p e
o f  t h e o r y  o f  m e c h a n ic s  c an  be  a p p l i e d  to  e a c h  s i t u a t i o n .
* . /
( I )  I f  a  s y s te m  o f  f o r c e s ,  a p p l i e d  ‘t o  any  g i v e n  r i g i d
bod y ,  h o l d s '  t h e  body i n  e q u i l i b r i u m ,  s u f f i c i e n t  t im e
h a v i n g  l a p s e d  a f t e r  t h e i r  i n i t i a l  a p p l i c a t i o n  so t h a t
. . a l l  p r o p a g a t i o n  o f  e l a s t i c  f o r c e s  h a v e ,  c o m p l e t e l y  -
d e c a y e d ,  t h e n  t h e  whole o f  t h e  body w i l l  r e m a i n  a t
; r e s t  o r  i n  u n i f o r m  m o t i o n  i n  a  s t r a i g h t  l i n e  and
t h e  " R e l a t i v i s t i c  Theory  o f  S t a t i c s "  c a n  be a p p l i e d
(See  C h a p te r  IV f o r  t h e  t h e o r y  and  a p p l i c a t i o n  o f
s t a t i c s ) .
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i s  so s m a l l  i n  i t s  s p a c i a l  . d i m e n s i o n s  t h a t  t h e
e f f e c t s  o f  t h e  r e l a t i v i t y  o f  s i m u l t a n e i t y  a n d . o f
d e f o r m a t i o n s  c an  be n e g l e c t e d ,  and  t h e  f o r c e s  may
be r e g a r d e d  a s  a c t i n g  a t  a  p o i n t ,  t h e n  th e  n e t t  o r
r e s u l t a n t  f o r c e  c an  be c a l c u l a t e d  by t h e  v e c t o r
a d d i t i o n  o f  a l l  t h e  f o r c e s  and  th e  T h eo ry  o f  
Mechanics-  o f  V a r i a b l e - r e s t - m a s s e s  f o r  s m a l l  b o d i e s
can. be a p p l i e d  ( t h e o r y  d i s c u s s e d  i n  c h a p t e r  I I ) .
The t h e o r y  may a l s o  be a p p l i e d  t o  l a r g e r  b o d i e s  
i f  t h e  f o r c e s  a r e  s t e a d y  o n e s  and a r e  n o t  
t i m e - d e p e n d e n t . Then t h e  n e t t  f o r c e  can  a g a i n  be
c a l c u l a t e d  by  t h e  v e c t o r  a d d i t i o n  and  t h e  s m a l l  
b ody  t h e o r y  may be  a p p l i e d  (exam ple  o f  t h i s  was
th e  s im p le  r o c k e t  g i v e n  i n  s e c t i o n  1 . 6  o f  c h a p t e r  I ) . .
( I l l )  ' The a p p l i c a t i o n  o f  , t i m e - d e p e n d e n t  f o r c e s  t o  a  body  
w i l l  p ro d u c e  a  t i m e - d e p e n d e n t  d i s t r i b u t i o n  o f  f o r c e s  
w i t h i n  t h e  bod y ,  and  t h e  m o t i o n  f o f  t h e  body  c an  
o n l y  be d e a l t  w i t h  by t h e  u s e  o f  t h e  t h e o r y  o f  
. ' c o n t i n u u m  m e c h a n i c s .  ( T h i s  s u b j e c t  i s  d e a l t  w i t h  i n  
c h a p t e r  V and  s u b s e q u e n t  c h a p t e r s ) .
C H A P T E R  IV
CONDITIONS FOR EQUILIBRIUM FOR A BODY WITH AN APPLIED 
SYSTEM OF FORCES ' ' .
4 . 1  INTRODUCTION
J r
I n  N e w to n ian  m e c h a n i c s ,  t h e  c o n d i t i o n s  o f  e q u i l i b r i u m  
o f  a  body  - w h ich  i s  a c t e d  u po n  by  a  sy s te m  o f  f o r c e s  
a c t i n g  a t  v a r i o u s  p o i n t s  on  t h e  body  i s  e a s i l y  d e r i v e d .  
S in c e  b y  d e f i n i t i o n  o f  e q u i l i b r i u m ,  a  body h a s  n e i t h e r  
l i n e a r  a c c e l e r a t i o n  n o r  a n g u l a r  a c c e l e r a t i o n ,  t h e  c o n d i t i o n s .
a r e  g i v e n  by  e q u a t i n g  t h e  n e t t  f o r c e  and  t h e  n e t t  t o r q u e
t o  z e r o .  I n  t h e  S p e c i a l  Theory  o f  R e l a t i v i t y ,  c e r t a i n  
a d d i t i o n a l  c o n d i t i o n s  a r e  im p o sed .  C e r t a i n  p a r a d o x e s ,  su c h  
a s  T o lm a n ' s  p a r a d o x  ? ( s e e  s e c t i o n  4 . 4 ) ,  i n v o l v i n g  b o d i e s  i n
e q u i l i b r i u m  a r e  a  r e s u l t  * o f  i g n o r i n g  t h e  a d d i t i o n a l  c o n d i t i o n  
t h a t  a r e  ’im posed  by  t h e  S p e c i a l  T heory  / o f  R e l a t i v i t y .  
However, o u r  i n t e r e s t  i n  t h e  s t u d y  o f  e q u i l i b r i u m  i n  
S p e c i a l  R e l a t i v i t y  i s  n o t  m o t i v a t e d  by  a  d e s i r e  t o  o f f e r
i
a n  e x p l a n a t i o n  t o  t h e  p a r a d o x e s ,  ( a l t h o u g h  t h e i r  e x p l a n a t i o n
i s  d i s c u s s e d  l a t e r  i n  t h e  c h a p t e r ) ,  b u t  b e c a u s e  t h e s e
a d d i t i o n a l  c o n d i t i o n s  p r e s e n t  i n  t h i s  s t u d y  a r e  a  s p e c i a l  
c a s e  o f  t h e  more g e n e r a l  c o n d i t i o n s  r e g a r d i n g  t h e  a d d i t i o n  
o f  f o r c e s  t o  be  e n c o u n t e r e d  l a t e r  i n  t h e  t h e s i s .
4 . 2  CONDITIONS FOR EQUILIBRIUM IN NEWTONIAN MECHANICS'
We s h a l l  f i r s t  d e f i n e  e q u i l i b r i u m  a s  f o l l o w s .  I f  
a  r i g i d  body ,  w h ich  i s  a c t e d  upo n  by  a  s y s te m  o f  f o r c e s ,
c o n t i n u e s  to  r e m a in  a t  r e s t  o r  i n  u n i f o r m  m o t i o n  i n  a
s t r a i g h t  l i n o ,  w i t h  o r  w i t h o u t  u n i f o r m  r o t a t i o n  a b o u t  i t s
c e n t r e  o f  m ass ,  and  i s  n o t  i n  t h e  p r o c e s s  o f  u n d e r g o i n g  
any d e f o r m a t i o n ,  t h e n  th e  body  i s  h e l d  i n  e q u i l i b r i u m  by
th e  a p p l i e d  sy s te m  o f  f o r c e s *
T h is  g e n e r a l  d e f i n i t i o n  o f  e q u i l i b r i u m ,  w i t h  which
we have  no d i f f i c u l t y  when u s i n g  N ew to n ian  m e c h a n i c s ,  i s
to o  g e n e r a l  a  d e f i n i t i o n  f o r  u se  w i t h  t h e  S p e c i a l  Theory
o f  R e l a t i v i t y .  I f  t h e  body i s  i n  u n i f o r m  r o t a t i o n  a b o u t
i t s  c e n t r e  o f  m ass ,  t h e n  v a r i o u s  f o r c e s  w i t h  v a r i o u s  p o i n t s
o f  a p p l i c a t i o n  on t h e  r o t a t i n g  body  a r e  moving -w i th
d i f f e r e n t  v e l o c i t i e s .  T h e r e f o r e  t h e r e  w i l l  be no i n e r t i a l ^  
f ram e i n  w hich  th e  body  w i l l  be s t a t i o n a r y !  -  a  c o n d i t i o n
we s h a l l  f i n d  t o  'be n e c e s s a r y  i n  t h e  s t u d y  o f  e q u i l i b r i u m
i n  t h e  S p ec ia l"  . T h e o ry .  We s h a l l  t h e r e f o r e  e x c l u d e  r o t a t i o n  
and d e a l  o n l y  w i t h  b o d i e s  w h ich  a r e  s t a t i o n a r y  o r  i n
u n i f o r m  l i n e a r  m o t i o n .
• I n  N ew to n ian  m e c h a n i c s ,  e q u i l i b r i u m  demands t h a t
two c o n d i t i o n s  be s a t i s f i e d  by t h e  s y s te m  o f  f o r c e s
a c t i n g  on  t h e  b o d y .  These a r e ,  t h a t  i f  a  s y s te m  o f  I\T
f o r c e s ,  F ^ \  F ^ — , . . . .  , F ^ ^  a r e  a c t i n g  on a  body
a t  t h e  p o i n t s  g i v e n  by  t h e  p o s i t i o n  v e c t o r s ,  r
r ^ \  ..........  , r ^ \  t h e n  t h e r e  w i l l  be e q u i l i b r i u m  o n l y  i f
These  two c o n d i t i o n s  r e d u c e  t o  one c o n d i t i o n  s i n c e  
i t  c a n  be shown t h a t  th e  c o n d i t i o n  4 . 2  i n c l u d e s  t h e  
c o n d i t i o n  4 . 1 .  T h i s  can  be  p r o v e d  i n  a  number  o f  d i f f e r e n t  
ways.  The s i m p l e s t  i s  by  a  change  o f  o r i g i n  s u c h  t h a t
Then, s u b s t i t u t i n g  t h i s  i n t o  4 . 2 ,
N r h
j .  "fir y■rV ■' 4- d f  X F 0 .  4 . 4
i r r l  t
Now s i n c e ,  - N
X F ^  = 0 ,  ' 4 . 5
i = l
N
t h e n ,  d • X F ^ \  = 0 .  4 . 6
1=1 ■ ' \
But  s i n c e  d i s  a r b i t r a r y ,  t h e  c o n d i t i o n  g i v e n  b y  e q u a t i o n
4 . 1  m us t  h o l d ,  i . e . .t
S  p(i) = 0 . (4.1)
i = l
4 . 3  CONDITIONS FOR EQUILIBRIUM IN SPECIAL RELATIVITY
When c o n s i d e r i n g  t h e  g e n e r a l  c o n d i t i o n s  f o r  
e q u i l i b r i u m  i n  th e  S p e c i a l  T heory  o f  R e l a t i v i t y ,  we u s e  
t h e  f a c t  t h a t  t h e  c o n d i t i o n s  m u s t  be . i d e n t i c a l  t o  t h o s e
f o r  N ew to n ian  M e c h a n ic s ,  when c o n s i d e r e d  i n  t h e  r e s t - f r a m e
o f  t h e  body* S in c e  t h e  s p e c i a l  r e l a t i v i s t i c  d e s c r i p t i o n  
i s  a  f o u r  d i m e n s i o n a l  one ,  i t  i s  o b v i o u s  t h a t  t im e  w i l l  
be  i n v o l v e d  i n  any  g e n e r a l  d e s c r i p t i o n  o f  e q u i l i b r i u m *  We
w i l l  t h e r e f o r e  w r i t e  down th e  4 - d i m e n s i o n a l  e q u i v a l e n t  o f
t h e  c o n d i t i o n  4*2 and  t h e n  exam ine  t h i s  i n  some d e t a i l .
The c o n d i t i o n  i s
E
>
i = l 4 i y 4 1} -  rpi)4 1) i= ° » ' ■
w here ,  = I i c t ^ ,  r ^  |  4*8
We m ust  now examine t h i s  c o n d i t i o n  4*7 w i t h  r e f e r e n c e  t o
. /  ■ 
t h e  N ew to n ian  c o n d i t i o n s  w hich  a r e  v a l i d  i n  t h e  r e s t - f r a m e
and  f i n d  o u t  what  c o n d i t i o n s  a r e  a t t a c h e d  to  t h e  measureme
* •« ( i  ^o f  t h e  p o s i t i o n '  . v e c t o r s  r ^  «
f i ) ’
Each  p o s i t i o n  m easu rem en t  r v~ w h i c h  i s  made f rom  
a  f i x e d  3 - sp ace  p o s i t i o n ,  su c h  a s  t h e  o r i g i n  o f  t h e
( D -3 - s p a c e  c o o r d i n a t e s ,  i s  made a t  a  c e r t a i n  t im e  t  
S ine
* ( i )
• ■ ~(i)c e  t h e  v a l u e s  o f  e a c h  r '  * d e p en ds  on th e  v a l u e  o f
we m us t  f i n d  o u t  what  c o n d i t i o n s  a r e  demanded f o r
th e  v a n i s h i n g  o f  t h e  4 ~ to rq u e  g i v e n  by  th e  e q u a t i o n  4*7
S e p a r a t i n g  t h e  t i m e - s p a c e  p a r t  and  t h e  s p a c e - s p a  
s/cew-
p a r t  o f  t h e  s y m m e t r i c a l  t e n s o r  o f  4=7, we have  two 
c o n d i t i o n s ,
An a d d i t i o n a l  c o n d i t i o n  r e g a r d i n g  t h e  t im e  m e a s u re m e n ts  
a r e  o b t a i n e d  f rom t h e  e q u a t i o n  4*10* T h is  c o n d i t i o n  i s  
a r r i v e d  a t  i n  t h e  f o l l o w i n g  way* S in c e  t h e s e  e q u a t i o n s  
m ust  be v a l i d  i n  a l l  i n e r t i a l  f r a m e s  o f  r e f e r e n c e ,  we 
examine th e  e q u a t i o n  .4-10 i n  t h e  r e s t - f r a m e  o f  t h e  
sy s te m  o f  f o r c e s  where v  = 0 .  ¥/e t h e n  h a v e _  t h a t ,
. N . . .
t ^ °  -  0 .  4 .1 2
i = l
But  we know t h a t  i n  t h i s  r e s t - f r a m e  N ew to n ian  m e c h a n i c s  
m us t  a p p l y  and-  t h a t  t h e  v e c t o r  sum o f  t h e  f o r c e s  m us t  
a l s o  v a n i s h ,  i . e . ,
N /■■■■■: '
5 ]  p U ) 0 0 .  4 .1 3
i = l
Now, e q u a t i o n s  4 .1 2  and  4 .1 3  w i l l  b o t h  be t r u e  i f .
a l l  t h e  v a l u e s  o f  t ^ ' ^ °  a r e  t h e  same, i . e . ,£ '
.0 _ . ( l ) c  _ + ( 2 ) o  _ + ( 3 ) o _ _ . (IT)o
u —* 0  — 0 — 0 — u  ^
w h ic h  - i s  - r e q u i r e d  by  N ew ton ian  m e c h a n i c s .
Hence t h e  a d d i t i o n a l  c o n d i t i o n  i n  r e l a t i v i t y  m e c h a n ic s  i s ,
'•***( i .)t h a t  a l l  m e a su re m e n ts  o f  t h e  p o s i t i o n  v e c t o r s  v K ' m u s t
a l l  be. s i m u l t a n e o u s  i n  t h e  r e s t - f r a m e  o f  t h e  s y s t e m .
The s p e c i a l  r e l a t i v i s t i c  c o n d i t i o n  f o r  e q u i l i b r i u m  c a n  be
g i v e n  i n  t e r m s  o f  t h e  3 - s p a c e  q u a n t i t i e s  by  t h e  e q u a t i o n
4 .1 1  b u t  w i t h  t h e  p r o v i s o  t h a t  a l l  t h e  m e a s u r e m e n ts  o f  
- H i ' )  'r '  1 a r e  . su c h  t h a t  t h e y  a r e  s i m u l t a n e o u s  i n  t h e  r e s t - f r a m e  
o f  t h e  f o r c e  s y s t e m .  T h i s  e q u a t i o n  would a l s o  c o n t a i n  t h e  
c o n d i t i o n  t h a t ,
N
i = l
0 4 . 1 5
and may be p r o v e d  a s  i n " t h e  c a s e  o f  N e w to n ian  -m echanics  
d i s c u s s e d  i n  t h e  e a r l i e r  s e c t i o n .
4 • 4 TOLMAN * S PARADOX '  ^ -
F ° . A
FIGURE 12
The p ro b le m  o f  s t a t i c s  d i s c u s s e d  by  Tolman a s  a  
p a r a d o x  c o n s i s t s  o f  a  r i g h t - a n g l e d  l e v e r ,  p i v o t e d  a t  t h e  
p o i n t  where  t h e  two I- arms' m e e t ,  a s  shown i n  t h e  f i g u r e  12, 
The two arms A B and  
B C‘ a r e ‘ e a c h  o f  l e n g t h  
1° and  two f o r c e s  o f  
e q u a l  m a g n i tu d e  a r e  a p p l i e d  
a s  shown, a t  A an d  a t  B_,
The l e v e r  w i l l  be i n  . 
e q u i l i b r i u m .  However, 
a r g u e s  Tolman, i f  t h e
l e v e r  i s  o b s e r v e d  f ro m  some o t h e r  i n e r t i a l  f r a m e ,  f rom  , 
w h ich  i t  i s  o b s e r v e d  t o  have a  v e l o c i t y  v,  t h e  f o r c e s
a t  A and  B and  t h e  l e n g t h s  A B and  B C a r e  t r a n s f o r m e d
and a r e  a s  shown i n  t h e  f i g u r e  13* While t h e  l e n g t h  A B
an d  t h e  f o r c e  a t  A
a r e  o b s e r v e d  t o  be th e  
same i  * e . 1°  and  F ° ,
t h e  l e n g t h  B C and  
t h e  f o r c e  a t  G a r e  
r e d u c e d  by a  f a c t o r
7 = I 1 -  V/c2J, •
Tolman t h e n  f i n d s  a
n e t t  t o r q u e  on t h e
l e v e r ,  t a k i n g  moments
a b o u t  t h e  p i v o t  a t  B, t o  be
FIGURE 13
t o r q u e J 0! 0 P ° l °y 2 4.16
P ° l ° 4 .1 7
T h i s  n e t t  t o r q u e  h a s  b e e n  e x p l a i n e d  by  Tolman a n d  a l s o  
(Q)by  W. P a u l i  i n  t e r m s  o f  e l a s t i c  momentum an d  e n e r g y
c u r r e n t s .
However,  a c c o r d i n g  to  t h e  e q u i l i b r i u m  c o n d i t i o n s  
t h a t  we have  d i s c u s s e d  i n  t h e  p r e c e e d i n g  s e c t i o n  4«3 
t h e  p a r a d o x  d oes  n o t  e x i s t .  The e q u i l i b r i u m  c o n d i t i o n  i n  
s p e c i a l  r e l a t i v i t y  does  n o t  r e q u i r e  moments t a k e n  a b o u t  
a  p o i n t  on  a  moving  body  t o  v a n i s h .  -What i t  r e q u i r e s  i s
t h a t  moments t a k e n  a b o u t  a  p o i n t  on t h e  o b s e r v e r s  f ram e  
s h o u l d  v a n i s h  when t h e  p o s i t i o n  m e a su re m e n ts  a r e  a l l  
s i m u l t a n e o u s  i n  t h e  r e s t - f r a m e  o f  t h e  b od y .  We s h a l l  
i l l u s t r a t e  t h i s  by  w o rk in g  o u t  t h e  moments f o r  t h i s  
p ro b le m .  The o b s e r v a t i o n s
y  I
made by  t h e  moving 
o b s e r v e r  a r e  d i s c u s s e d  
by  r e f e r r i n g  t o  f i g u r e  14- 
F i r s t l y ,  we n e e d  a l l  
. the  f o r c e s  t h a t  a r e  
a c t i n g  on  t h e  * l e v e r  
and  t h i s  i n c l u d e s  t h e  
r e a c t i o n  a t  t h e  p i v o t  B. 
At t h e  p i v o t  we have  
th e  r e a c t i o n  o f  F^ and
0
FIGURE 14
Fv
,A
\F
o F
F
T
F°i
T
,o
X
Fq w h ich  a r e  e q u a l  t o  F i n  t h e  d i r e c t i o n  o f  C B and 
i n  t h e  d i r e c t i o n  o f  A B. ' /  .
Now t h e  o b s e r v e r  m ust  t a k e  moments a b o u t  a  
f i x e d  p o i n t  in -  h i s  own f ram e o f  r e f e r e n c e .  We ch o ose  t h e  
o r i g i n  0 .  Now we r e q u i r e  t h e  l e n g t h s  O B, 0 C, and  B A, 
b u t  t h e s e  m e a su re m e n ts  w h ich  a r e  r e a l l y  c o o r d i n a t e  
m e a su re m e n ts  f o r  t h e  o b s e r v e r  f o r  t h e  p o i n t s  A, B an d  C, 
m us t  be s i m u l t a n e o u s  i n  t h e  r e s t - f r a m e  o f  t h e  l e v e r .  So, 
u s i n g  th e  t r a n s f o r m a t i o n  f o r m u l a  f o r  t h e  c o o r d i n a t e s ,  i . e . - ,
Y (x°  + v t ° )  , 4 . 1 8
and  u s i n g  th e  arms o f  th e  l e v e r  a s  t h e  c o o r d i n a t e s  o f
t h e  s t a t i o n a r y  frame (w h ich  t h e n  h a s  t h e  o r i g i n  o f  t h e
sp ace c o o r d i n a t e s  a t  B) we have  t h a t
.0O B  = T v  t u 4*19
o c = r (i° + v -t0) , 4.20
B A =  1°  , 4 . 2 1
where  a l l  m e a s u re m e n ts  a r e  s i m u l t a n e o u s  i n  t h e  r e s t - f r a m e  
and  a r e  made a t  t h e  t im e  t °  i n  t h i s  r e s t - f r a m e  * Bow 
t a k i n g  moments,  we have
t o r q u e  = - P ° .B A  -  I ° .O B  + F°.OC . 4 . 2 2
r v
Then, u s i n g  t h e  v a l u e  s  o f  BA, OB an d  OC f ro m  4 *19,
4*20 and  4*21 we have  •
t o r q u e  = -  F ° .Y v t °  + F ° . Y . ( 1 °  + v t ° J  , 4 . 2 3
r y
~ 0* : 4*24
The r e s u l t  i s  what i s  to  be e x p e c t e d  f rom  t h e  t h e o r y
o f  ' e q u i l i b r i u m  i n  t h e  S p e c i a l  T h eo ry  o f  R e l a t i v i t y *
P ro b le m s  s i m i l a r  t o  t h a t  o f  Tolman*s h a v e  b e e n  
d i s c u s s e d  i n  t h e  l i t e r a t u r e  an d  P a u l i  d i s c u s s e s  a  s i m i l a r  
b u t  s i m p l e r  p ro b le m  i n  h i s  book  ’’T heory  o f  R e l a t i v i t y ” . 
A g a in  a  p a r a d o x  i s  p r e s e n t e d  b y  t a k i n g  moments a b o u t  a  
p o i n t  on t h e  m oving  body  and P a u l i  o f f e r s  a n  e x p l a n a t i o n
i n  t e r m s  o f  e l a s t i c  momentum and  e n e r g y  c u r r e n t s ,  an
e x p l a n a t i o n  which  i s  n o t  r e q u i r e d  i f  t h e  T heory  
E q u i l i b r i u m  i s  c o r r e c t l y  a p p l i e d . -
THE CONCEPTS OP REST-MASS, INTERNAL ENERGY, KINETIC ENERGY 
AND RATE OP WORK AND THEIR IMPLICATIONS IN THE DEFINITION 
OP THE NETT FORCE.
5 c l  INTRODUCTION
The c o n c e p t  o f  r e s t - m a s s  i s  d i s c u s s e d  ' i n  m os t
t e x t - b o o k s  on  R e l a t i v i t y  and  t h e  a c c o u n t  g i v e n  by
M i l l e r  ( C. M i l l e r )  i s  t y p i c a l .  He c o n s i d e r s  a  sy s te m
o f  p a r t i c l e s  i n  t h e  f o l l o w i n g  -way. " ’I f  m ^ ^  i s  t h e  r e s t -
t hm ass  o f  t h e  i  p a r t i c l e  o f  a sy s te m  o f  N p a r t i c l e s ,
( i  ) o t  hand  ' i s  t h e  k i n e t i c  e n e r g y  of-  t h e  i  p a r t i c l e  as .
o b s e r v e d  f rom  t h e  r e s t - f r a m e  o f  t h e  sy s te m ,  t h e n  t h e
r e s u l t a n t  r e s t - m a s s  o f  t h e  sy s te m  i s  g i v e n  by
N r
-.2 5 .1
*o = t l  t °  k *e J
T h is  d e s c r i p t i o n  i s  i d e n t i c a l  to  t h e  one g i v e n  by  P a u l i  
^   ^(W. P a u l i ) .  ; However,  M i l l e r  g oes  on  to  s t a t e  t h a t  t h e  
i m p o r t a n t  c o n c lu - s io n ? t h a t  t h e  i n n e r  k i n e t i c  e n e r g y  o f  a
sy s te m  o f  f r e e  p a r t i c l e s  c o r r e s p o n d s  t o  an  i n e r t i a l  m a s s ,  
c an  be e x t e n d e d  t o  any  k i n d  o f  e n e r g y .  B u t ,  no d e t a i l e d
a c c o u n t  o f  t h e  n a t u r e  o f  t h e  r e s t - m a s s  o f  m a t e r i a l  b o d i e s  
i s  g i v e n .
A c c o r d in g  to  t h e  S p e c i a l  T heory  o f  R e l a t i v i t y  
t h e  r e s t - m a s s  o f  a, m a t e r i a l  body  i s  t o  be c o n c e i v e d  a s  t h e
t o t a l  e n e r g y  a s s o c i a t e d  w i t h  t h e  “p o n d e r a b l e  m a t t e r ” o f  
t h e  . body ,  when t h e  body' xs o b s e r v e d  f rom  t h e  r e s t —frame*
T h is  d e f i n i t i o n  o f  r e s t - m a s s  i m m e d i a t e l y  g i v e s  r i s e  to  t h e
q u e s t i o n  a s  t o  w h ich  fo rm s  o f  e n e r g y  a r e  to  be  a s s o c i a t e d  
w i t h  t h e  “p o n d e r a b l e  m a t t e r ” and  w h ich  fo rm s  a r e  n o t .
T h i s  q u e s t i o n  i s  an  i m p o r t a n t  one and  we w i l l  f i n d  t h a t  
t h e  q u e s t i o n  h a s  to  be a n sw e re d  when c a l c u l a t i n g  t h e  
energy-momentum t e n s o r s  f o r  m a t e r i a l  c o n t i n u a .
5 .2  CONCEPT OP REST-MASS
A c c o r d in g  t o  t h e  S p e c i a l  T heory  o f  R e l a t i v i t y ,  
t h e  r e s t - m a s s  o f  a  m a t e r i a l  body  o f  a  r e g i o n  o f  a  m a t e r i a l  
co n t in u u m  i s  t h e  e n e r g y  a s s o c i a t e d  w i t h  t h e  " p o n d e r a b l e  
m a t t e r "  i n  t h i s  r e g i o n  when o b s e r v e d  f ro m  th e  r e s t - f r a m e  
o f  t h e  body o r  . r e g i o n  o f  t h e  c o n t in u u m .  T h i s  d e f i n i t i o n  
o f  r e s t - m a s s  i s  e x p r e s s e d  by t h e  e q u a t i o n .
M0 = S4 2 • 7  5 - 2
The v a l u e  o f  M c a n  be  d e t e r m i n e d  e x p e r i m e n t a l l y ' by t h e  
u s e  o f  t h e  f o r c e  e q u a t i o n
P = li  d Tv , 5*3
0 M
f o r  i f  t h e  v a l u e  o f  t h e  f o r c e  P i s  m e a s u r e d  b y  means
o f  a s p r i n g  b a l a n c e  and  th e  v e l o c i t y  and  t h e  a c c e l e r a t i o n
a r e  m e a s u re d ,  t h e n  M c an  be c a l c u l a t e d .  However t h e
v a l u e  o f  M m e a s u r e d  w i l l  be no d i f f e r e n t  f rom  t h e  v a l u e  o
o b t a i n e d  i n  N ew ton ian  M e c h a n ic s .  I f  t h e  v e l o c i t y  i s  s m a l l  
.compared t o  t h e  v e l o c i t y  o f  l i g h t  c ,  t h e n  t h e  above  
e q u a t i o n  r e d u c e s  t o ,
and  t h e  v a l u e  o f  ' KL m e a su re d  would  be t h e  same. We majro
a l s o  u s e  a  p a i r  o f  s c a l e  p a n s  t o  m easu re  M an d  a g a i n
t h e  v a l u e  would be t h e  same. So t h e  t h e o r y  o f  r e l a t i v i t y
h a s  n o t  a l t e r e d -  o u r  c o n c e p t  o,f mass  b u t  i t  h a s  e n r i c h e d  
i t  a n d ’ g i v e n  u s  a  d e e p e r  u n d e r s t a n d i n g  o f  i t s  n a t u r e .
To p r o c e e d  .w i t h  t h e  d i s c u s s i o n  on t h e  c o n c e p t
o f  m ass ,  we' -know t h a t  i n  t h e  c a s e  o f  an  i s o l a t e d
p a r t i c l e  ( s u c h  a s  a n  i s o l a t e d  e l e c t r o n )  th e  r e s t - m a s s  i s
n o t  o n l y  a  - s c a l a r ,  b u t  i t  i s  a l s o  a  c o n s t a n t .  T h i s  means
t h a t  t h e r e  i s  no way by  which  t h e  r e s t - m a s s  o f  su c h  an
i s o l a t e d  p a r t i c l e  may be c h an g e d .  T h i s  i s  n o t  t h e  c a s e  
w i t h  c o m p o s i t e  . m a t t e r  an d  t h e  r e s t - e n e r g y  o f  a  g i v e n  
r e g i o n  o f  c o m p o s i t e  m a t t e r  can  be chang ed  i n  a  num ber  o f  
ways.  Even i f  we c o n s i d e r  a  r e g i o n  o f  m a t t e r  w h ich
c o n t a i n s  ' a  c o n s t a n t  number  o f  p a r t i c l e s  o f  m a t t e r ,  t h e
r e s t - e n e r g y  ( o r  r e s t - m a s s )  may change  by  c h a n g e s  i n
(1)  h e a t  e n e r g y  W ^ ^ ° ,  (2 )  s t r e s s  e n e r g y  W ^ ^ ° ,  (3 )
b i n d i n g  e n e r g y  o f  a tom s and m o l e c u l e s  W ^ 0 , (4 )  p o l a r i s a t i o n
e n e r g y  f t U ' 0 , (5 )  m a g n e t i s a t i o n  e n e r g y  a n d  ( 6 )  t h e
e n e r g y  o f  e l e c t r i c  and  m a g n e t i c  f i e l d s  a s s o c i a t e d  w i t h  t h e  
m a t t e r  A l l  t h e s e  e n e r g i e s  a r e  t o  be a s s o c i a t e d
*4- V> -v-v v  /■>. m  o  "1 /-\ yyi »“> 4 -  -f* /-» v *  S *  /“\  V  f t  r l  * r r  •v i *4* *v> ^  n " i  Av v j - U i . 1  u x i u  p L / i i U c a .  i u a  u 0 c  X O j .  U i - i o  v k j k a j  kj  j l  u i . 2 . 0
o f  t h e  c o n t in u u m  b e i n g  c o n s i d e r e d .  Exam ples  a r e  t o  be
fo u n d  i n  t h e  t e x t - b o o k s  and  o t h e r  l i t e r a t u r e  where  m os t  
o f  t h e s e  e n e r g i e s  a r e  c o n s i d e r e d  and  t h e  c h a n g e s  in. t h e
r e s t - m a s s  due to  ' t h e m  c a l c u l a t e d .  However t h e r e  a r e  two
e x c e p t i o n s  and  t h e s e  a r e  t h e  p o l a r i s a t i o n  e n e r g y  and  t h e  
m a g n e t i s a t i o n  e n e r g y .  As f a r  a s  i s  known, no one h a s  
a c c o u n t e d  f o r  t h e  c h a n g e s  i n  t h e  r e s t - r n a s s  due t o  t h e
c h a n g e s  i n  t h e  p o l a r i s a t i o n  and  m a g n e t i s a t i o n  e n e r g y  and  
t h i s  f a c t  h a s  a  c o n s i d e r a b l e  e f f e c t  on th e  t r e a t m e n t s  
o f  e l e c t r o d y n a m i c s  o f  moving m a t e r i a l  m ed ia  t h a t  have  b e e n
p r e v i o u s l y  g i v e n .
We s h o u l d  be a b l e  t o  d e m o n s t r a t e  t h e  c h a n g e s
i n  t h e  r e s t - m a s s  due “ t o  any o f  t h e  fo rm s  o f  e n e r g y ,
. l i s t e d  e a r l i e r ,  by  d i r e c t  m easu re m e n t  o f  -M by some
a c c u r a t e  method o f  w e i g h in g .  However-, a  j u s t  m e a s u r a b l e
change  i n  r e s t - m a s s  p r o d u c e s  e n e r g y  c h a n g e s  t h a t  a r e  v e r y
l a r g e .  F o r  e x am ple ,  f o r  a  change  o f  1 j i .gm.,  a  change  i n
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e n e r g y  o f  9 x 10 J o u l e s  ' i s  r e q u i r e d .  T h is  how ever  d o es
n o t  e x c l u d e  t h e  p o s s i b i l i t y  o f  m e a su re m e n t .
U s in g  t h e  sym bols  g i v e n  f o r  t h e  v a r i o u s  fo rm s
o f  e n e r g y ,  we .may w r i t e  down a n  e q u a t i o n  f o r  t h e . . c o m p o s i t i o n  
o f  t h e  r e s t - m a s s  o f  p o n d e r a b l e ' m a t t e r  i n  av,  r e g i o n  a s .
Mq c 2 = M°c2 . + W ^ 0 4- W ^ °  + W ^ 0 + W ^ °  + W<M>° + W^ Ek;
5-5
where i s 1 vth e  sum o f  t h e  i n d i v i d u a l  r e s t  m a s s e so o
o f  t h e  N c o n s t i t u e n t  p a r t i c l e s  when e a c h  i s  m e a s u r e d  i n  
i s o l a t i o n ,  such,  t h a t
complex  s t r u c t u r e .  F o r  exam ple  a  n u c l e a r  p a r t i c l e  w i l l
have  n u c l e a r  b i n d i n g  energy*  However i n  t h e  c o n t in u u m  
t r e a t m e n t  g i v e n  i n  t h e  s u b s e q u e n t  c h a p t e r s ,  we w i l l  h o t  
c o n s i d e r  s y s t e m s  W here  n u c l e a r  e n e r g y  o r  c h e m ic a l  e n e r g y
i s  c h a n g i n g .  We s h a l l  be d e a l i n g  o n l y  w i t h  c h a n g e s  i n  
h e a t ,  s t r e s s ,  p o l a r i s a t i o n  and  m a g n e t i s a t i o n  e n e r g y .
We w i l l  now d i s c u s s  e a c h  o f  t h e  e n e r g y  t e r m s
on t h e  RoH.S o f  e q u a t i o n  5*5*
w W °  i s  t h e  h e a t  e n e r g y  i n  t h e  m a t t e r  and  i s  t h e
i n n e r  k i n e t i c  e n e r g y  and  i s  due t o  t h e  random m o t i o n  
o f  th e  c o n s t i t u e n t  p a r t i c l e s .
V/(^)o i s  t h e  s t r e s s  e n e r g y  i n  t h e  m a t t e r  a n d  i s  c a u s e d
by s t r a i n  and  i s  t h e r e f o r e  due t o  t h e  r e l a t i v e  p o s i t i o n s
b e tw e e n  th e  p a r t i c l e s  o f  m a t t e r .  A change i n  \ y ( ^ °  i s  
a lw a y s  p r o d u c e d  by a r e l a t i v e  change  i n  t h e  p o s i t i o n s
o f  t h e  p a r t i c l e s  ( r e l a t i v e  to  e a c h  o t h e r ) .
y/(B)° j_s "binding  e n e r g y  and  i s  a l s o  due t o  r e l a t i v e
p o s i t i o n s  a c c u p i e d  by  th e  v a r i o u s  p a r t i c l e s .  When th e  
b i n d i n g  e n e r g y . . c h a n g e s  s a y  due to  some c h e m ic a l  c h a n g e s ,
t h e n  t h e  r e l a t i v e  p o s i t i o n s  o f  t h o s e  p a r t i c l e s  w h ich  have
t a k e n  p a r t  i n  t h e  c h e m ic a l  change  have  c h a n g e d .
('O)q ■
i s  t h e  p o l a r i s a t i o n  e n e r g y  and  i s  a l s o  due t o  t n e  
ch a n g e s  i n  t h e  r e l a t i v e  p o s i t i o n s  i n  t h e  p a r t i c l e s .  I n  
t h i s  c a s e  th e  n e g a t i v e l y  c h a r g e d  p a r t i c l e s  a r e  d i s p l a c e d
r e l a t i v e  t o  p+lv~-. tie + ^ lj c k v j’ed fwwc/eS
fMloWv ' 1 i s  t h e  m a g n e t i s a t i o n  e n e r g y  o f  th e -  p a r t i c l e s  o f  m a t t e  
and  a r i s e  o u t  o f  r e l a t i v e  p o s i t i o n i n g  and  o r i e n t a t i o n  o f  
p a r t i c l e s  o f  m a t t e r «
( "P lOoWv * . i s  t h e  e n e r g y  o f  t h e  m a c r o s c o p i c a l l y  d e s c r i b e d
e l e c t r i c  and  m a g n e t i c  f i e l d s  a s s o c i a t e d  w i t h  t h e  m a t t e r  
u n d e r  c o n s i d e r a t i o n *  They may e x i s t  i n  t h e  r e g i o n  o c c u p i e d  
by  t h e  N p a r t i c l e s  o f  m a t t e r  a n d  a l s o  o u t s i d e  t h e
r e g i o n .  These  e l e c t r i c  an d  m a g n e t i c  f i e l d s  a r e  p r o d u c e d  i n  
a  number o f  d i f f e r e n t  ways.  They c a n  be c a u s e d  by t h e  
r e l a t i v e  c h an g e s  i n  t h e  p o s i t i o n s  o f  some o f  t h e  c h a r g e d '
p a r t i c l e s  o f  m a t t e r  ( a s  i n  a  c a p a c i t o r )  o r  by  t h e  
r e l a t i v e  c h a n g e s  i n  th e  p o s i t i o n  and  o r i e n t a t i o n  ( a s  i n  a
m ag n e t)  : or.- b y  t h e  n e t t  m o t i o n  o f  some o f  t h e  c h a r g e d
p a r t i c l e s  o f  m a t t e r  i n  some p r e f e r r e d  . d i r e c t i o n  r e l a t i v e  to  
th e  c e n t r e  o f  mass o f  t h e  sys tem ,  o f  p a r t i c l e s  ( a n
example o f  t h i s  ty p e  o f  f i e l d  i s  t h e  m a g n e t i c  f i e l d
due t o  a n  e l e c t r i c  c u r r e n t  i n  t h e  m a t t e r ) .  We may
a l s o  have  a  f i e l d  due t o  a n  im b a la n c e  o f  c h a r g e  i n  
t h e  m a t t e r  ( a s  i n  a  c h a r g e d  b o d y ) .
A l l  t h e s e  d i f f e r e n t  fo rm s  o f  e n e r g y  t h a t  w e • -have 
d i s c u s s e d  w i l l  be r e f e r r e d  t o  a s  i n t e r n a l  e n e r g y  o f  t h e  
m a t t e r .  1 These fo rm s  o f  i n t e r n a l  e n e r g y  ( a n d  any  
o t h e r '  fo rm s  t h a t  we have  n o t  i n c l u d e d  i n  t h e  d i s c u s s i o n )  
a l l  a r i s e  o u t  o f  t h e  r e 1a t  i  ve mo t i  o n o f  t h e  p a r t i c l e s  
and  t h e  r e l a t i v e  . p o s i t i o n i n g  and  o r i e n t a t i o n .
Forms which  a r i s e  o u t  o f  r e l a t i v e  m o t i o n , w h e th e r  i t  be 
h e a t  e n e r g y  ' o r  m a g n e t i c  f i e l d  e n e r g y  o r .  o t h e r w i s e  m ust  
be g i v e n  by t h e  sum o f  t h e  k i n e t i c  e n e r g y  o f  t h e  ft 
c o n s t i t u e n t  p a r t i c l e s ,  i . e .  b y ,
JL
i = l
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and  t®  i s  t h e  v e l o c i t y  o f  t h e  i'*’*1 p a r t i c l e  o f  m a t t e r  
r e l a t i v e  to  t h e  c e n t r e  o f  m ass  f ram e  w hich  i s  t o  be 
d e f i n e d  l a t e r .  A l l  t h o s e  fo rm s  o f  e n e r g y  w hich  a r i s e  ’ o u t  c 
r e l a t i v e  p o s i t i o n i n g  among th e  c o n s t i t u e n t  p a r t i c l e s  o f
t
m a t t e r  w h e the r : ' . th ey  be s t r a i n  e n e r g y  o r  p o l a r i s a t i o n  e n e r g y  
o r  e n e r g y  o f  some o t h e r  fo rm  o f  i n t e r n a l  e n e r g y ,  w i l l  
be g i v e n  i n  t h e i r  e n t i r e t y  by  t h e  ue n e r g y  o f  a s s e m b l y 1* o f  
t h e  N c o n s t i t u e n t '  p a r t i c l e s  o f  m a t t e r .  We s h a l l  d e s i g n a t e  
t h e  symbol t o  t h i s  e n e r g y  o f  a s s e m b ly  a s  m e a s u r e d
from  th e  c e n t r e  o f  mass  f ram e  ' J 2 ° .  Hence t h e  r e s t - m a s s  o f  
th e  m a t t e r ,  g i v e n  e a r l i e r  by  e q u a t i o n  5 .5  a s  t h e  sum o f  
a l l  fo rm s  o f  i n t e r n a l  e n e r g y  may now be w r i t t e n  a s ,
T h is  e x p r e s s i o n  f o r  t h e  r e s t - m a s s  m ust  t h e n  c o n t a i n  a l l  .
.forms o f  i n t e r n a l  e n e r g y  o f  t h e  body o r  t h e  r e g i o n  o f
t h e  m a t e r i a l  c o n t in u u m .  The i m p o r t a n t  p o i n t  t o  remember i s
t h a t  a p a r t  f rom  t h e  i n d i v i d u a l  r e s t - m a s s e s  t h e m s e l v e s ,  a l l
t h e  d i f f e r e n t  fo rm s  o f  i n t e r n a l  e n e r g y  ( d i s c u s s e d  e a r l i e r )  
a r i s e  due t o  two r e a s o n s *  These  a r e  ( 1 ) ,  due t o  t h e
r e l a t i v e  p o s i t i o n i n g  o f  t h e  p a r t i c l e s  w i t h  r e s p e c t  t o  
e a c h  o t h e r  and  ( 2 ) ,  due t o  t h e  r e l a t i v e  m o t i o n  o f  t h e
p a r t i c l e s  r e l a t i v e  t o  t o  e a c h  o t h e r .  Any r e c o g n i s a b l e  fo rm  
o f  i n t e r n a l  e n e r g y  i s  due t o  one o f  * t h e s e  two o r  t o  . 
b o t h  o f  them. We w i l l  n e e d  t o  d i s c u s s  t h e  e x p r e s s i o n
f o r  t h e  r e s t - m a s s  a g a i n  i n  t h e  n e x t  c h a p t e r  an d  t h e n  we
w i l l  n o t  r e f e r  t o  t h e  v a r i o u s  d i f f e r e n t  fo rm s  o f  i n t e r n a l
e n e r g y  t h a t  go t o  fo rm  t h e  r e s t - m a s s  b u t  i n s t e a d  r e f e r
to  t h e  " i n n e r  k i n e t i c  e n e r g y "  and  . t h e  " e n e r g y  o f  a s se m b ly "
o f  t h e  s y s te m  o f  p a r t i c l e s .
5*3 CONCEPTS OP KINETIC MASS AND THE TRANSFORMATION" OP
MASS AND INTERNAL ENERGY AND 'THEIR IMPLICATION IN 
THE DEFINITION OF NETT FORCE ON VARIABLE REST-MASSES.
A l l  t h o s e  who have  s t u d i e d  t h e  f u n d a m e n t a l s  o f
r e l a t i v i t y  m e c h a n ic s  would have  come a c r o s s  t h e  e q u a t i o n
M * . r  M . 5*10
T h is  e q u a t i o n  i s  u s u a l l y  t e rm e d  t h e  " t r a n s f o r m a t i o n  o f  m a s s " .  
Of c o u r s e  t h i s  h a s  no m ean in g  i n  t h e  4 ~ d i m e n s i o n a l
e x p o s i t i o n  o f  t h e  t h e o r y .  M i s  a  s c a l a r  and  t h e r e f o r e
h a s  no t r a n s f o r m a t i o n .  Then, what  i s  t h e  p r e c i s e  m ea n in g
o f  t h e  e q u a t i o n  5*10? Now, i n  t h e  c a se  o f  a  s i n g l e
p a r t i c l e ,  YM would be t h e  t o t a l  e n e r g y  o f  t h e  p a r t i c l e ,  
f o r  YM i s  • t h e  sum. o f  t h e  r e s t - e n e r g y  .M and  th e
k i n e t i c  e n e r g y  (y -  1)M . ( A l l  e n e r g i e s  b e i n g  i n  mass  u n i t s ) .
I n  t h e  c a se  o f  a  l a r g e  c o m p o s i t e  body we w i l l
n o t  f i n d  su c h  a  s a t i s f a c t o r y  e x p l a n a t i o n  o f  t h e  e q u a t i o n .
Assuming Y i s  c a l c u l a t e d  u s i n g  t h e  v e l o c i t y  o f  t h e  c e n t r e
o f  mass o f  t h e  s y s te m  t h a t  fo rm s  t h e  body ,  t h e n  YM = M
l o s e s  any r e a l  p h y s i c a l  s i g n i f  i c a n c e  • M i s '  a  q u a n t i t y
o b t a i n e d  by a  sum m ation  o f  e n e r g i e s  a s  g i v e n  by  5*5 o r
5 .8  o r  5*9* But  t h i s  summation  p r o c e s s  i m p l i e s  s i m u l t a n e i t y
i n  t h e  r e s t - f r a m e  o f  t h e  body  d u r i n g  t h e  sum m at ion .  I f
we r e q u i r e  t h e  e n e r g y  a s  o b s e r v e d  f rom  some a r b i t r a r y
moving f r a m e ,  t h e n  t h e  e n e r g i e s  v/ould have  t o  be a d d e d '
s i m u l t a n e o u s l y 7 i n  t h i s  f ram e o f  r e f e r e n c e .  L e t  t h i s
q u a n t i t y  be Ivl*. Bu t  MV w i l l  n o t  e q u a l  YM * Hence M
c a n n o t  be t h e  t o t a l  e n e r g y  i n  t h e  u s u a l  s e n s e .  We d i s c u s s
t h i s  i n  t h e  n e x t  c h a p t e r  i n  g r e a t e r  d e t a i l .  Of c o u r s e  i f
t h e  body- ' - i s  v e r y  s m a l l ,  t h e n  t h e  e f f e c t s  o f  s i m u l t a n e i t y
would  be s m a l l  and  M c o u l d  be  t r e a t e d  a s  t h e  t o t a l
e n e r g y  o f  t h e  ’ moving bod y .  I n  t h e  c a se  o f  a  l a r g e  body
we w i l l  n o t  be a b l e  t o  d e t e r m i n e  t h e  t o t a l  e n e r g y  o f  t h e
body  f rom  an  . a r b i t r a r y  f ram e o f  r e f e r e n c e  a t  a  g i v e n
i n s t a n t  o f  t im e  ( i n  t h i s  f r a m e )  f rom  a  know ledge  o f  t h e
e n e r g y  i n  th e  body a s  o b s e r v e d  f rom  t h e  r e s t - f r a m e  o f
t h e  body ,  a t  a  g i v e n  i n s t a n t  o f  t im e  i n  t h e  r e s t - f r a m e .
We would n e e d  to  know th e  way i n  w hich  e n e r g y  i s  c h a n g i n
& * *
a t  e v e r y  p o i n t  on t h e  body  a s  a  f u n c t i o n  o f  t im e  and
p o s i t i o n  and  t h i s  would  t a k e  u s  i n t o  t h e  s u b j e c t  o f  
c o n t in u um  m e c h a n i c s . '
m e a n i n g f u l  p h y s i c a l  i n t e r p r e t a t i o n  f o r  . -small c o m p o s i t e  'bo d ies  
where  t h e  e f f e c t s  o f  s i m u l t a n e i t y  c an  be n e g l e c t e d .  Then,  
YM would be i n t e r p r e t e d  a s  th e  t o t a l  e n e r g y  o f  t h e
moving bod y .  YM ■ i s  composed o f  t h e  r e s t - e n e r g y  and th e
k i n e t i c  e n e r g y ,  a s  YM -  M + (Y-l)M r e s p e c t i v e l y .  One
c o u ld  a l s o  g iv e  a  s i m i l a r  i d e a  to  a l l  t h e  component  
e n e r g i e s  o f  M . ■ F o r  example  f o r  t h e  h e a t  e n e r g y  we
c o u l d '  s a y ,
= T W ^ 0 5 .1 1
= W ® 0 s ( r - l ) W ^ H^°,  5 .12
where t h e  e n e r g y  i n  th e  body  due t o  i t s  h e a t  e n e r g y  i s  
/ h \
W' J when o b s e r v e d  from  some a r b i t r a r y ,  i n e r t i a l  f ram e  o f
r e f e r e n c e .  As shown by e q u a t i o n  5 .1 2 ,  t h i s  e n e r g y  i s  compo
o f  t h e  r e s t - f r a m e  h e a t  e n e r g y  and  a  component  due t o  t h e  
n e t t  m o t i o n  -of ; t h e  body which  may be c a l l e d  t h e  “k i n e t i c  
com p o nen t" .  We c o u l d  g i v e  a  s i m i l a r  idea, t o  a l l  t h e  
i n t e r n a l  e n e r g i e s  - t h a t  go to  fo rm  th e  n e t t  r e s t - m a s s  - M . . 
The e q u a t i o n  5 .1 1  may be c a l l e d  a t r a n s f o r m a t i o n  i n  a
3 - s p a c e  e x p l a n a t i o n .  S ince  a l l  i n t e r n a l  e n e r g i e s  c o n t r i b u t e  
to  t h e  " k i n e t i c  component"  o f  m ass  i . e .  t o  (Y - l )M o? we 
h av e  from  t h e  e q u a t i o n  5-5  f o r  t h e  c o m p o s i t i o n  o f  r e s t -  
mass t h a t ,
The f a c t o r  Y can  t h e r e f o r e  he t r e a t e d  a s  a  k i n d  o f
f a c t o r  o f  p r o p o r t i o n a l y  which  g i v e s  th e  p r o p o r t i o n  t h a t
e a c h  o f  t h e  r e s t - e n e r g i . e s  c o n t r i b u t e  to  th e  t o t a l
p '
e n e r g y  o f  th e  moving body  ( i . e .  t o  YM c ) . .  T h ere  i s  no
r e a s o n  why; th e  f a c t o r  o f  ‘ p r o p o r t i o n a l i t y  s h o u l d  be
d i f f e r e n t  f o r  d i f f e r e n t  fo rm s  o f  i n t e r n a l  e n e r g y «
how, t h e r e  i s  a n o t h e r  e q u a t i o n  g i v e n  i n  t h e
l i t e r a t u r e  on r e l a t i v i t y  f o r  t h e  t r a n s f o r m a t i o n  o f  h e a t ,
which  i s  v e r y  d i f f e r e n t  f ro m  t h e  e q u a t i o n s  5*11 and  5*13-,
which  we a r r i v e d  a t  u s i n g  t h e  . r e l a t i v i s t i c  c o n c e p t  o f
r e s t - m a s s  and  th e  e x p r e s s i o n  f o r  t h e  k i n e t i c  e n e r g y  o f
( q )a  body* T h i s  t r a n s f o r m a t i o n  e q u a t i o n  g i v e n  by  P a u l i v and  
( *l 3)o t h e r s  ' i s . ,  ( u s i n g  t h e  same sym bols  t h a t  we have  b e e n
u s i n g )  f
W(H) = ' | ( H ) c
~ r ~
= w(H)o.
A c c o r d in g  to  t h i s ,  t r a n s f o r m a t i o n  e q u a t i o n  5*14, t h e  t o t a l  
c o n t r i b u t i o n  o f  t h e  e n e r g y  o f  h e a t  i s  l e s s  when o b s e r v e d
from  a  moving fram e t h a n  when i t  i s  o b s e r v e d  f rom  i t s  •
r e s t - f r a m e s  Yef t h e s e  same a u t h o r s  r e c o g n i s e  t h e  f a c t
t h a t  t h e  t o t a l  e n e r g y  o f  t h e . b o d y ,  i s  g r e a t e r  when o b s e r v e d  
by  a  .moving o b s e r v e r  a c c o r d i n g  to  t h e  e q u a t i o n  5*10 ( i . e .
a s  M = YM , i n  mass u n i t s ) .  S in c e  t h e  t r a n s f o r m a t i o n  
e q u a t i o n  5 .14  i s  i n  c o m p le te  c o n t r a d i c t i o n  to  t h e  e q u a t i o n
5 .1 1  w hich  we a r r i v e d  a t  f rom  o u r  c o n c e p t  o f  r e s t - m a s s
Y - l  ( W
I Y 1
(H)o
and  t h e  e x p r e s s i o n  f o r  t h e  k i n e t i c  e n e r g y  i n  s p e c i a l  
r e l a t i v i t y ,  we have  no c h o i c e  b u t  to  d i s a g r e e  w i t h  
P a u l i ’ s r e s u l t .  However,  we s h a l l  s t u d y  t h e  d e r i v a t i o n  
o f  t h e  t r a n s f o r m a t i o n  e q u a t i o n  5-14 g i v e n  by  P a u l i .  F o r ,  
i n  d o i n g  so ,  some v e r y  i m p o r t a n t  p o i n t s  r e g a r d i n g  th e  
d e f i n i t i o n  o f  ' f o r c e  w i l l  em e rg e .
f o l l o w s .  These a u t h o r s  u se  t h e  t o t a l  r a t e  o f  change  o f
th e  4-momentum o f  t h e  body K a s  t h e  4 - f o r c e  a c t i n g  on
t h e  body ,  and  w r i t e ,
The d e r i v a t i o n  o f  th e  t r a n s f o r m a t i o n ,  e q u a t i o n
(9)  / •■} y
f o r  h e a t  (5*14)  g i v e n  by  P a u l i  an d  o t h e r s ' " i s  a s
Ka
/-
5*15
where t h e y  d e f i n e  dW^^ a s  t h e  r a t e  o f  i n c r e a s e  o f  t h e
d t
h e a t  e n e r g y ,  ' I  ' ' a s  t h e  3 - s p a c e  f o r c e ,  and  A' a s  t h e
r a t e  o f  work done by  t h e  f o r c e  K su c h  t h a t
K . v A
Then, by d i r e c t  m u l t i p l i c a t i o n
U s in g  .5.16 and 5*17,
klv  = -  y 2 . . 5 .1 aw  *1 idr
Bu t  K v  i s  an  i n v a r i a n t ,  and  so we have f o r  t h i sCL CL
i n v a r i a n t . '
y 2 d w ^  = i F (H)o ?  r  a w ^ 0dt at? dt
an d  hence
d v r 11'  = . d , 5 .2 0
; " .. ■ ' ; ' y  '
• . a n d  b y  i n t e g r a t i o n ,
•■ w W  = W ® 0 . ( 5 ^ 1 4 ) 5 , 2 1
' Y
T h is  i s  t h e  - t r a n s f o r m a t i o n  f o r m u l a  f o r  h e a t  a s  g i v e n
by  P a u l i  and  o t h e r s ,  and  i s  i n  d i r e c t  c o n t r a d i c t i o n
t o  t h e  e q u a t i o n  = ,YW ^^° w h ich  we p r o p o s e d *  The
e r r o r ,  i n  t h e  above  d e r i v a t i o n  • g i v e n  b y  P a u l i ,  i s  e n t i r e l y
due t o  th e  u se  o f  K = djM Yv) a s  th e  d e f i n i t i o n  o f
d t  0
f o r c e  and i t  i s  now an  o p p o r t u n e  moment t o  d i s c u s s  t h i s  
f u r t h e r .
I n  N ew ton ian  m e c h a n i c s ,  (when d e a l i n g  w i t h  b o d i e s
o f  v a r i a b l e  m a s s ) ,  a l t h o u g h  K = . d_(I\!v) h a s  so m e t im es
d t
b e e n  r e f e r e d  • to  a s  f o r c e  i n  th e  t e x t - b o o k s ,  i t  i s  n e v e r
u s e d  a s  su c h .  A l l  p ro b le m s  o f  v a r i a b l e  m a s se s  i n  n e w t o n i a n
m e c h a n i c s ,  t h a t  a r e  d i s c u s s e d  i n  t h e  t e x t - b o o k s ,  a r e  /
s o l v e d  by  a p p e a l i n g  t o  t h e  l a w s  o f  c o n s e r v a t i o n  o f
e n e r g y  and  momentum. The v e c t o r  K i s  n e v e r  u s e d  to
c a l c u l a t e  work ( a s  I L F )  o r  power ( a s  L v ) .  So t h e
a u t h o r s  who r e f e r  t o  K = d(Mv) a s  f o r c e  i n  v a r i a b l e  mass
m e c h a n ic s  n e v e r  a c t u a l l y  u s e  i t  a s  su c h  and  i t  i s  m e r e l y  
a  m a t t e r  o f  s e m a n t i c s .  I f  we do a t t e m p t  t o  u s e  K i n  
c a l c u l a t i o n s  a s  we would  n o r m a l l y  u s e  f o r c e  i n N e w t o n i a n '
m e c h a n i c s ,  *’we would g e t  r e s u l t s  w h ich  have no m e a n i n g f u l  
p h y s i c a l  i n t e r p r e t a t i o n  and  t h e r e f o r e  o f  no v a l u e .  F o r  
example  - i f  we c a l c u l a t e  t h e  r a t e  ’ a t  which  11 work" i s  
done b y  K a s
K .v  = v .d (M v)  = v .  Mdv v*dM 5 .2 2
• d t  . d t  • --•■dt
= . M d J v ^ l  + v 2 d M
d t  2 d t  . /
J
; d t l  2 J 2 d t
t h e  r e s u l t  h a s  no m e a n i n g f u l  p h y s i c a l  i n t e r p r e t a t i o n ,  
w h a t e v e r .  ( R e f e r  t o  s e c t i o n  1 . 4  o f  c h a p t e r  I  f o r  t h e  
p h y s i c a l  i n t e r p r e t a t i o n  o f  t h e  r a t e  o f  work done b y  th e  
n e t t  f o r c e  and  t h e  i n t e r p r e t a t i o n  o f  t h e  t o t a l  r a t e  o f  
change  o f  k i n e t i c  e n e r g y  o f  a  body  o f  v a r i a b l e  m a s s ) .  
E q u a t i o n  5*22 i s  n o t '  t h e  t o t a l  r a t e  o f  change  o f  t h e  
K;E .  o f  the., body ,  nor . ,  any   ^ m e a n i n g f u l  .com ponen t  o f  i t .
I n  t h e  c a s e  o f  s p e c i a l  r e l a t i v i t y ,  i f  K = d(Ifffv)
" ' d t  •'
i s  d e f i n e d  a s  f o r c e ,  t h e n ,  a s  i n  th e  c a se  o f  N ew ton ian
m e c h a n ic s  i f  i t  r e m a in s  f o r c e  i n  name o n l y ,  and  a l l  
p r o b le m s  a r e  s o l v e d  by  a p p e a l i n g  t o  t h e  l aw s  o f  c o n s e r v a t i o n
o f  momentum an d  e n e r g y ,  .. t h e r e  c o u l d  be no o b j e c t i o n  t o  ; ,
t h e  d e f i n i t i o n .  .But  - P a u l i ’ s c a l c u l a t i o n  ( t h a t  we h ave  g i v e  i n  
. e q u a t i o n s  5 .15-  t o  5 .2 1 )  g oes  b e y o n d  t h e  l i m i t  t h a t  c o u l d
be a l l o w e d  f o r  t h e  u se  o f  t h i s  t h e o r e t i c a l l y  d e f i n e d
f o r c e  ' K, f o r  he a t t e m p t s  t o  c a l c u l a t e  t h e  r a t e  o f  "w o rk 1 
done by t h i s  t h e o r e t i c a l  f o r c e  a s  t h o u g h  i t  were  a  r e a l
p h y s i c a l  f o r c e .  As i n  t h e  c a s e  o f  N ewtonian  m e c h a n i c s ,  
( e q u a t i o n s  5*22 an d  5 .2 3 )  s u c h  c a l c u l a t i o n s  f o r  v a r i a b l e
r e s t - m a s s  b o d i e s  i n  r e l a t i v i s t i c  m e c h a n ic s  g iv e  r e s u l t s  
w h ich  have  no m e a n i n g f u l '  p h y s i c a l  . . . i n t e r p r e t a t i o n .  Not o n l y  
h a s  P a u l i ’ s r e s u l t  . no m e a n i n g f u l  p h y s i c a l  i n t e r p r e t a t i o n ,
i t  i s  i n  c o n t r a d i c t i o n  w i t h  o u r  c o n c e p t s  o f  e n e r g y ,  r e s t - m a s s
and k i n e t i c  e n e r g y .
. •• ' - /  - .. . ' . /
We d i s c u s s e d  th e  c o n v e n t i o n a l  d e f i n i t i o n  o f  f o r c e  
i n  r e l a t i v i t y ,  K, i n  s e c t i o n  2 . 5  o f  c h a p t e r  I I .  We have  
shown . t h e r e  t h a t  t h i s  d e f i n i t i o n  o f  f o r c e  d oes  n o t  
co n fo rm  t o  th e .  N ew to n ian  c o n c e p t  o f  f o r c e ,  e m b o d ied  i n  
t h e  f i r s t  l aw  o f  m o t i o n ,  a s  t h a t  w h ich  c h a n g e s  t h e  
s t a t e  o f  m o t io n  o f  a  b o d y .  We have  a l s o  s h o w n . t h a t  
i t  i s  n o t  r e l a t e d  t o  th e  f o r c e  a s  m e a s u re d  b y  means o f
a  s p r i n g  b a l a n c e .  Hence we s h o u l d  n o t  e x p e c t  t h e( ,
" c o n v e n t i o n a l  f o r c e "  K ■ t o  have  t h e  p r o p e r t i e s  o f  a  ■ 
p h y s i c a l  f o r c e . H e r e i n  l i e s  t h e  r e a s o n  f o r  o u r  r e - d e f i n i t i o n
o f  t h e  f o r c e  to* g i v e  t h e ; p h y s i c a l  f o r c e  and t h e
r e - a p p r a i s a l  o f  t h e  t h e o r y  o f  m e c h a n ic s  o f  ' v a r i a b l e  m a s s e s .
The f o r c e  F we -have u s e d  i n  N ew ton ian  m e c h a n ic s  
was d e f i n e d  i n  s u c h  a  way t o  g i v e  th e  v a l u e  o f  th e
n e t t  p h y s i c a l  f o r c e  , a s  m e a s u re d  by a s p r i n g  b a l a n c e .  We 
fo u n d  t h i s  to  be g i v e n  by  t h e  mass x  a c c e l e r a t i o n .  We
e x t e n d e d  t h i s  d e f i n i t i o n  i n t o  t h e  S p e c i a l  T heory  o f
R e l a t i v i t y  by  th e  c o v a r i a n t  d e f i n i t i o n  o f  4 r f o r c e  a s
r e s t - m a s s  x 4 - a c c e l e r a t i o n .  S ince  t h e  f o r c e  ¥ i s  a  ph y s i c a l  
f o r c e , i t  can be  u s e d  to  c a l c u l a t e  t h e  work done o r
t h e  r a t e  a t  w hich  'work: i s  done by  th e  f o r c e  a n d  we
have  d i s c u s s e d  t h i s -  i n  d e t a i l  i n  c h a p t e r s  1 and  I I  
f o r  Nev/ tonian  and r e l a t i v i - s t i c  m e c h a n ic s  r e s p e c t i v e l y .  We
w i l l  r e p e a t  some o f  t h e s e  c a l c u l a t i o n s ,  made e a r l i e r  , f o r
v a r i a b l e  r e s t - m a s s  m e c h a n ic s  i n  s p e c i a l  r e l a t i v i t y ,  i n  
o r d e r  - t o  e m p h a s i s e  t h e  d i f f e r e n c e  b e tw e e n  th e  c o n v e n t i o n a l
t h e o r e t i c a l l y  d e f i n e  4 " f o r c e ” K and  th e  n e t t  p h y s i c a l  
f o r c e  F • a c t i n g  on  a  b o d y .  U s in g  th e  ^sym bols  d e f i n e d  i n
s e c t i o n  2 . 3  o f  c h a p t e r  I I  f o r  t h e  f u n d a m e n t a l  q u a n t i t i e s ,  
o f  r e l a t i v i s t i c '  m e c h a n ic s  o f  v a r i a b l e  r e s t - m a s s e s ,
■' K = F . + G , ( 2 . 1 5 ) 5 * 2 4
where F = M dVv ( 2 . 1 6 ) ;  K = d(M Yv) ( 2 . 1 9 )  an d
0 d t  d t  0
a = Yv  <M ( 2 . 1 8 ) .  
d t
i s  th e  n e t t  p h y s i c a l  f o r c e  a c t i n g  on  t h e
body and  we can  c a l c u l a t e  th e  r a t e  o f  work done by  t h i s  
f o r c e  a s ,
v.ivi d ( t v )0 -t".“tit
I,I d ( r c 2 ) .  ( 2 . 2 3 ) 5 . 2 5
0 I f
A l l  o f  the  work done by t h i s  n e t t  f o r c e  g o es  in to
changing^ the  K.E. o f  the body, the changes b e in g  e n t i r e l y
'due to  the  changes in  the v e l o c i t y  o f  the bod y . T his  
i s  the l o g i c a l  c o n c lu s io n  to the f a c t  t h a t  P, (a s  the
n e t t  p h y s i c a l  fo r c e  which i s  r e f e  red  to  in, the f i r s t  
law o f  m o t io n ) ,  changes the s t a t e  o f  m otion  o f  the body*
Now,' G i s  n o t a p h y s i c a l  f o r c e  (though  i t  has
'the  d im en sio n s  o f  f o r c e )  and d o e s '  n o t  change the s t a t e  
o f  m otion  o f  . the body, and i s  n o t ,  r e l a t e d  in  any way
to  a measurement made by means o f  a sp r in g  b a la n c e .  >
G i s  th a t  p a r t  o f  the r a te  o f  change o f  the  momentum
o f  the body which • g i v e s  us the r a te  o f  change o f  momentum
due e n t i r e l y  to  the changes in  the  r e s t -m a s s  o f  the
body. S in ce  G i s  n o t  a p h y s i c a l  f o r c e ,  the  com p u tation  
G.v can under no c ircu m sta n ce  be c o n s id e r e d  to  be r a te  
o f  work f o r  i t  does n o t  even  g iv e  t h a t  p a r t  o f  the
r a te  o f  change* • o f  the  K.E. o f  the body due to  G. The
com p utation
r  v£  d (M c 2 ) 5 .2 5
02 dt 0
has no m ean in g fu l p h y s i c a l  i n t e r p r e t a t i o n  a s  the  r a te  o f
work. I t  i s  an a r b i t r a r y  com p utation  t h a t  i s  made u s in g
the p h y s i c a l  q u a n t i t i e s  G and v and t h e r e f o r e  g i v e s  a
r e s u l t  o f  no p h y s i c a l  v a lu e .
G.v = v .Y v  d M = 
dt 0
The c a l c u l a t i o n  made by P a u l i ,  f o r  th e  r a t e  o f  
work done by K ( e q u a t i o n  5 . 1 6 ) ,  can  now be a n a l y s e d
a s
Khv A F . v  + G-.v 5e2 6
5 .27
an d  i s  th e  s u m . o f  t h e  r a t e  o f  work done by t h e  n e t t
p h y s i c a l  f o r c e  F and  t h e  p h y s i . c a . l ly  m e a n i n g l e s s  q u a n t i t y  - 
g i v e n  by 5 .2 5 .  I t  i s  t h e r e f o r e  n o t  s u r p r i s i n g  t h a t  a n  
a t t e m p t  t o  e x t r a c t  a  p h y s i c a l  i n t e r p r e t a t i o n  o u t  o f  5 . 2 6 ,
a s  th e  r a t e  o f  .work done by  K , ( a s  i n  t h e  c a l c u l a t i o n
made by  P a u l i  and  o t h e r s )  would  l e a d  to  e r r o r s  and  
m i s c o n c e p t i o n s .
5 .4  HISTORICAL NOTE ‘ ON THE CHOICE OF/’ THE EXPRESSION
FOR . FORCE .
•We. have  a l r e a d y  p o i n t e d  o u t  t h a t  t h e  a u t h o r s
who c l a i m  t h a t  t h e  e x p r e s s i o n  f o r  t h e  f o r c e  i n  r e l a t i v i s t i c
m e c h a n i c s ,  ( f o r  b o d i e s  o f  v a r i a b l e  r e s t - m a s s ) ' ,  i s  t h e
t o t a l  r a t e  o f  change  o f  t h e  4-momentum o f  t h e  body ,
and  i s  an  e x t e n s i o n  o f  th e  N ew ton ian  d e f i n i t i o n  o f  f o r c e ,
( f o r  b o d i e s  o f  v a r i a b l e  m a s s ) ,  a r e  n o t  c o r r e c t .  We have
drawn a t t e n t i o n  to  t h e  f a c t  t h a t ,  i n  N ew ton ian  m e c h a n i c s
o f  moving v a r i a b l e  m a s s e s ,  K = jd^_(Mv) i s  n e v e r  u s e d  a s
d t
th e  n e t t  f o r c e  i n  any  c a l c u l a t i o n s  f o r  e q u i l i b r i u m
c o n d i t i o n s  o r  work done o r  power .
The r e a s o n s  f o r  t h e  c h o i c e '  o f  K = d (M v„)a  -kju o ci'
( q )
a s  t h e  4 - f o r c e  a r e  g i v e n  by P a u l i * w 7 P a u l i ' s  .boolc,
(Q)" Theory  o f  R e l a t i v i t y  , 7 c o n t a i n s  one o f  t h e  e a r l i e s t  
a c c o u n t s  o f  r e l a t i v i s t i c  m e c h a n ic s  o f  v a r i a b l e ,  r e s t - m a s s e s
and i t  was o r i g i n a l l y  w r i t t e n  i n  1921 a s  p a r t  o f  a
" M a t h e m a t i c a l  E n c y c l o p e d i a " .  A l l  h i s  r e a s o n s  f o r '  c h o o s i n g  
K a s  t h e  4 - f o r c e  a r e  g i v e n  i n  one s h o r t ,  p a r a g r a p h  i n  
s e c t i o n  3 5 o f  . p a r t  I I I  o f  l t h i s 1 b o o k . ' - .  We w i l l  q u o te  
t h i s  p a r a g r a p h  "ad  verbum" and  t h e n  exam ine  t h e s e  r e a s o n s  
c l o s e l y ,  f o r  a s  P a u l i ' s  "T heory  o f  . R e l a t i v i t y "  was one 
o f  th e  e a r l i e s t  works  on t h e  s u b j e c t ,  i t  i s  l i k e l y  t o
have had  a  g r e a t  d e a l  o f  i n f l u e n c e  -on t h e  s u b s e q u e n t
d e v e lo p m e n t  '-of t h e  s u b j e c t .  The symbols  u s e d  i n  t h e  
e x t r a c t  (w h ich  i n  f a c t  i s  c o n c e r n e d  w i t h  c o n t in u u m  
m e c h a n ic s )  a r e  = iM /V  th e  d e n s i t y  o f  r e s t - m a s s  and
\ra th e  v e l o c i t y  f i e l d .  We w i l l  i n t r o d u c e  two sym bols  
f o r  f o r c e  f p ' ^  and  f « ^ »  f o r  P a u l i  d e f i n e d  f o r c e  i nCJu .
two ways and .'was a p p a r e n t l y  unaware  o f  ■ th e  f a c t  t h a t
t h e y  were d i f f e r e n t .
P a u l i  w r i t e s ,  "The f a c t  t h a t  f „ v  i s1 a  a
d i f f e r e n t  f rom ' zero, l e a d s  us. t o  a  p e c u l i a r  d i lem m a.  F o r
th e  e q u a t i o n s •hof  m o t io n  can  o n l y  be o f  t h e  fo rm
u d v  = f  ( P a u l i ' s  N o .221)
0 d £ ‘a  a
when f  v  = 0 ,  s i n c e  th e  1*H*S v a n i s h e s  i d e n t i c a l l y  whenQj CO
m u l t i p l i e d  s c a l a r l y  by v . We t h u s  have  to  c h oo se  b e tw e e n
a b a n d o n i n g  e q u a t i o n  230" J E q u a t io n  (290)  i s  g i v e n  a t  ''
-nr
th e  end  o f  t h e  q u o t a t i o n j  " f o r  th e  4- f o r c e  and
a b a n d o n in g  th e  e q u a t i o n s  o f  m o t io n  (221)*  Minkowski  d e c i d e d
i n  f a v o u r  o f  t h e  f i r s t  a l t e r n a t i v e .  T h i s  l e a d s  how ever
t o  a t r a n s f o r m a t i o n  f o r m u l a  f o r  th e  J o u l e  h e a t  d i f f e r e n t  
from , ( 2 9 3 ) %  ^ E q u a t io n  (293)  i s  P a u l i ' s  h e a t  t r a n f o r r n a t i o n  
fo rm u la ,  = ¥ ^ ^ ° / y |  " an d  t h u s  to  a  c o n t r a d i c t i o n
w i t h  t h e  r e q u i r e m e n t s  o f  r e l a t i v i s t i c  th e r m o d y n a m ic s .  The 
c o r r e c t  f o r m u l a t i o n ,  due to '  Abraham i s  a s  f o l l o w s :  I t  w i l l
be '-shown i n  g e n e r a l  r e l a t i v i s t i c  dynam ics  t h a t  a n  i n e r t i a l  
mass m us t  be a s c r i b e d  t o  e v e r y -  k i n d  o f  e n e r g y "  J P a u l i
h e r e  g i v e s  r e f e r e n c e s  t o  two o t h e r  s e c t i o n s  i n  t h e  
book j .  " I f ,  t h e r e f o r e  h e a t  i s  d e v e l o p e d ,  t h e  r e s t - m a s s
d e n s i t y  does  n o t  r e m a in  ' c o n s t a n t  and  th e  e q u a t i o n s  o f
m o t io n  have  to  be w r i t t e n
A_(|Anv n ) = f n '' ( P a u l i ’ s No 294)
dr. o  tt
The o t h e r  e q u a t i o n  (290)  o f  f o r c e  t h a t  P a u l i  r e f e r s  to  
i s  '
f i 2)  = -  c) S„fi ( P a u l i ’ s No 2 9 0 )
P(3
where Sa p i s  d e f i n e d  a s  t h e  energy-momentum t e n s o r ,  l e t  u s  
examine th e  q u o t a t i o n  f rom  P a u l i ' s  b o o k .  P a u l i  i m p l i e s  
t h a t  f^   ^ and  ff" g i v e n  b y  ( 2 9 4 ) and  ( 2 9 0 ) r e s p e c t i v e l y
L I  v l
f l )a r e  t h e  same, t h e y  i n  f a c t  a r e  n o t . .  , i s  t h e  “r a t e
U/ .
o f  change  o f  t h e  t o t a l  d e n s i t y  o f  4-momentum" w h i l e  .
( 2 )f ^  i s  t h e  " d e n s i t y  o f  t h e  t o t a l  r a t e  o f  change  o f
4-momentum", and  th e  two a r e  c l e a r l y  n o t  t h e  same q u a n t i t i e
L e t  u s  a l l o w  P a u l i  t h i s  e r r o r  and  assume t h a t  w ha t  he
r e a l l y  m eant  to  w r i t e  was " t h e  d e n s i t y  of. t h e  t o t a l  r a t e
o f  change  o f  4-momentum", ' ( a s  f o r  example  a d o p t e d  Ly 
M i l l e r  i n  h i s  c o n t in u u m  m e c h a n i c s )  and  examine th e  
r e a s o n  f o r  t h i s -  c h o i c e  o f  f o r c e  e x p r e s s i o n .
The o n l y  r e a s o n  t h a t  i s  - g iv e n  f o r  h i s -  c h o ic e  
o f  t h e  e x p r e s s i o n  f o r  4 - f o r c e  i s  t h a t  i t  i s  c o n s i s t e n t  
w i t h  th e  t r a n s f o r m a t i o n  lav/ o f  h e a t  which  P a u l i  c l a i m s  
s h o u l d  be W ^ ^ ° / y * But  we have  a l r e a d y  d i s c u s s e d
t h i s  t r a n s f o r m a t i o n  e q u a t i o n  ( i n  . s e c t i o n  5*3) and  shown 
t h a t  t h e  o n l y  t r a n s f o r m a t i o n  t h a t  i s  c o n s i s t e n t  w i t h  th e  
f u n d a m e n ta l  c o n c e p t s  o f  r e l a t i v i t y  i s  W = Y W ^ ^ ° ,  an d  
t h i s  does  n o t  .‘i n  any  way c o n t r a d i c t  M in k o w s k i ' s  d e f i n i t i o n  
o f  4 - f o r c e  a s  r e s t - m a s s  x 4 - a c c e l e r a t i o n .
The o n l y  c o n c l u s i o n  t h a t  we can  come t o ,  f rom  
t h e  h i s t o r i c a l  a c c o u n t '  o f  t h e  TJroblem i s  . . t h a t  Pa,u.li 
d e c i d e d  i n  f a v o u r  o f  Abraham1s - d e f i n i t i o n  (294)  r a t h e r  
t h a n  M i n k o w s k i ' s  d e f i n i t i o n  (221)  p u r e l y  on t h e  b a s i s  o f
a t r a n s f  o r m a t f o / l  l aw  which  we have  now fo u n d  to  be
i n c o n s i s t e n t  w i t h  th e  f u n d a m e n t a l  c o n c e p t s  o f  r e l a t i v i s t i c  
m e c h a n ic s  and thermodynamics . .  We on th e  o t h e r  h an d  h ave
c h o s e n  M in k o w s k i ' s  d e f i n i t i o n  o f  f o r c e  a s  b e i n g  e q u a l  t o  
r e s t - m a s s  x 4 - a c c e l e r a t i o n .  The r e a s o n s  f o r  o u r  c h o i c e  a r e
to  be fo u n d  i n  th e  c h a p t e r s  I  and  I I  o f  t h i s  t h e s i s .
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6 . 1  INTRODUCTION.
B e f o r e  a n  a c c o u n t  o f  r e l a t i v i s t i c  m e c h a n ic s  o f  
c o n t i n u o u s  m a t t e r  c an  he g i v e n , ,  i t  i s  n e c e s s a r y  t o  d i s c u s s
th e  c o n c e p t s  o f  m ass ,  momentum and  v e l o c i t y  and' d e f i n e
t h e s e  q u a n t i t i e s  i n  a  s u i t a b l e  m an ne r .
Continuum m e c h a n ic s  i s  a  m a c r o s c o p i c  d e s c r i p t i o n  
o f  m a t t e r  where  e a c h  m a c r o s c o p ic  q u a n t i t y  a t  any  g i v e n  
po in t -  ( i c t ,  r )  i s  d e f i n e d  by  a p p l y i n g  a s u i t a b l e  a v e r a g i n g  
p r o c e s s  t o  t h e  m i c r o s c o p i c  q u a n t i t i e s  . i n  t h e  n e ig h b o u r h o o d
o f  t h e  p o i n t .  The d e f i n i t i o n s  o f  r e s t - m a s s ,  momentum and
v e l o c i t y  have  t o  be a r r i v e d  a t  i n  t h i s  way. H av ing
d e f i n e d  t h e s e  q u a n t i t i e s  we s h a l l  c o n s t r u c t  a  cohtinuum.
m e c h a n ic s  b a s e d  on  t h e  e x p r e s s i o n  o f  / f o r c e  a s  m ass  x A-
a c c e l e r a t i o n .  T h is  d e s c r i p t i o n  o f  m e c h a n ic s  w i l l  be d i f f e r e n -
f rom  t h o s e  fo u n d  i n  t h e  t e x t - h o o k s  and  o t h e r  l i t e r a t u r e
s i n c e  t h e y  are* a l l  b a s e d  on t h e  e x p r e s s i o n  o f  f o r c e  a s
th e  t o t a l  r a t e  o f  change o f  / -m om en tum .  T h i s  new m e c h a n i c s  
w i l l  t h e n  be a p p l i e d  t o  s o l v e  some s im p le  p r o b l e m s  w h ich
a r e  t o  be f o u n d  i n  t h e  t e x t - b o o k s ,  and  t h e  r e a d e r  w i l l
t h e n  be  a b l e  t o  examine t h e  d i f f e r e n c e s  i n  t h e  r e s u l t s
o b t a i n e d  h e r e  and  t h o s e  g i v e n  i n  t h e  t e x t - b o o k s .
6 .2  DENSITIES OF REST-MASS AND MOMENTUM . AND THE
EXPRESSION FOR VELOCITY.
C o n s i d e r  a  c o n s t a n t  number N o f  p a r t i c l e s  i n  
t h e  n e ig h b o u r h o o d  o f  a  p o i n t  i n  a  m a t e r i a l  w h ic h  i s  t o
be regard ed  as  a continuum , th e  number* I'T b e in g  r e l i e d  
upon a s  b e in g  s u i t a b l e  f o r  the  r e q u ir e d  a v e r a g in g  p r o c e s s e s
L et the  volume c o n t a in in g  t h e s e  p a r t i c l e s  be o f  v a lu e  \r0? 
i t s  m agnitude b e in g  a s  e v a lu a te d  i n  the  i n s t a n t a n e o u s - r e s t - ’
frame o f  the  m a tter  a t  the  p o in t ,  where the m eaning o f  
the  term ' in s ta n t a n e o u s - r e s t - f r a m e  i s  as y e t  to  be d e f in e d .
So the  p a r t i c l e  number d e n s i t y  i n  the i n s t a n t a n e o u s - r e s t -  
frame i s
* TCT
n — s 6.1
■ 0 'o  / •
S in ce  V w i l l  be s u b j e c t  to  changes i n  m agnitude , di*e to
d e fo rm a tio n , nQ w i l l  be a f u n c t i o n  o f  b o th  p o s i t i o n  and
tim e i n  the  ‘continuum .
Now supose t h a t /  each  o f  the  i f  p a r t i c l e s ,  when
tak en  i n  . com plete  i s o l a t i o n ,  have i n e r t i a l  ( r e s t )  m asses
o f  m0 ^ ^ ,  m0 ^ ,  m0 ^  e t c . ,  to  F u rth er  suppose0 0 0 0
1" }l “*** ( \  )t h a t  th e  v e l o c i t y  o f  the i  p a r t i c l e  w i th in  be u x' *
**.* o ( i /
Then, i n  a d d i t io n  to  the  i n e r t i a l  mass , th e  i7 o
p a r t i c l e  w i l l  have a " k in e t i c  component" o f  mass
a )  r  u ( i )  u { i ) i ” *where lcv ' -  J l  -  .—— V . L et u s  f u r t h e r  suppose  t h a t
the  t o t a l  work done i n  b r in g in g  each  o f  th e  N p a r t i c l e s
from i s o l a t i o n  ( i n f i n i t y )  to  i t s  p r e s e n t  p o s i t i o n  w i t h in
the  volume V , in d ep en d en t o f  th e  o rd er  o f  a s se m b ly ,  be u '
e q u a l to  ( i n  en ergy  u n i t s ) .  We may now w r i t e  down
an e x p r e s s io n  f o r  the  mean en erg y  p er  p a r t i c l e  w i t h in  Vn , 
u s in g  mass u n i t s  a s
f  v v l  ~where  Y = ^ l  -  —^  j  and  t h e  v e l o c i t y  v ,  s u i t a b l e  f o r
m a c r o s c o p i c  d e s c r i p t i o n ,  i s  y e t  to  be d e f i n e d .  We know
t h a t  a l l  fo rm s  o f  e n e r g y  when i n  m o t i o n  g i v e s  r i s e  t o  
momentum. We may w r i t e  down th e  mean momentum p e r  p a r t i c l e
a s
C i  1
m YV  =  I - j X I  mo ( : L ) k ( l ) - ( l )  + p ( A )  r  f 6 . 3
IT i = l 0 J
—( \ )  0 0  where P '*  1 i s  t h e  momentum o f  t h e  e n e r g y  o f  a s s e m b ly  <
b o t h  o f  which  e r e  t o  be a s s o c i a t e d  w i t h  t h e  p o n d e r a b l e
m a t t e r  w i t h i n  t h e  volume V . From, e q u a t i o n  6 . 2  a n d  6 . 3
.we o b t a i n  th e  e x p r e s s i o n  f o r  t h e  v e l o c i t y  o f  t h e  c o n t in u u m
a t  a  p o i n t  a s
. N
mo ( l ) k ( % ( i ) ' +  f ( A )  
v  =  — -  - — —— ----------- :-------- — ------------------  . - 6 . 4
B e fo re  we a r e  a b l e  t o  s a y  t h a t  t h e  above e q u a t i o n  d e f i n e s  
t h e  v e l o c i t y  f i e l d  o f  t h e  m a t e r i a l  co n t in u u m ,  t h e r e  i s  an  
i m p o r t a n t  c o n d i t i o n  t h a t  h a s  t o  be im posed  on t h e  v a l u e s  
o f  u ( i )  and th e  v a l u e  o f  P ^ ^  and  T h i s  c o n d i t i o n
w i l l  emerge f rom  t h e  f o l l o w i n g . d i s c u s s i o n .
The e q u a t i o n  6.4- g i v e s  u s  a  m ethod  o f  d e f i n i n g
th e  i n s t a n t a n e o u s - r e s t - f r a m e  a t  a  p o i n t  i n  t h e  c o n t in u u m .
The i n  s t  a n t  a  ne ou s - r e  s t - f r a m e  i s  one i n  w h ich  th e  * v a lu e  o f  
v i s  z e r o /  Then, s i n c e  t h e  v a lu e  o f  e n e r g y  i n  t h e  
d e n o m i n a t o r  o f  t h e  e x p r e s s i o n  on th e  HiH«S o f  6 . 4  i s  
non  z e r o  an d  f i n i t e ,  t h e  n u m e r a t o r - m us t  he ze ro*  Then, 
u s i n g  a  z e r o  i n d e x  t o  d e n o te  q u a n t i t i e s  m e a s u re d  i n  t h i s  
i n s t a n t a n e o u s - r e s t - f r a m e , we have  th e  c o n d i t i o n  ' f o r  t h i s  
fram e a s
N V
2  m °( i ) k ^ i ) o u ( i ) o  f  P (A)o = ■ ■ 0 .  6 . 5
i = l  0
The i n s t a n t a n e o u s - r e s t - f r a m e  i n  w hich  t h e  above c o n d i t i o n  
h o l d s  c an  a l s o  be r e f e r r e d  t o  a s  t h e  c e n t r e  o f  m ass  
f ram e b e c a u s e  t h e  c e n t r e  o f  mass  o f  t h e  m a t t e r  w i t h i n
th e  volume V w i l l  be  i n s t a n t a n e o u s l y  a t  r e s t  i n  t h i s
i n e r t i a l  f rame* how t h e  v e l o c i t y  o f  t h e  m a t t e r  a t  any  
p o i n t  i n  t h e  m a t e r i a l  c o n t in u u m  i s  t h e /  v e l o c i t y  o f  t h e  
c e n t r e  o f  mass f ram e ( o r  t h e  i n s t a n t a n e o u s - r e s t - f r a m e ) a t  
t h e  p o i n t *  So th e  v e l o c i t y  v d e f i n e d  by e q u a t i o n  6*4
m ust  g i v e  t h e  v e l o c i t y  o f  t h e  c e n t r e - o f - m a s s  f r am e  a t  
t h e  p o i n t *  But  th e  v a l u e s  o f  u ^ ^ °  and  t h e  v a l u e s  o f  
and  a r e  m e a su re d  i n  t h e  i n s t a n t a n e o u s - r e s t -
f ram e  and  i m p l y -  s i m u l t a n e i t y  i n  m e a su re m e n ts ,  i n  t h i s  
f r a m e * Then, f o r  v  t o  be e q u a l  t o  t h e  v e l o c i t y  o f  t h i s
i n s t a n t a n e o u s - r e s t - f r a m e  . when o b s e r v e d  f rom  some a r b i t r a r y  
f r a m e ,  a l l  v a l u e s  o f  u ^ ’\  p ^ ^  and  m us t  be t h e
same a s  t h o s e  o b t a i n e d  by  a p p l y i n g  a  l o r e n t z  t r a n s f o r m a t i o n
to  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  v a lu e s *  Then, i f  vAK) a n d
a ) 'P '1 fo rm  a 4—v e c t o r  o f  momentum a s
Then, t h e s e  q u a n t i t i e s  m us t  he o b t a i n e d  f rom  t h e i r  v a l u e s  
i n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  a s
6 *  8
and
S in c e  a l l  t h e s e  q u a n t i t i e s  a r e  m e a s u r e d s i m u l t a n e o u s l y  i n  
t h e  i n s t a n t a n e o u s - r e s t - f r a m e ,  t h e y  w i l l  n o t  be s i m u l t a n e o u s
6 . 4  w i l l  d e f i n e  m ass ,  momentum and  v e l o c i t y  o n l y  i f  a l l  
t h e  v a r i o u s  m ea su re m e n ts  o f  t h e  m i c r o s c o p i c  q u a n t i t i e s  a r e  
s i m u l t a n e o u s  i n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  w h ich  i s  d e f i n e d  
by  e q u a t i o n  6 . 5 * . T h i s  a l s o  means t h a t  t h e  mean, r e s t - m a s s  
p e r  p a r t i c l e  m g i v e n  by t h e  e q u a t i o n  6 . 2  i s  o b t a i n e d
from . t h e  m e a su re m e n ts  made i n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e
m e a su re m e n ts  i n  any  o t h e r  f ram e o f  r e f e r e n c e .  So i t  i s
i m p o r t a n t  t o  remember t h a t  t h e  e q u a t i o n s  6 . 2 ,  6 . 3  and
Only i n  t h i s  way c an  we make m i n v a r i a n t  t o  change
o f  . i n e r t i a l  f ram e  and  t h e r e f o r e  a  s c a l a r  i n  a  4 - d i m e n s i o n a l
d e s c r i p t i o n ®  Of c o u r s e  nr w i l l  be a  f u n c t i o n  o f  b o t ho
p o s i t i o n  and t i m e .
U s in g  t h e  sym bols  d e f i n e d  by t h e  e q u a t i o n s  6 .6  
and  6 . 7  we can  w r i t e  down'  t h e  d e n s i t y  o f  4-momentum o f  
t h e  m a t t e r  a t  a  p o i n t  a s
n m v  -> « 6 .1 1o o a  —- ( o a
N I
S in c e  a l l  t h e  v a l u e s  on t h e  R .H .S  a r e  to  be m e a s u r e d  
so t h a t  t h e y  a r e  s i m u l t a n e o u s  i n  t h e  i n s t a n t a n e o u s - r e s t -  
f r a m e ,  we w i l l  o b t a i n  t h e  above e q u a t io n ,  f rom  a  L o r e n t z  
t r a n s f o r m a t i o n *  o f  t h e  r e s t  f ram e  v a l u e s  a s
n omo v a  “  ^  mo ( l ) u ( i )o + p (A)oj.  > 6 . 1 2
I  -1 ' ~ ±  S '
N
f III
D
I  A - ln I Y  A  o ( i )  ( i ) o A  (A)oi, * n .
” ) i ^ l   ^ m° + u|3 j  V .
Then, u s i n g  6 . 8  and  6 . 9  we r e  t u r n  t o  e q u a t i o n  6 . 1 1  a s
W a  = + p J A)) »  6 . U
'■jjf l 1—  j
C l e a r l y ,  t h e  c o n d i t i o n  r e g a r d i n g  s i m u l t a n e i t y  i n  t h e  
i n s t a n t a n e o u s - r e s t - f r a m e  i s  a n  i m p o r t a n t  one and  i s  e s s e n t i a  
f o r  t h e  i n t e r n a l  ’ c o n s i s t e n c y  o f  t h e  v a r i o u s  m a c r o s c o p i c
q u a n t i t i e s t h a t  are defined*
•6 .3  DENSITY OP FOUR-FORCE AND THE ENER GY-MOIIENTUM
TENSOR OF "PONDERABLE MATTER".
We have a l r e a d y  d i s c u s s e d  t h e  e x p r e s s i o n  f o r  th e  
n e t t  f o r c e  f o r  b o t h  N ew ton ian  m e c h a n ic s  a s  w e l l  a s  f o r
m e c h a n ic s  i n  t h e  S p e c i a l  T h eo ry  o f  R e l a t i v i t y  i n  C h a p t e r s  
I  a n d .  I I .  We have  'shown t h a t  i n  t h e  m e c h a n ic s  o f
v a r i a b l e  r e s t - m a s s e s  t h e  e x p r e s s i o n  f o r  f o r c e  s h o u l d  be
r e s t - m a s s  x 4 - a c c e l @ r a t i o n  and  n o t  t h e  t o t a l  r a t e  o f  change  
o f  4-momentum w i t h  r e s p e c t  t o  p r o p e r  t i m e .  S in c e  t h e  v a l u  
o f  t h e  mean m ass  p e r  p a r t i c l e  m ■ s u i t a b l e  f o r  t h e
m a c r o s c o p ic  d e s c r i p t i o n  o f  c o n t i n u o u s  m a t t e r  i s  a  f u n c t i o n
o f  p o s i t i o n  and t i m e ,  t h e  e x p r e s s i o n  f o r  t h e  mean f o r c e
p e r  p a r t i c l e  . would be
rii d v  *. 6 . 1 5
0 dr a "■/ , -
We t h e n  o b t a i n  t h e  d e n s i t y  o f  . 4 - f o r c e  by  m u l t i p l y i n g  t h e  
above e q u a t i o n  by  t h e  p a r t i c l e  d e n s i t y  n Q a s
f  -  n  in d v  . 6 . 1 6a  o o ^  a
We now decompose t h i s  e q u a t i o n  f o r  t h e  d e n s i t y  o f  4 - f o r c e  
a s  •
f  "s ,
f  ™ n d im v.  I ~ n  v  d m « 6 . 1 ?
0 l l  0 “J ° “Un?°
Then, a s s i g n i n g  th e  sym bols  , lc and  gQ to  t h e  two t e r m s  
on t h e  R .H .S .  o f  6*17 a s  '
k = a d im v } ,  6 .18
a 0 d t l °  a J
t h e  d e n s i t y  ‘ o f  t h e  t o t a l  r a t e  o f  change  o f  4-momentum, 
and
g„ = n v„ d nr s 6 .19
cRf
t h e  d e n s i t y  o f  t h e  r a t e  o f  change  o f  4~momentuin due 
e n t i r e l y  
6 . 1 ?  a s
t o  t h e  c h a n g e s  i n  m . We r e - w r i t e  t h e  e q u a t i o n
~  *  6 . 2 0
The p h y s i c a l  i n t e r p r e t a t i o n s  o f  f a , k a  and  g a  a r e  t h e
same a s  t h o s e -  g i v e n  i n  s e c t i o n  2 .3  o f  . c h a p t e r  I I  a n d  w i l l
n o t  be r e p e a t e d  h e r e .  The o n l y  d i f f e r e n c e  b e tw e e n  t h o s e  
q u a n t i t i e s  F , K and G- d i s c u s s e d  e a r l i e r  i n  c h a p t e r  I Ivl CL (X '
and  t h e  q u a n t i t i e s  f  . k and  gn i n  t h e  above  e q u a t i o n
C L  CL CL
6 .2 0  i s  t h a t  . t h e  l a t t e r  q u a n t i t i e s  a r e  d e n s i t i e s  a n d  a r e
a l s o  f u n c t i o n s  o’f  p o s i t i o n  and t im e  an d  a r e  t h e r e f o r e  t o
be t r e a t e d  a s  4 - v e c t o r  f i e l d s .
A c c o r d in g  t o  t h e  e x p r e s s i o n  o f  - f o r c e  we have
given*, v an d  f  a r e  a lw a y s  o r t h o g o n a l  a t  ' an y  p o i n t .
CL CL
Row, u s i n g  t h e  e q u a t i o n  f o r  th e  c o n s e r v a t i o n  o f
p a r t i c l e  number ,  ( s e e  A ppendix  I  f o r  . d e r i v a t i o n ) ,
cl n = -  n o v  , 6 <.21
o f  0 0 5 x a  a
t h e r e  i s  a n  e a s i l y  d e r i v e d  t h e o r e m  f o r  any  ' p h y s i c a l  
q u a n t i t y  X w hich  i s  a  f u n c t i o n  o f  p o s i t i o n  a n d  t im e  
( i . e .  f u n c t i o n  o f  x ) i n  a  4 - d i m e n s i o n a l  d e s c r i p t i o n ,
w
w h e t h e r  i t  be a  s c a l a r  o r  a  t e n s o r  a s  ( s e e  A p pend ix  I I )
« l n 0 J *>xa
n d jX  L ■= d J Xvl 1 . 6 .2 2
The a p p l i c a t i o n  o f  t h i s  th e o re m  to  t h e  R .H .S .  o f  t h e  
e q u a t i o n  6 .1 7  f o r  t h e  4 - f o r c e  g i v e s
f  = b  J n  m v • va I- -  v_ 7) J n m  v n I . - 6 .2 3a  ‘•r™ 1 o , o  a  p f  a ~  ) o o p f
The q u a n t i t y  n omova v (3 d e f i n e d  a s  t h e  energy-momentum
t e n s o r  . o f  !! p o n d e r a b l e  m a t t e r ” . The r e a s o n  f o r  t h i s
d e f i n i t i o n  i s  e a s i l y  u n d e r s t o o d  when t h e  t e r m s  o f  t h i s
' )t e n s o r  a r e  ex am in e d .  We' a s s i g n  t o  i t  t h e  symbol  *' *
Tin = n  m„v„vn . : 6 . 2 4o,p o o a  p
m(P.M) •
Then, n  m v a = -  *a{3 . v  . 6 . 2 5? o o p  — & a
. od
Then, t h e  s u b s t i t u t i o n  'of t h e  e q u a t i o n s  6 .2 4  an d  6.215 i n  
6 .2 3  s i m p l i f i e s  th e  e x p r e s s i o n  f o r  t h e  4 - f o r c e  t o
f a
r p ( P . M )
"Pa
L ( p . m ) v .
?  S 3 i p v px xj
T h i s  e x p r e s s i o n  f u r t h e r  s i m p l i f i e s  due to  t h e  f a c t  t h a t
0 , 6 .2 7
t o  g iv e
a L _Bx,
m ( P e M ) 
xPa v v.a/X B T 
2 px 6 c 28
o r  a s
a 8aX + Ta M 3
^  PX'2 6 . 2 9
where  i s  t h e  t e n s o r  g i v e n  by
and
. ^ = 1 when 'a=X,
» ^ = 0 when a  ^  X„ Now u s i n g  th e  . s y m b o l s  d e f i n e d  by  
th e  e q u a t i o n s  6 . 1 8  and  6 .1 9  f o r  k  and  ga  we 'have ,  ...
f .a aX 2~
k.. 6 . 3 0
v avX( kX 6 . 3 1
6 . 4  NEWTON'S THIRD LAW' AND THE CONSERVATION LAWS IN 
THE DESCRIPTION OF ''CLOSED SYSTEMS11. '
Fo r  any  volume e l e m e n t  hVQ o f  th e  m a t t e r  c o n t in u u m ,  
t h e  n e t t  f o r c e  a c t i n g  on t h e  m a t t e r  i n  t h i s  volume i s
g i v e n  by  T h i s  f o r c e  which  i s  a c t i n g  on th e
" p o n d e r a b l e  m a t t e r "  w i t h i n  th e  v o lu m e ' S>V i s  a lw a y s
a cc o m p a n ie d  by  a  r e a c t i o n  f o r c e  &VQf , where i s
t h e  d e n s i t y  o f  t h e  r e a c t i o n  f o r c e ,  ( t h e  n a t u r e  o f  w hich  
i s  t o  be d i s c u s s e d  l a t e r )  su ch  t h a t  N e w to n s ’ T h i r d  Law
h o l d s  and  ' may t h e r e f o r e  be w r i t t e n  a s
&V f  + = • 0 6 c32u  o a  °  o a
so t h a t  f  + = 0 .  6 . 3 3CL U/
Im media te  j u s t i f i c a t i o n  o f  t h i s  l aw  i s  p o s s i b l e  b y  c o n s i d e r i n '  
t h e  f o r c e  4 - v e c t o r  f  i n  th e  i n s t a n t a n e o u s - r e s t - f r a m e  a t
U/
t h e  p o i n t ,  where i t s  t i m e - l i k e  component  v a n i s h e s  and  where  
i t s  3 - sp a c e  component e q u a l s  t h e  N ew ton ian  v a l u e  o f  f o r c e  
d e n s i t y ,  and  t h e n  by  a p p e a l i n g  t o  t h e  T h i r d  Law o f  
N ew ton ian  m e c h a n i c s .  I t  i s  a l s o  j u s t i f i e d  ( a s  i n  t h e
s e q u e l )  b y  i t s  c o m p le te  c o n s i s t e n c y  w i t h  t h e  w e l l  e s t a b l i s h e d  
la w s  o f  c o n s e r v a t i o n  o f  e n e r g y  and  momentum.
O f t e n  i t  w i l l  be f o u n d  u s e f u l  to ; s u b d i v i d e  t h e  
r e a c t i o n  f o r c e  f ~ ^  i n t o  sub-, s y s t e m s .  F o r  ex am p le ,  we may 
d i v i d e  a  sy s te m  a s  f o l l o w s .
-  ' f (H) = f (H l)  + f (R2) 6>34
a  a  a  J
where t h e  com ponents  o f  f ^  ' have  d i s t i n c t  c h a r a c t e r i s t i c s
CL
w hich  we w i l l  h e r e  w r i t e  down a s ,
( I ) .  ”^ ie r e a c t i o n  f o r c e  a c t i n g  on t h e
" p o n d e r a b l e  m a t t e r "  i m m e d i a t e l y  o u t s i d e  t h e  b o u n d i n g
s u r f a c e  o f  t h e  volume £>V_ ( i . e .  • a  r e a c t i o n  o f0
m e c h a n i c a l  a c t i o n )
f (B2) 
a
" f i e l d  r e a c t i o n " )
( I I ) .  &V ' i s  t h e  r e a c t i o n  f o r c e  on f i e l d s  ( i . e .  a'  O CL '
Now, i n  t h e  c a s e  o f  t h e  f o r c e  d e n s i t y  f  a c t i n g
on t h e  " p o n d e r a b l e  m a t t e r " ,  we may assume ( w i t h  a d e q u a t e
j u s t i f i c a t i o n  i n  t h e  s e q u e l )  t h a t  t h e  f o r c e  f  o fa
r e a c t i o n  c an  a l s o  be w r i t t e n  down a s
where  t h e  i n t e r p r e t a t i o n s  o f  and  w i l l  c o r r e s p o n d
t o  t h o s e  f o r  p o n d e r a b l e  m a t t e r  g i v e n  e a r l i e r .  Hence t h e  
Law o f  C o n s e r v a t i o n  o f  E nergy  an d  Momentum may now be 
f o r m a l l y  s t a t e d  a s
k n + k ^  = 0 .  /  6 .36CL CL
T h i s  law  t o g e t h e r  w i t h  t h a t  o f  t h e  e q u a l i t y  o f  a c t i o n  
and  r e a c t i o n  ( e q u a t i o n  6 .3 3 )  g i v e s  u s  t h a t
^  = 0 .  6 .3 7'a + ga
T h is  l a s t  e q u a t i o n  ( 6 . 3 7 )  w i l l  be f o u n d  t o  be  p a r t i c u l a r l y  
u s e f u l  i n  t h e  d i s c u s s i o n  o f  t h e  c h a n g e s  o f  a l l  fo r m s  o f  
i n t e r n a l  e n e r g y  (we d e f i n e d  i n t e r n a l  e n e r g y  i n  s e c t i o n  5 .2  
o f  c h a p t e r  V a s  a l l  fo rm s  o f  e n e r g y  w hich  c o n s t i t u t e  
t h e  r e s t - m a s s  i . e .  h e a t  e n e r g y ,  s t r e s s  e n e r g y ,  e l e c t r i c
p o l a r i s a t i o n  e n e r g y ,  m a g n e t i s a t i o n  e n e r g y  e t c . )  o f  th e  
m a t e r i a l  co n t in u u m .
6 . 5  THE EHERGY-MOMENTUM TENSOR 1 " ? ' 03? THE REACTION SYSTEM.
V/e h e r e  assume ( a s  i t  h a s  b e e n  assum ed  and 
j u s t i f i e d  i n  p r e v i o u s  work on t h e  s u b j e c t )  t h a t  t h e  v a l u e  
o f  t h e  r a t e  o f  change  o f  t h e  t o t a l  d e n s i t y  o f  4 - momentum 
o f  t h e  r e a c t i o n  sy s te m  i s  g i v e n  by  th e  d i v e r g e n c e  o f  . an  
e ne rgy-mome ntum t e n s o r  a s
= £  2 ^ ,  6 . 3 8(X 5T"*’ pcxo
( t ? )  .
where ^ (3  i s  ene rgy-mome ntum t e n s o r  o f  t h e  r e a c t i o n
s y s te m .  V/e c an  ’ t h e n  w r i t e  down th e  d e n s i t y  o f  t h e  r a t e
o f  change  o f  t h e  4-momentum o f  t h e  p o n d e r a b l e  m a t t e r  f rom
e q u a t i o n  6 .3 6  a s
p- -  ^-7 a-P > 'i ''
I t  f o l l o w s  t h a t  t h e  d e n s i t y  o f  4 - f o r c e  a c t i n g  on t h e  
p o n d e r a b l e  m a t t e r ,  a s  g i v e n  b y  t h e  e q u a t i o n  6 . 3 0 ,  c a n  be 
w r i t t e n  a s
JL f i E) = -  k . o ,  + V3 V\ U  T . l }(3 • (3 ] (31 —— ~ u.X
0 J U n
6 . 4 0
We f u r t h e r  have  f rom  e q u a t i o n  6 .3 1  f o r  ga  t h a t
6 . 6  THE TOTAL ENERGY-MOMEKTUM TENSOR T ^  AND ITS 
DECOMPOSITION INTO AND T^g ^ .
The lav/ o f  c o n s e r v a t i o n  o f  e n e r g y  and  momentum 
was g i v e n  i n  t h e  p r e v i o u s  s e c t i o n  b y  t h e  e q u a t i o n  6* 39 
a n d  may be w r i t t e n  a s
k fi -  ^  Tn R 'M) = 6 - 4 2
P 15x a  a|3  a p
T h is  g i v e s  u s  t h e  e q u a t i o n
= 0 ,  6 .4 3
and  by  d e f i n i n g  a  t o t a l  energy-momentum t e n s o r
m(f )  _ j  ■ m(^) g / , a
a{3 -  i afr + a0 5 bc 44
th e '  c o n s e r v a t i o n  l a w s  may be  w r i t t e n  s im p ly  a s
v ( m
0  = 0 .  6 . 4 5
Xx a f 3  .° xa
( t )The ener/rv-m omentum t e n s o r  T'~ now c o n t a i n s  a l l  f o rm s  o fwu o,p
e n e r g y  and momentum, i . e .  a l l  t h o s e  a s s o c i a t e d  w i t h  th e
" p o n d e r a b l e  m a t t e r "  a s  w e l l  a s  a l l  t h o s e  n o t  a s s o c i a t e d  
w i t h  t h e  " p o n d e r a b l e  m a t t e r "  i n  t h e  g i v e n  ' r e g i o n  o f  t h e  
co n t in u u m .
Now, i n  o r d e r  t o  w r i t e  • down t h e  c o n s e r v a t i o n  
e q u a t i o n  a s  ( 6 . 3 9 )  o r  to  w r i t e  down t h e  f o r c e  e q u a t i o n  
(6..40) o r -  t h e  /  e q u a t i o n  f o r  g i n  t h e  form  o f  ( 6 . 4 1 )  weIt f
(R)ne ed  to  know t h e  v a l u e  o f  t h e  t e n s o r  Ta{3 T h i s  means
t h a t  we have  t o  .b e  a b l e  t o  decompose t h e  t o t a l  t e n s o r
m( T )  . . . * ' m(R)^ g{3 m t o  i t s  com ponen ts and T(P.M) and  t h i s  i s  n o ta,6 >
a s  e a s y  a s  i t  may seem a t  f i r s t  s i g h t .  L e t  u s  w r i t e  
o u t  t h e  e q u a t i o n  6 .4 4  i n  f u l l  and  examine  w ha t  i s  m ean t  
by  t h e  d e c o m p o s i t i o n  i n  d e t a i l .  Then, f rom  6 . 4 4  v/e. h a v e ,
! -  !
y  j
a -  r
icGr (T)
\
i  S 
o
(T) f ( T )
\
-W
'j ___
I
I i  S
(P.M) iicG (P.M)
1"I
(P.M)! Tff(P.M)I 1 ‘
i icG
We t h e r e f o r e  have  16 e q u a t i o n s  w h ich  can  be w r i t t e n  
c o n v e n i e n t l y  a s
W( t ) w(P.M) + W(R) 6 .4 7
(T) •g(P.M) + -g(R) 6 . 48
Gr (T) G(P.M) + Gr(R) 6 . 4 9
and w(T) ijf(P.M) + 6 .  50
where W i s  t h e  d e n s i t y  o f  e n e r g y ,  *S i s  t h e  d e n s i t y  o f  
e n e r g y  f l o w ,  *5 i s  t h e  d e n s i t y  o f  momentum and  l '  i s  t h e  
momentum f lo w  d e n s i t y  w hich  i s  w r i t t e n  i n  d i a d i c  n o t a t i o n  
and  h a s  9 t e r m s .  I n  t h e  f o u r  e q u a t i o n s  a b o v e ,  6*47,  6 . 4 8
6 .4 9  a.nd 6 . 5 0 ,  e a c h  o f  t h e  q u a n t i t i e s
and  t 'v1' have  to  be c o r r e c t l y  d i v i d e d  i n t o  two,  one f o r
t h e  p o n d e r a b l e  m a t t e r  and  t h e  r e m a i n d e r  f o r  t h e  r e a c t i o n
s y s te m .  The d e c o m p o s i t i o n  i s  g r e a t l y  s i m p l i f i e d  i f  we
examine t h e s e  e q u a t i o n s  i n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e , f o r ,  
a s  i s  g i v e n  by  n 0mov a v^- , a l l  t h e  t e r m s  o f  t h e
i n s t a n t a n e o u s - r e s t - f r a m e  t e n s o r  T ^ c^ °  v a n i s h  e x c e p t  f o r  t h e
f p  m ) o ' 2 -e n e r g y  t e r m  ■ wv ’ ' w h ich  now e q u a l s  n 0m0 c • So we have
th e  i n s t a n t a n e o u s - r e s t - f r a m e  e q u a t i o n s
w W °  = n omQc 2 W ^ - ° ,  6 . 5 1
S (T)o = S (E)o , 6 . 5 2
and ,  t ( T ) o = t ( r ) ° . .■ ■ 6 . 5 4
The p ro b le m  i s  t o  d e t e r m i n e  t h e  v a l u e s  o f  ■ ° ,
■g(h)° an(j  rj.(R)6, ■ ijy SOJJie means and  t h e n  t h e  c o n s e r v a t i o n
law s  and  th e  f o r c e  e q u a t i o n  can  be w r i t t e n  down i n  d e t a i l
The r e m a i n d e r  o f  t h i s  * t h e s i s  i s  d e v o te d  to  t h i s  p r o b le m
and we s h a l l  d i s c u s s  .a  m ethod  o f  d e t e r m i n i n g  t h e s e  v a l u e s ’
and  p r o c e e d  to  e v a l u a t e  them f o r  v a r i o u s  t y p e s  o f  c o n t i n u e
m ed ia  s u b j e c t e d  t o  v a r i o u s  t y p e s  o f  f o r c e s .
C H A P T E R  VI I
THE • THEOREM OE. VIRTUAL POWER
7 . 1  INTRODUCTION.
I n  t h e  c h a p t e r  VI we d e v e l o p e d  t h e  f u n d a m e n t a l
i d e a s  o f  con t in u u m  m e c h a n i c s .  The m e c h a n ic s  we d e v e l o p e d
was d i f f e r e n t  f rom  t h e  c o n v e n t i o n a l  r e l a t i v i s t i c  m e c h a n i c s  
d i s c u s s e d  i n  th e  t e x t - b o o k s .  The c o n c e p t  o f  f o r c e  w h ich  
we d i s c u s s e d  i n  d e t a i l  i n  t h e  p r e v i o u s  c h a p t e r s  l e a d  u s  
t o  t h e  e x p r e s s i o n  f o r  f o r c e  a s  r e s t - m a s s  x 4 - a c c e l e r a t i o n  
r a t h e r  t h a n  a s  t h e  t o t a l  r a t e  o f  change o f  t h e  4~momentum. 
I n  a d d i t i o n ,  o u r  c o n c e p t  o f  mass o f  p o n d e r a b l e  m a t t e r
i n c l u d e d  e n e r g i e s  w h ich  have p r e v i o u s l y  n o t  b e e n  i n c l u d e d  
i n  i t .
We now p r o c e e d  t o  d e v e lo p  a  t e c h n i q u e  o f
c a l c u l a t i n g  f o r c e s  i n  m a t e r i a l  c o n t i n u o u s  m ed ia  by
* • 1 ( j? ^c a l c u l a t i n g  t h e  ene rgy-mome ntum t e n s o r  o f  r e a c t i o n  
w hich  we have d e f i n e d  i n  t h e  p r e v i o u s  c h a p t e r  ( s e e  s e c t i o n s
6 . 4  and  6 . 5  o f  c h a p t e r  V I ) .  The t e c h n i q u e  i s  s i m i l a r
i n  many r e s p e c t s  t o  t h e  t h e o r e m  o f  v i r t u a l  power  a s '  
d e r i v e d  by P e n f i e l d  a n d  Haus (P .  P e n f i e l d  & H. H a u s ) .
However,  t h e s e s .two a u t h o r s  u s e d  a  t h e o r y  o f  m e c h a n i c s  
( d e v e l o p e d  by  them) w hich  i s  f u n d a m e n t a l l y  d i f f e r e n t  f ro m  
t h a t  d e v e lo p e d  i n  t h i s  t h e s i s .  They assum ed  ( w i t h o u t  
g i v i n g  any  j u s t i f i c a t i o n )  t h a t  t h e  r e s t - m a s s  M o f  a  
c o m p o s i te  body ,  c o n t a i n i n g  a  c o n s t a n t  number N o f  p a r t i c l e s
to  be a  c o n s t a n t  s c a l a r .  T h i s  m ean t  t m  i  i n  t h e i r
c o n t in u u m  m e c h a n ic s  t h e  mean r e s t - m a s s  p p a r t i c l e  mQ was
a c o n s t a n t  s c a l a r .  So, t h e i r  e x p r e s s i o n  f o r  f o r c e  c o u ld  
be w r i t t e n  e i t h e r  a s  mass x a c c e l e r a t i o n  o r  a s  t o t a l  r a t e  
o f  change  o f  momentum, i . e .  a c c o r d i n g  to  t h e s e  two a u t h o r s
f  = n m  d v =s n^ d in v  , 7*1a  o o a  , ° I  o a
w hich  means t h a t
f  = '  k  . 7 . 2a a
P e r h a p s  t h e y  h a d  f o u n d  d i f f i c u l t i e s  w i t h  t h e  c o n v e n t i o n a l  
d e f i n i t i o n  o f  f o r c e  ( a s  u s e d  f o r  v a r i a b l e  r e s t - m a s s e s  i n  
The T heory  Of R e l a t i v i t y  by  M i l l e r )  and  d e c i d e d  t o  o v e r ­
come t h e s e  d i f f i c u l t i e s  by  a s s u m in g  t h e  r e s t - m a s s  t o  -be
a  c o n s t a n t  s c a l a r .  C l e a r l y  t h i s  c o n c e p t  o f  r e s t - m a s s  i s
n o t  c o n s i s t e n t  w i t h  t h e  f u n d a m e n ta l  c o n c e p t s  o f  E i n s t e i n 1s
R e l a t i v i t y  and  may w e l l  be shown t o  ’ be i n  e r r o r  by  
d i r e c t  e x p e r i m e n t a l  m easu re m e n t  o f  r e s t - m a s s .  T h i s  u n f o r t u n a t e
e r r o r  i n v a l i d a t e s  t h e  work o f  P e n f i e l d  and  Haus w h ic h
o t h e r w i s e  shows a  good u n d e r s t a n d i n g  o f  t h e  s u b j e c t .
I n  t h i s  c h a p t e r ,  we ' w i l l  d e r i v e  th e  Theorem ’ Of 
V i r t u a l  Power f rom  t h e  f u n d a m e n t a l  e q u a t i o n s  o f  m e c h a n i c s
t h a t  we have d i s c u s s e d  so f a r .  V/e w i l l  t h e n  d i s c u s s  how
t h i s  th e o re m  can  . be u s e d  t o  c o m p le t e ,  t h e  e x p r e s s i o n  o f
T ^ 7 . A p p l i c a t i o n s  o f  t h e  th e o re m  w i l l  be d e a l t  w i t h  m
th e  s u b s e q u e n t  c h a p t e r s .  . . .
7 . 2  DERIVATION OP . THE THEOREM OP ' VIRTUAL POWER.
The e x p r e s s i o n  f o r  t h e  d e n s i t y  o f  f o r c e  i n  a
m a t e r i a l  con t inuum  was d i s c u s s e d  i n  s e c t i o n  6 .3  o f  
c h a p t e r  VI an d  was g i v e n  by e q u a t i o n  6 .1 6  a s
f ft = n  in d v ft. 7*3P o o  ^  p
T h is  we f o u n d  c o u l d  be w r i t t e n  a s
fp  -  kp -  g^ ,  7 ° 4
■where k ^ ,  t h e  d e n s i t y  o f  t h e  t o t a l  r a t e  o f  change  o f  
4-momentum c o u ld -  be w r i t t e n  i n  a  number o f  d i f f e r e n t  
ways a s ,
\  ■  V f e V ' p  -  7 . 5
and  s i m i l a r l y  a  .num ber  o f  e x p r e s s i o n s  / f o r  a s ,
e  -  -  n v  fl m -  V l  1 / _ v f!V7, y ( E ) -7 ggp -  Sp -  n0vp IjP o " - ^ 4  “ -JiU-
c , c “
V/e may t h e r e f o r e  r e - w r i t e  t h e  e q u a t i o n  7*4 f o r  t h e  4 - f o r c e  
u s i n g  7*5 and- ' 7 , 6  a s ,
f p “  n ° VP w mo ’ 7 * 7
a
I f  we m u l t i p l y  t h e  above e q u a t i o n  7*7 by t h e  v e l o c i t y  
4 - v e c t o r  v ^ ,  v/e o b t a i n ,  . .
w hich  on a c c o u n t  o f  t h e  o r t h o g o n a l i t y  o f  v^ and  
s i m p l i f i e s  to  g i v e ,
o = - V jL ig )  . + V c 2 d.m0 , 7.9
o x a  a t
I f  we r e d u c e  ’t h i s  e q u a t i o n  t o  t h e  i n s t a n t a n e o u s - r e  s t - f r a m e  
a t  t h e  p o i n t , .
n  J d  m e 2 } = r ° J d  Ti£'S- , 7 . 1 1
we o b t a i n  by  di-re c t  c a l c u l a t i o n ,
/"S ^ l
f e  3 J
n 0 J <L % c 2 ] °  = -  f v -  S (R) ) °  7 . 1 2
where  we have  u s e d  t h e  sym bols  d e f i n e d  i n  t h e  s e c t i o n
6 .6  o f  c h a p t e r ,  VI.
The v a l u e s  o f  and  r e q u i r e d  f o r  t h e
e q u a t i o n  7 . 1 2  c an  be o b t a i n e d  by t r a n s f o r m i n g  th e  
i n s t a n t a n e o u s - r e s t - f r a m e  t e n s o r  T ^ j p 0 . The- t r a n s f o r m a t i o n  
c a l c u l a t i o n s  n e e d  o n l y  to  be c a r r i e d  o u t  t o ' t h e  f i r s t  
o r d e r  i n  t h e  v e l o c i t y  v a s  a l l  h i g h e r  o r d e r s  w i l l
v a n i s h  when i n s e r t e d  i n t o  7*12 .  The t r a n s f o r m a t i o n  e q u a t i o n s
( r )  —f r )S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  x o r  Vr ' and  S'* 1 i n t o  
7*12 ,  we o b t a i n  .(when s i m p l i f i e d ) ,
n  J d m e
0 l i t 0 T *{3  W ^ 0 <ft V.Tff ( E ) o ] ° v .S (H)o O r* V -S ( R)
S (H)o. f e . v  j °  -  ? (R)o : | V v | °  . 7 .1 5
T h is  - i s  t h e  th eo re m  o f . ' v i r t u a l  power*.  B e f o re  d i s c u s s i n g  
t h e  t h e o r e m ,  we c a n  s i m p l i f y  t h e  e q u a t i o n  7*3-5 by  u s i n g  
t h e  e q u a t i o n s  ' /
4 j y (R)o 
b  t
+ .vW n fa w(R)°| J  /  KaawM
n o .
o
7 * 16
a n a b  v*S 
S t  c 2
(H)o' S ( R ) o S js r  
b t 7*17
t h e  f i r s t  o f  which  i s  a  c o n se q u e n c e  o f  th e  t h e o r e m
p r o v e d  i n  t h e  A ppend ix  I I ,  and  th e  s e c o n d  o f  w h ich  if
a  d i r e c t  s i m p l i f i c a t i o n  by d i f f e r e n t i a t i o n - .  S u b s t i t u t i n g
t h e s e  i n  e q u a t i o n  7-15» we h a v e ,
For  t h e  a p p l i c a t i o n  o f  t h e  th e o re m ,  v/e may e i t h e r  u s e  i t
i n  t h e  fo rm  o f  e q u a t i o n  7*15 o r  i n  t h e  fo rm  o f  e q u a t i o n  
7 .18*
-• I f  v/e know how th e  r e s t - m a s s  o f  t h e  c o n t in u u m
i s  c h a n g i n g ,  and  how t h e  d e n s i t y ,  o f  e n e r g y  i n  t h e  r e a c t i o n  
sy s te m  y/^R^° i s  c h a n g i n g  and  how t h e  power i n  t h e  r e a c t i o n  
sy s te m ,  S^R^°, i s  f l o w i n g ,  t h e n  t h e s e  c an  be u s e d  to
c a l c u l a t e  t h e  v a lu e  o f  t h e  L.H.S.. o f  7 . 1 5  o r  7* l8«  The
c a l c u l a t i o n  i s  su c h  t h a t  -we a t t e m p t  t o  p u t  t h i s  i n
t h e  fo rm  , ■
r 0 f  ■ V*
. L.H.S. = A .Jd v. l  + B : < V y l  7 . 1 9
Then, h a v i n g  o b t a i n e d  t h e  e x p r e s s i o n s  f o r  A a n d  B we 
say  t h a t
A = g (R ) o 7 . 2 0
t  _ S=(E)° 7 - 2 1c* II Ca ^  JD — *’* JL •
Then, t h e  energy-momentum t e n s o r  c f  r e a c t i o n  i s  f u l l y .
d e t e r m i n e d  f o r  t h e  i n s t a n t a n e o u s —r e s t —frame a t  t h e  p o i n t *
( R)Now t h e  g e n e r a l  e x p r e s s i o n  f o r  t h e  t e n s o r  3’*s o b t a i n e d
b y  a  l o r e n t z  T r a n s f o r m a t i o n ,  i . e .  a s ,
rn (R) _ /V A rrt ( R ) 0  j  p ?
a|3 “ J J 1| 1\  c
(R )When Tap h a s  b e e n  d e t e r m i n e d ,  t h e  d e n s i t y  o f  f o r c e  f a  
and  t h e  . d e n s i t y  o f  t h e  t o t a l  r a t e  o f  change o f  momentum 
k  and  a l s o  t h e  mass V change v e c t o r  c an  be c a l c u l a t e d(X u»
a s
+ d
• 7 f . 5 “V
^ O aX ' a  A __ 7 . 2 3
a “ ■i pa >7.24
a n d ,  g W  "d si?) . 7.25ex •—W— YA
c 0 T
C H A P T E H  V I I I
■MECHANICS OP COMPRESSIBLE FLUIDS AND ELASTIC CONTINUA.
8 . 1  INTRODUCTION.
I n  c h a p t e r  VI we gave  a  g e n e r a l  d e s c r i p t i o n  o f  
th e  m e c h a n ic s  o f  a  c o n t i n u o u s  medium and  i n  c h a p t e r  V I I
we d e v e l o p e d  wha t  was c a l l e d  a  “ Theorem Of V i r t u a l  P o w e r " « 
I n  t h i s  c h a p t e r ,  we w i l l  make u se  o f  t h e  t h e o r e m  o f
v i r t u a l  power t o  d e r i v e  t h e  energy-momentum t e n s o r s  o f  
two v e r y  s im p le  t y p e s  o f  m e d ia .  These a r e ,  a  c o m p r e s s i b l e
i n v i s c i d  f l u i d  and  an  e l a s t i c  s o l i d ,  b o t h  b e i n g  t r e a t e d
u n d e r  a d i a b a t i c  c o n d i t i o n s .  We assume a d i a b a t i c  c o n d i t i o n s * '
t o  a v o i d  c o m p i l e a x i o n s  t h a t  a r i s e  o u t  o f  r e l a t i v i s t i c  
th e rm o d y n am ics  w h ich  may h i n d e r  - t h e  e x p o s i t i o n  o f  t h e  ...
' . t h e o r y  o f  m e c h a n ic s  t h a t  we have  - ■ 'developed. '  ~
' (R)' H a v i n g  d e r i v e d  t h e  e ne rgy-mome ntum t e n s o r  f o r
e a c h  o f  t h e s e  two t y p e s  o f  m e d ia ,  we /  w i l l  t h e n -  d i s c u s s
th e  f o r c e  d i s t r i b u t i o n  i n  t h e s e  m e d ia .
8 .2  APPLICATION OP THE THEOREM OP VIRTUAL POWER , TO A 
'COMPRESSIBLE' INVISCID FLUID MOVING UNDER ADIABATIC .
• CONDITIONS. v
F o r  c o n v e n ie n c e  we w i l l  r e f e r  t o  t h e  Theorem o f
V i r t u a l  Power by  t h e  a b b r e v i a t i o n  T .V .P .  To s t a r t  w i t h ,  
we w i l l  w r i t e  t h e  T .V .P  a s  g i v e n  by  th e  e q u a t i o n  7*18
To u se  t h e  th eo re m  v/e have  t o  g iv e  a  c o m p le te  d e s c r i p t i o n
o f  tfye L.H.S'.  o f  t h e  e q u a t i o n  8 . 1 * '  To do t h i s  v/e w i l l
a lw a y s  have  t o  a n sw e r  t h r e e  q u e s t i o n s  w hich  have  t o  he
a n sw e re d  f o r  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  a t  t h e  p o i n t .
These t h r e e ,  q u e s t i o n s  a r e
( Q l ) . What fo rm s  o f  i n t e r n a l  e n e r g y  a r e  i n v o l v e d  and  how
do t h e y  change  t h e  d e n s i t y  o f  t h e  r e s t - m a s s  o f
t h e  medium?
(Q2) .  What fo rm s  o f  e n e r g y  a r e  p r e s e n t  w h ich  do n o t
fo rm  a  component  o f  t h e  r e s t - m a s s  o f  t h e  p o n d e r a b l e  
m a t t e r ?  What i s  t h e  e x p r e s s i o n  f o r  t h e  d e n s i t y  
o f  t h i s  e n e rg y ?
( Q 3 ) . O t h e r  t h a n  t h e  f l o w  o f  p o n d e r a b l e  m a t t e r *  what
o t h e r  fo rm s  o f  e n e r g y  f l o w  a r e  t h e r e  i n  th e  
reg ion . ,  o f  i n t e r e s t ?  What i s  t h e  e x p r e s s i o n  f o r  t h e
d a n s i t y  o f  t h e s e  fo rm s  o f  e n e r g y  f low ?
The q u e s t i o n  Ql w i l l  d e c i d e  on  t h e  v a lu e  o f  n  i d  m c 2 l ° .
[d t  0 J
The s e c o n d  q u e s t i o n  Q2 w i l l  d e c i d e  on  t h e  v a l u e  o f
W ^ °  and hence  t h e  v a l u e  o f  n j V w l * ^ 0/ „ "1° . L a s t l y *
i d t  oj / p \ Q  '
q u e s t i o n  Q3 w i l l  d e c i d e  on t h e  v a l u e  o f  S v-‘fc/ and
h en ce  t h e  e x p r e s s i o n s  f o r  A? . v l  and  • We
c2M s t  j  . * i
v / i l l  now a n sw e r  a l l  t h e s e  q u e s t i o n s  f o r  an  i n v i s c i d
c o m p r e s s i b l e  f l u i d  w i t h o u t ,  any f l o w  o f  h e a t  ( i . e .  no r a d i a t i o n  o r
c o n d u c t i o n  o f  h e a t ) .  The t r e a t m e n t  i s  t h e r e f o r e  f o r
a d i a b a t i c  c o n d i t i o n s .  The t h r e e  a n s w e r s  a r e  g i v e n  u n d e r
t h e  h e a d i n g s  o f  A l ,  A2 and  -A3*
A l .  I n t e r n a l  e n e r g i e s  • a r e  chan g e d  by t h e  c o m p r e s s i o n  o f  
t h e  f l u i d  due to  t h e  p r e s s u r e  o f  t h e  f l u i d  p* I f
v/e c o n s i d e r  any  s m a l l  volume VQ i n  t h e  n e ig h b o u r h o o
o f  t h e  p o i n t  o f  i n t e r e s t ,  t h e  n e t t  work done by 
th e  p r e s s u r e  p w i l l  go e n t i r e l y  i n t o  r e s t - m a s s  
energy*  Hence we have t h a t
A2.
21 °  -  °  n  J d m e  { ■= -  1 v  « ds
o d t  0 V
8*2
where v i s  t h e  v e l o c i t y  f i e l d  i n  t h e  n e ig h b o u r h o o d
o f  t h e  p o i n t  o f  i n t e r e s t  and  <fs i s  a  s u r f a c e
e l e m e n t  on t h e  s u r f a c e  b o u n d i n g  t h e  volume V . Theo
c o m p u t a t i o n  i s  a  N e w ton ian  o ne ,  b u t  t h i s  i s  a ssum ed
t o  be v a l i d  f o r  t h e  v a n i s h i n g l y  s m a l l  v e l o c i t i e s  
i n  t h e  n e ig h b o u r h o o d  o f  t h e  p o i n t  o f  i n t e r e s t ,  w h ich  
i s  a t  r e s t .  Prom 8 . 2  we t h e r e f o r e  h a v e ,  b y  a p p l y i n g
t h e  G a u ss '  Theorem o f  D i v e r g e n c e  t h a t
n o '
, 21°& m c Ia t  0 r v . [ p v 31° ; 8 . 3
where we have  u s e d  t h e  z e r o  i n d e x  on t h e  E. II* S 
t o  i n d i c a t e  t h a t  t h e  p o i n t  o f  i n t e r e s t  i s  i n s t a n t a n ­
e o u s l y  a t  r e s t .
The a n s w e r  t o  q u e s t i o n  Q2 i s  easy ?  t h e r e  i s  no 
e n e r g y  i n  • t h e  n e ig h b o u r h o o d  o f  t h e  p o i n t  ( a s  o b s e r v e d  
f rom  th e  i n s t a n t a n e o u s - r e s t - f r a m e )  w hich  i s  n o t  p a r t  
o f  th e  r e s t  -  m ass  o f  t h e  p o n d e r a b l e  m a t t e r .  Hence 
we h a v e , •
W (R)°  = 0 8 . 4
A3* The an sw e r  t o  q u e s t i o n  Q3 i s  a l s o  a n  e a s y  ones
t h e r e  i s  no e n e r g y  f l o w  w h ich  d oes  n o t  fo rm  p a r t  
o f  t h e  f l o w  o f  r e s t - m a s s .  We' t h e n  have  t h a t ,
;(R)o 0, 8.6
and  t h e r e f o r e
>(R)o Y . s ( K)°
O
0 8 .7
H aving  a n s w e re d  a l l  t h r e e ’ q u e s t i o n s ,  we ' a p p l y  t h e s e  
c a l c u l a t e d  v a l u e s  t o  t h e  L .H .S  o f  th e  e x p r e s s i o n  8 . 1  
f o r  - t h e  th e o re m  o f  v i r t u a l  p ow er .  U s in g  8 . 3 ,  8 . 5  and
we have  t h a t  /
r l  &n U
V.
•Y°I ■ Gr (R)o 0V f ( H ) 0  l y - J 6
Now t h e  L .H .S  o f  8 . 8  can  be s i m p l i f i e d  a s
i f
V
B ut , V . y 5 :  V V
8
o
where D i s  t h e  i d e n t i t y  d i a d i c .  Hence e q u a t i o n  8 . 8  
becomes .
Then, b y  co m p a r in g  t h e  t e r m s  on t h e  .L . H . S  w i t h  t h o s e  on 
t h e  R .H .S  we have
0, 8
f ( R ) o
P  b 8 .1 3
Hence, u s i n g  W(R)o ( f ro m  e q u a t i o n  8 . 4 )  and S (R)c t’f  rom
e q u a t i o n  8 e6) and  G - ^ 0 ( f ro m  e q u a t i o n  8 . 1 2 )  an d
( f rom  e q u a t i o n  8 . 1 3 ) ,  we have  t h e  v a lu e  o f  t h e  t e n s o r
>( R) o
a(3TVoL/ \  w h ich  i s  t h e  energy-momentum t e n s o r  o f  t h e  r e a c t i o n
s y s te m  f o r  t h e  i n v i s c i d  c o m p r e s s i b l e  f l u i d  f l o w i n g  u n d e r  
a d i a b a t i c  c o n d i t i o n s  a s ,
T,(H)oa.0
o :
I j
0
0 p 6
'8 .1 4
Then, by  a p p l y i n g  a  L o r e n t z  t r a n s f o r m a t i o n  to  t h e  r e s t -  
fram e t e n s o r  T ^ ° ,  o r  by  a p p e a l i n g  to  t h e  t e n s o r  n a t u r e  
o f  th e  e x p r e s s i o n  f o r  t h e  e n e r g y  and  momentum a b o v e ,
./. .which  e x p r e s s i o n  c a n  be w r i t t e n  a s
we have t h e  g e n e r a l  e x p r e s s i o n  f o r  any i n e r t i a l  f ram e 
o f  r e f e r e n c e  , . . •
v v
aP ♦ “ S. }• P
o'-'}
We can  work t h i s  t e n s o r  o u t  and w r i t e  i t  i n  t h e
p a r t i t i o n e d  m a t r i x  n o t a t i o n  t h a t  we have  b e e n  u s i n g ,
2t h a t  t h e  ( 3 + 1 )  t e r m s  a r e  g i v e n  a s
m(R)
a(3
P Y2p i c  T "pv 
2'C
2 — ■ i  y  pv
c
1 =  ? —■ P! o p  +  Y ;ow  |
■ J
Hence we have  t h e  (3 + 1)  com ponen ts  a s
W(R)
?(»)
-  p (1 -  y  )
2 ■— y  pv
v£  y 2p 
c 2
l ( R )
f ( B )
2 -  y pv
7
b  + w f p
The r e s u l t  i s  a. f a m i l i a r  one and  i n  t h i s  c a s e  i s  
same a s  t h o s e  g i v e n  i n  th e  t e x t - b o o k s  on r e l a t i v i t y
(  o  \
( s e e  f o r  example M i l l e r v However, due t o  t h e  fac
8*16
su c h
8 * 1?
8 « l 8
8*19
8*20
8*21
+V> o
rc t h a t
o u r  d e f i n i t i o n  o f  f o r c e  i s  d i f f e r e n t  f rom  t h o s e  g i v e n  i n
t h e  t e x t —h o o k s ,  t h e  e x p r e s s i o n  t h a t  we s h a l l  d e r i v e  f o r  
th e  f o r c e  d i s t r i b u t i o n  i n  t h e  f l u i d  w i l l  he d i f f e r e n t .
The energy-momentum t e n s o r  d e r i v e d  h y  the. ,  e a r l i e r
(13 )m e n t io n e d  two r e s e a r c h  w o r k e r s  P .  P e n f i e l d  an d  H. Haus,  ' '  
i s  d i f f e r e n t  f rom  t h e  one we have  d e r i v e d  h e r e .  T h e i r  
e ne rgy-mome ntum t e n s o r  c o n t a i n s  ,some a d d i t i o n a l  t e r m s  
i n v o l v i n g  a n  e n e r g y  t e r m  w hich  does  n o t  a p p e a r  t o  have  
any r e a l  p h y s ic a l*  e x p l a n a t i o n .  A c l o s e  e x a m i n a t i o n  o f  t h e i r  
work shows t h a t  t h e s e  a d d i t i o n a l  t e r m s  a r e  a  d i r e c t  
c o n se q u e n c e  o f  t h e i r  c o n s t a n t - r e s t - m a s s  m e c h a n i c s .  We have
a l r e a d y  shown t h a t  a  c o n s t a n t - r e s t - m a s s  m e c h a n i c s  i s  n o t  
a c c e p t a b l e  i n  any  r e l a t i v i s t i c  t h e o r y .
8 .3  THE CONSERVATION OP ENERGY- AND MOMENTUM AND THE FORCE
DISTRIBUTION IN AN INVISCID .COMPRESSIBLE. FLUID UNDER 
‘ADIABATIC CONDITIONS. /
As d i s c u s s e d  e a r l i e r  i n  s e c t i o n  6 . 4  o f  c h a p t e r  VI,  
t h e  e q u a t i o n  f o r  t h e  c o n s e r v a t i o n  o f  e n e r g y  a n d  momentum
iS
V  “ “  v -  •‘•aSb  A U  8 .2 2
o r  5  = 0 .  8 .2 3
Si I ^  . . Q.P ja
Hence hy  u s i n g  th e  e q u a t i o n  8 .1 6  we have
3  j n  m v vA + £> R p + Vav(3 p i  = . 0 , 8 .24j u o a p ap |
T h is  may a l s o  be s i m p l i f i e d  . to  g iv e
k ft = ' n  d m vx =■ ~ 5  p -  d JvpP /  01 vQp'/  0
13 0 d f  -° P d ? l P / c 2J  P / c 2
The mass  change v e c t o r  g^ i s  g i v e n  by
^  ■ X u  - i E ) .
C
i . e . • go -  n  v  d m =■ 7(3vu <~> T^11^■ fe0 0 0 - ^ 0  ap,
C (X
Which, by  u s i n g  t h e  e x p r e s s i o n  ' 8 . 2 6 ,  s i m p l i f i e s  t o
gQ ~ . n  Vo d in = -  v0^ *5 v rtSp. O p w  o — g  a
V/ vJU
Now t h e  f o r c e  4 - v e c t o r  i s  g i v e n  -by
f |3 “  k p “  Sp >
an d  i s  t h e r e f o r e  " o b t a i n e d  f rom  8*26 an d  8 .2 9  a s
Yve w i l l  now b r i e f l y  examine  t h e  (1 + 3) c om ponen ts ,  o f  
t h e  4 - v e c t o r s  k^ g^ and  To s t a r t  w i t h ,  we w i l l
d e f i n e  t h e  sym bols  f o r  t h e  ( 1 + 3 )  com ponen ts  a s ,
k i  d 6v « k m « 
c d t  k I
8.32
■gP = B i  <iee d t  £
8 . 3 3
i  A e '
c d t  '
8 . 3 4
Then, we have from e q u a t io n  8 .2 6  and 8 .3 2  t h a t
d e
at k
n Y d Ym e ‘ 
0 dt 0
& p
S t
*Sjr2p
S t
'vp 8 . 3 5
o r ,  d e, 
d t  lr
n-Y d Ym c ‘
d t  0
J _ J z ! r 2p 
b t  1 2
Y^vp 8 .3 6
T h is  i s  t h e  t o t a l  r a t e  o f  i n c r e a s e  o f  e n e r g y  a t  an y  
p o i n t  and  a c c o u n t s  f o r  a l l  fo rm s  ' o f  i n t e r n a l  e n e r g y  and  
k i n e t i c  e n e r g y  o f  th e  f l u i d .  No?/, f ro m  e q u a t i o n  8 . 2 8  we 
o b t a i n  ( u s i n g  th e  n o t a t i o n  d e f i n e d  b y  8 . 3 3 )  t h a t ,
d e «. 
dt ^
Yn Yd m c ‘ 
0 d t  0
-  Yp V.Yv 8 .3 7
Then, we can  o b t a i n  t h e  d e n s i t y  o f  t h e  r a t e  o f  i n c r e a s e  
o f  t h e  k i n e t i c  e n e r g y ,  due e n t i r e l y  to  t h e  a c t i o n  o f  
th e  f o r c e ,  e i t h e r  by u s i n g  8 .3 6  and  8 .3 7  a s ,
d e. 
d t  '
i _ e k
d t  K
d e
d t  ^  *
8
or d i r e c t l y  f rom  8 .3 1  ( a n d  8 . 3 4 )
d e. 
d t
n  m Y d Tc 
0 0 d t
2 T S Tp -  YVoV t p ,
8 .3 9
i . e . 2L p T d Tp 
d t
8 . 4 0
When t h e  s p a c e - l i k e  com ponen ts  o f  'k^  gp a n & a r e
c a l c u l a t e d  u s i n g  8 . 2 6 ,  8 . 2 8  and  8 .29* we o b t a i n  t h e
t h r e e  e q u a t i o n s ,
k • V p  - ' . Y d  JTvpJ ’* . . - . > •wwBwewK’Xe
o2
Yvp
J l o t
V - r v , 8 .4 1
g =
r
VYp. 
c 2
V .Y 8 .4
and , *r~?■VP T d JTvp
d t f ~  2
8 .4 3
■We t h e r e f o r e  f i n d  t h a t  t h e  m e c h a n ic s  b a s e d  on  t h e  e x p r e s s i o n  
f o r c e  = mass x a c c e l e r a t i o n  i s  c a p a b l e  o f  g i v i n g  a  d e t a i l e d - '  
p h y s i c a l  d e s c r i p t i o n  o f  t h i s  s im p le  c a s e  o f  a  c o m p r e s s i b l e  
i n v i s c i d  f l u i d .  B e f o r e  we c o n t i n u e  w i t h  .m ore  com plex  
m a t e r i a l  m ed ia ,  l e t  u s  d i s c u s s  one i m p o r t a n t  d i f f e r e n c e  
b e tw e e n  th e  c o n v e n t i o n a l  d e f i n i t i o n  o f  f o r c e  k p and  th e
f o r c e  we have u s e d ,  f ^ .
A c c o r d in g  to  N ew ton ian  m e c h a n i c s , ' t h e  d e n s i t y  o f  
f o r c e  i n  a  f l u i d  su c h  a s  t h e  one we h a v e . b e e n  d i s c u s s i n g ,  
would  be g i v e n  e n t i r e l y  by ~ V p # r e l a t i v i s t i c
e x p r e s s i o n  o f  f o r c e  f  ( 8 . 4 3 ) , .  h a s  one a d d i t i o n a l  t e rm  
w h i l e  t h e  c o n v e n t i o n a l  . e x p r e s s i o n  f o r  f o r c e  k ( 8 . 4 1 )  h a s  
two more . t e r m s .  W i th ,  t h e  c o n v e n t i o n a l  d e f i n i t i o n  o f  f o r c e  
k we f i n d  t h a t  w i t h  no a c c e l e r a t i o n  b u t  w i t h  a  d i v e r g e n c e  
o f  v e l o c i t y ,  and  a  f i n i t e  v a lu e  o f  u n i f o r m  v e l o c i t y ,  we 
would  have  t o  a c c o u n t  f o r  a  f o r c e .  T h i s ,  we have  a l r e a d y  
p o i n t e d  o u t ,  i s  a n  u n a c c e p t a b l e  r e s u l t  f o r  a  f o r c e .
L e t  u s  exam ine  o u r  e x p r e s s i o n  f o r  f o r c e  8 .4 3  
i n  t h e  f o l l o w i n g  way. Suppose t h e r e  i s .  no a c c e l e r a t i o n  o f  
t h e  f l u i d .  Then, i n s e r t i n g
d Tv = .  0 8 .4 4
d t
i n  t h e  f o r c e  e x p r e s s i o n
1  = n m  v d j f v  = -  V p  -  Y d i  8 . 4 5
/  ’ 0 0 d t  d t l  c J
we have  0 — ~ ^7 p — J-h—w t d p • 8 .4 6
I  c J d t
So t h e  n e t t  f o r c e  d e n s i t y  i n  t h e  f l u i d  w i l l  be z e r o  
o n l y  i f  t h e  c o n d i t i o n  8 .4 6  i s  s a t i s f i e d .  I n  t h e  r e s t -  
f r a m e ,  t h i s  c o n d i t i o n  i s  i d e n t i c a l  t o  t h e  N e w to n ian  c o n d i t i o  
o f  v a n i s h i n g  p r e s s u r e  g r a d i e n t ,  and  .we o b t a i n ,
A l th o u g h  th e  p r e s s u r e  g r a d i e n t  may he z e r o  i n  t h e  r e s t -  
f r a m e ,  i t  may n o t  he  so i n  any  o t h e r  f ram e  due t o  t h e  
r e l a t i v i t y  o f  s i m u l t a n e i t y .  I f  . f o r  example  th e  p r e s s u r e  
t h r o u g h o u t  a  c e r t a i n  r e g i o n  i s  t h e  sam e? { v p }  = 0 .j . h u t
i s  v a r y i n g  w i t h  t im e ,  t h e n  due t o  t h e  r e l a t i v i t y  o f  
s i m u l t a n e i t y  th e  p r e s s u r e  t h r o u g h o u t  t h i s  r e g i o n  w i l l  n o t
have  t h e  same v a lu e  a t  any  g i v e n  t im e  i n  any  f ram e
p—o t h e r  t h a n  t h e  r e s t - f r a m e .  The t e r m  -  T v dj> a c c o u n t s  f o r
2 d t
t h i s  r e l a t i v i t y  o f  s i m u l t a n e i t y ,  and  t h e  N e w ton ian  c o n d i t i o n
o f  f o r c e  t h a t  t h e r e  w i l l  he a  f o r c e  o n l y  when -  Vp
e x i s t s  h o l d s  f o r  v a n i s h i n g l y  s m a l l  v e l o c i t i e s .  The N e w to n ian  
e x p r e s s i o n  f o r  f o r c e  i . e .  -  \7p o n l y  v a l i d  i n  Hydro­
s t a t i c s ,  and  a n  a d d i t i o n a l  t e r m  a p p e a r s  i f  t h e  f l u i d  ’
i s  a c c e l e r a t i n g .  T h i s  a d d i t i o n a l  t e r m  does  n o t  v a n i s h ,
e v e n  f o r  v a n i s h i n g l y  s m a l l  v e l o c i t i e s
8 . 4  APPLICATION OP THE THEOREM OP VIRTUAL POWER TO AN '
ELASTIC SOLID UNDER ADIABATIC CONDITIONS.
I n  o r d e r  t o  a p p l y  t h e  Theorem Of V i r t u a l  Power
we have t o  a n sw e r  t h e  t h r e e  q u e s t i o n s  g i v e n  i n  t h e
s e c t i o n  8 .2  o f  t h i s  c h a p t e r .  As b e f o r e ,  we w i l l  a n s w e r
t h e s e  q u e s t i o n s '  u n d e r  t h e  h e a d i n g s  o f  A l ,  A2 and  A3«
AX. I n t e r n a l  e n e r g i e s  a r e  chang ed  hy  th e  c o m p r e s s i o n  o f  
t h e  e l a s t i c  so l id -  due t o  t h e  s t r a i n i n g  o f  t h e  m a t e r i a l
medium hy t h e  . s t r e s s  f o r c e s .  ( T h i s  s t r a i n  h a s  n o t h i n g  t o  do
w i t h  t h e  " s t r a i n ” o f -  L o r e n t z  c o n t r a c t i o n ■ when t h e  body  i s  
m o v i n g ) . I f  we c o n s i d e r  any s m a l l  volume V i n  t h e
n e ig h b o u r h o o d  o f  t h e . p o i n t  o f  i n t e r e s t ,  t h e  n e t t  work done 
hy t h e  . . . s t r e s s ;  t °  w i l l  go e n t i r e l y  i n t o  t h e  r e s t - m a s s
e n e r g y ,  hence  f o r  an  o b s e r v e r  i n  t h e  i n s t a n t a n e o u s —r e s t —fram e
o f  t h e  p o i n t  o f  i n t e r e s t ,  we have  f o r  th e  r e g i o n  
s u r r o u n d i n g  t h i s  p o i n t ,
n f  d m V = v • *fc°* ds 8.48
0 \ at 0 r
where v i s  t h e  v e l o c i t y  f i e l d  i n  t h e ^ n e i g h b o u r h o o d  o f  t h e
p o i n t  o f  i n t e r e s t  and  d*s i s  t h e  s u r f a c e  e l e m e n t  o n '  t h e
s m a l l  volume V *. t °  i s  t h e  s t r e s s  t e n s o r ,  m e a s u r e d  f o r  
t h i s  r e g i o n  o f  i n t e r e s t ,  f rom  t h e  i n s t a n t a n e o u s - r e s t - f r a m e
u s i n g  ' 'Newtonian m e th o d s .  A p p l i c a t i o n  o f  - the  D i v e r g e n c e  
Theorem to  8 . 4 8  g i v e s  u s ,
- ; 0
n0 • ^°) t  ‘ 8.4s
which  g i v e s
n Q |  d mQc  ^J  = t° : v  J f '8*50
where  t h e  d o u b l e - d o t  n o t a t i o n  i s  e q u i v a l e n t  t o  t h e  m u l t i p l i ­
c a t i o n  i n  s u f f i x  n o t a t i o n  a s  g i v e n  by
where a  and  (3 h e r e  t a k e  t h e  v a l u e s  1 ,.  2 and  3*
A2 * The answ e r  to  t h e  q u e s t i o n  Q2 i s  s i m i l a r  t o  t h a '
f o r  t h e  i n v i s c i d  f l u i d ;  t h e r e  i s  no e n e r g y  i n  t h e
n e ig h b o u r h o o d  o f  t h e  p o i n t  ( a s  o b s e r v e d  f rom  t h e  i n s t a n t a n e o u  
r e s t - f r a m e )  which i s  n o t  p a r t  o f  t h e  r e s t - m a s s  o f  t h e  
p o n d e r a b l e  m a t t e r  i n  t h e  r e g i o n .  Hence we have  t h a t ,
W (R)o 0 80 52
and , n d_ W 
d t  n
. ( E M 0 0 8 .5 3
A3* The a n sw e r  t o  t h e  q u e s t i o n  Q3 i s  a l s o  one w h ich  i s  
s i m i l a r  t o  t h a t  f o r  t h e  i n v i s c i d  f l u i d ;  t h e r e  i s  no 
e n e r g y  f l o w  i n  t h e  r e g i o n  ( a s  o b s e r v e d  f rom  t h e  i n s t a n t a n e o u  
r e s t - f r a m e  a t  t h e  p o i n t  o f  i n t e r e s t )  w hich  does  n o t  fo rm  
p a r t  o f  t h e  f l e w  o f  r e s t - m a s s  e n e r g y .  So we have  t h a t ,
r(R)o 0 , 8 . 5 4
and  h e n c e , 7. ( R ) o ' ) 0' 0 8 . 5 5
V/e have  a n sw e re d  t h e  t h r e e  q u e s t i o n s  Ql,  Q2 an d  Q3 
s a t i s f a c t o r i l y  and  a r e  t h e r e f o r e  r e a d y  t o  a p p l y  t h e  T .V .P  
a s  g i v e n  by  t h e  e q u a t i o n  8 . 1 .  A p p ly in g  t h e  e q u a t i o n s  
8 . 5 0 ,  8 .5 3  and  '8.- 55 to  t h e  L .H .S  o f  8 . 1  we o b t a i n
~o Gr (H)o
„o
5  v |  -  T (E)o  : ^ / v J
8 .  56
Then, by co m p a r in g  t h e  L .H .S  o f  8* 5 6 -  w i t h  i t s  R .H .S ,
we h a v e ,
v  G(R ) o = 0 ,  8 .5 7
7ji(R)o
T h is  g i v e s  a  c o m p le te  d e s c r i p t i o n  o f  t h e  r e s t - f r a m e  e n e r g y  
momentum t e n s o r  o f  t h e  r e a c t i o n  s u b - s y s t e m .  Then, u s i n g  
8 . 5 2 ,  8 - 5 4 ,  8 .5 7  and  8 . 5 8  we have th e  r e s t - f r a m e  t e n s o r
The g e n e r a l  e x p r e s s i o n  f o r  t h e  energy-momentum t e n s o r  o f  
r e a c t i o n  i s  o b t a i n e d  by  a  L o r e n t z  t r a n s f o r m a t i o n  .o f  t h e  
above e x p r e s s i o n  and  i s  o b t a i n e d  f rom
8 .  58
The t h r e e - s p a c e  3 x 3  s t r e s s  t e n s o r  o f  t h e  r e s t - f r a m e  t °  
can  be t r a n s f o r m e d  d i r e c t l y  t o  a  moving f ram e  u s i n g  t h e  
known t r a n s f o r m a t i o n  la w s  f o r  f o r c e  and a r e a .  As sjiown 
by M i l l e r ,  t h e  s t r e s s  t e n s o r  t  f o r  an  a r b i t r a r y  f r am e  
i s  t h e n  o b t a i n e d  a s ,  .
t  = ; t °  + ( T - l ) v ( v . t ° ) -  ( r - 1 ) ( t ° . v)  v
y  2 
v  v
(V - l ) ^ v v ( v . t ° . v ) 8 . 6
Y 4v
The t r a n s f o r m a t i o n  law  u s e d  by  M i l l e r  t o  c a l c u l a t e ,  t h e  
above i s  t h e  same a s  f o r  f o r c e  when t a k e n  a s  mass,  x 
a c c e l e r a t i o n  an d  may t h e r e f o r e  be u s e d  h e r e .  The u se  o f  
8 . 6 5  i n  th e  e q u a t i o n  8 . 6 4  f o r  T ^ ^  s i m p l i f i e s  t h e  e q u a t i o n
A c o m p le te  d e s c r i p t i o n  o f  t h e  e n e r g y  and  momentum
c h an g e s  i n  t h e  e l a s t i c  medium c an  now be g i v e n .
8 . 5  CONSERVATION OF ENERGY AND MOMENTUM AND THE FORCE
DISTRIBUTION.
U s in g  t h e  n o t a t i o n  d e f i n e d  by  t h e  t h r e e  e q u a t i o n s  
8 . 3 2 ,  8 «"33 and 8 . 3 4  we have t h a t
“  V - S ' ( R) . 8 . 6 7
d t  K a t
and £  = r n a i m Y v ) ' ,  = -  a  -  V . T (E) 8.68
°dt ° a t
u s i n g  8 . 6 6 ,  = -  + V*^ -  V .  (<hRV )  . 8 .6 9
' a t  : .
Which s i m p l i f i e s  ( u s i n g  t h e  t h e o re m  g i v e n  by  e q u a t i o n  6 . 2 2 )  
t o  ' g i v e  , . -ml
k = -  n  d ^ n  T  8 .7 0
d t  L J
where n = YnQ, t h e  p a r t i c l e  d e n s i t y  a s  m e a su re d  f ro m  an  
a r b i t r a r y  f r a m e .  Now, u s i n g  e q u a t i o n  6 . 3 1  we c a n  c a l c u l a t e
And f i n a l l y  th e -  f o r c e  f  and  t h e  r a t e  o f  i n c r e a s e  o f
K.E o f  th e  body  d e ^ ,  due e n t i r e l y  t o  t h e  a c t i o n  o f
d t  1
t h e  f o r c e ,  i s  c a l c u l a t e d  f ro m
a "a S,a 8 .7 4
w h i c h  g i v e s .
l , e f  
d t  1
( r 2~ i )  j < L w^
a t
+ V . s ( R) + r v .  ( V .  t n G 
d t  n
( R ) ) . 8 .7
r
S +'■ V~vv
/•
•jy.t  ~ n  d G
d t  n
+ Y2v d + y 2v
J  , 2  d t c
8 . 7  6
We have t h e r e f o r e  g i v e n  a  c o m p le te  d e s c r i p t i o n  o f  t h i s  
s im p le  e l a s t i c  medium s u b j e c t e d  t o  m e c h a n i c a l  f o r c e s  and  
m oving and d e fo r m in g  u n d e r  a d i a b a t i c  c o n d i t i o n s .  U s in g  8 .7 6  
and  8 .7 5  i t  i s  e a s i l y  c h ec k ed  t h a t
8.6 COMPARISON OF OUR RESULTS WITH THOSE .OF OTHERS.
The energy-momentum t e n s o r s  o f  r e a c t i o n  c a l c u l a t e d
h e r e  f o r . an  i d e a l  f l u i d  and an  i d e a l  e l a s t i c  s o l i d
a g r e e  w i t h  t h o s e  g i v e n ,  by  M ^ l l e r ^ ^ u t  n o t  w i t h  t h o s e  
g i v e n  by P e n f i e l d  and  H a u s ^ ' ^  The t e n s o r s  g i v e n
by t h e  l a t t e r  two a u t h o r s  c o n t a i n  e n e r g y  t e r m s  w h ich
s h o u l d  be p a r t  o f  t h e  energy-momentum t e n s o r  o f  p o n d e r a b l  
matter* ^ 3 * ^ *  These ,  e n e r g y  t e r m s  a r e  a  d i r e c t  r e s u l t  
o f  t h e  c o n s t a n t  r e s t - m a s s  m e c h a n i c s ,  u s e d  b y  t h e s e  two 
a u t h o r s ,  w hich  i s  n o t  s u i t a b l e  f o r  a  r e l a t i v i s t i c  t h e o r y  
o f  m e c h a n i c s .
The method a d o p t e d  by  M i l l e r  f o r  d e d u c i n g  th e  
i n s t a n t a n e o u s - r e s t - f r a m e  t e n s o r s  i s  t o  f i r s t  show
by c a l c u l a t i o n s  o f  work done on a :  s m a l l  volume o f  m a t t e  
(N e w to n ia n  ty p e  c a l c u l a t i o n s  a s  i n  o u r  e q u a t i o n s  8 . 2  an d  
8 . 4 2 )  t h a t  t h e  power f lo w  v e c t o r  ±3 z e r o ,  and
t h e n  by  t h e  symmetry p r o p e r t i e s  o f  t h e  t e n s o r  T^JP0
t h a t  i s .  a l s o  z e r o .  Then,  s i n c e  a l l  o f  t h e  e n e r g y
i n  a  g i v e n  volume e l e m e n t  i n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e
i s  i n  t h e  r e s t - m a s s  o f  t h e  m a t t e r  i n  t h e  v o lum e ,  t h e
r e s t - f r a m e  t e n s o r s  a r e  assum ed  t o  t a k e  t h e  fo rm s
g i v e n  by  o u r  e q u a t i o n s  8 .1 4  and  8 .5 9  f o r  t h e  two t y p e s  
o f  m a t e r i a l  m e d ia .  The a s s u m p t i o n  made i s  t h a t  t h e
n  A «  ^  v. vs <—> vi 4« /n ^  4* rn l  )  0  wjit «  4* Vi ri w C  n  vr 4 - 0  4^ a  v i 4— Vi av
O j j  a u c ~ o ] j a o c  p 0 1 -  i  o  U J .  ±  i x i u . S u  u c  p u  c u . . l u  u  l u i  . u n c i
f l u i d  and  th e  s o l i d  r e s p e c t i v e l y .  Such a  p r o c e d u r e  i s  
o n l y  p o s s i b l e  i n  t h e  c a s e  o f  v e r y  s im p le  t y p e s  o f
m a t e r i a l  m edia  a s  t h e  two we have  d i s c u s s e d  i n  t h i s
c h a p t e r .  A more com plex  medium, su c h  a s  an  e l e c t r o m a g n e t i  
medium w i t h  p o l a r i s a t i o n  and  m a g n e t i s a t i o n ,  can  n o t  be 
d e a l t  w i t h  i n  t h i s  way, an d  M i l l e r  does  n o t  a t t e m p t
t o  do so e i t h e r .  H e r e i n  l i e s '  one o f  t h e  m ain  r e a s o n s
f o r  t h e  e x i s t e n c e  o f  t h e  p ro b le m  o f  t h e  energy-momentum
t e n s o r  f o r  e l e c t r o m a g n e t i c  m a t e r i a l  m e d ia .
Our m ethod  was to  r i g o r o u s l y  a p p l y  t h e  Theorem 
o f  V i r t u a l  Pow er ,  w h ich  we d e v e lo p e d  f rom  o u r  t h e o r y  
o f  v a r i a b l e  r e s t - m a s s  m e c h a n i c s ,  to  t h e  m a t e r i a l  m e d ia .
As l o n g  a s  t h e  b a s i c  r e q u i r e m e n t s  f o r  t h e  a p p l i c a t i o n  
o f  t h e  T .V .P  c an  be met w i t h ,  t h e  t e n s o r  c a n
be d e r i v e d .  These b a s i c  r e q u i r e m e n t s  were e a s i l y  m et  w i t h
The t e n s o r  ^ 3  was t h e n  o b t a i n e d  by  a  l o r e n t z  t r a n s ­
f o r m a t i o n  o f  th e  i n s t a n t a n e o u s - r e s t - f  rame t e n s o r  ^ 8 ^°'°
The two t y p e s  o f  m ed ia  t h a t  we have  d e a l t  w i t h  h e r e  .
a r e  t h e  s i m p l e s t  m o d e ls  o f  a  f l u i d  and an e l a s t i c
s o l i d .  The f a c t  t h a t  we .a re  i n  a g re e m e n t  w i t h  an
( p \
a u t h o r i t y  su c h  a s  M a i l e r ,  r e g a r d i n g  t h e  t e n s o r  T ^  ,
lend .s  c o n s i d e r a b l e  s u p p o r t  t o  t h e  t e c h n i q u e  t h a t  we have
d e v e l o p e d ,  u s i n g  o u r  t h e o r y  o f  m e c h a n ic s  o f  v a r i a b l e
r e s t - m a s s e s .  Of c o u r s e  o u r  e x p r e s s i o n s  f o r  f o r c e  a r e
d i f f e r e n t  f ro m  what  M i l l e r  would w r i t e .  What M i l l e r
would c a l l  a  f o r c e  e q u a t i o n ,  we would  c a l l  t h e  e q u a t i o n
f o r  *the c o n s e r v a t i o n  t o t a l  e n e r g y  and  t o t a l  momentum.
The more i m p o r t a n t  d i f f e r e n c e s  i n  t h e  r e s u l t s  a r e  due
t o  t h e  two d i f f e r e n t  e x p r e s s i o n s  f o r  t h e  n e t t  f o r c e .
Our c a l c u l a t i o n s  o f  t h e  r a t e  o f  work done by t h e  n e t t
f o r c e  are d i f f e r e n t  from th o s e  t h a t  M i l l e r  would ,
c a l c u l a t e .  As a r e s u l t ,  the  i n t e r n a l  e n e r g i e s  i n v o l v e d
i n  the  d e s c r i p t i o n  o f  the media ( su ch  as s t r e s s  and
h e a t  e n e rg y )  would, a c c o r d in g  to  our m echa n ics ,  "transform"
/ W YW°i n  the  same way a s  mass ,  ( i . e .  a s  ^ ~ n ^ °r  'the en ergy
• o - . . ■
per  p a r t i c l e ) , -  w h i l e ,  w i th  M i l l e r ’ s m echanics  th e y  would
"transform" a c c o r d in g  to  P a u l i ' s  t r a n s f o r m a t io n  form ula
/ Yf W° , .f o r  hea,t e n e r g y  ( i . e .  a s  ^ = yH? f of the  ’e n e rg y  p e r
o
p a r t i c l e ) .  We have a l r e a d y  d i s c u s s e d  t h i s  fundam enta l
d i f f e r e n c e  i n  the  two t h e o r i e s  in  the  s e c t i o n  5 .3  o f
c h a p te r  V.
C H A P T E R IX
ELECTRODYNAMICS OP A CLOUD OP. CHARGED PARTICLES
9 . 1  INTRODUCTION - ' ” A .
The t y p e  o f  c o n t in u u m  t h a t  we w i s h  to  exam ine  
' i n  t h i s -  c h a p t e r  i s  a  c l o u d  o f  c h a r g e d  p a r t i c l e s  su c h  
a s  a  c l o u d  o f  i o n i s e d  a tom s o r  m o l e c u l e s  ( w i t h o u t  p o l a r ­
i s a t i o n  o r  m a g n e t i s a t i o n )  o r  a  c l o u d  o f  e l e c t r o n s .  We w i l l  
t r e a t  t h e  c lo u d ,  a s  a  c o n t in u u m  and  t h e r e f o r e  a l l  t h e  
p h y s i c a l  q u a n t i t i e s  u s e d  f o r  t h e  d e s c r i p t i o n  a r e  mean
v a l u e s  s u i t a b l e  f o r  a  m a c r o s c o p ic  d e s c r i p t i o n .
Most s t a n d a r d  t e x t - b o o k s  on  R e l a t i v i t y  and  
E l e c t r o d y n a m i c s  g iv e  a  d e s c r i p t i o n  o f  t h e  e l e c t r o d y n a m i c s  
o f  a  c h a r g e d  c l o u d  and  t h e  energy-momentum t e n s o r  i s  
d e r i v e d  'by, u s i n g  Hie w e l l  known L o r e n t s  P o r c e .  The
a s s u m p t i o n  made, i n  a l l  t h e s e  t r e a t m e n t s  i s  t h a t  t h e
. • /  p a r t i c l e s  o f  t h e  c lo u d  o f  c h a rg e  a r e  so f a r  a p a r t  t h a t
t h e i r  i n t e r a c t i o n  can  be d e s c r i b e d  e n t i r e l y  by  means o f
t h e  m a c r o s e o p i c a l l y  d e t e r m i n e d  e l e c t r i c  and m a g n e t i c  f i e l d s .
However, i n  any  p r a c t i c a l  c a s e  o f  a  c h a r g e d  c l o u d ,  t h e
p a r t i c l e s  a r e  c l o s e  and  t h e r e f o r e  a  f u r t h e r  i n t e r a c t i o n
of  - p a r t i c l e s  t a k e s  p l a c e .  I t  t h e r e f o r e  seems n e c e s s a r y  t o
i n t r o d u c e  a  m e c h a n i c a l  p r e s s u r e  t e r m  p. s i m i l a r  i n  f u n c t i o n
t o  t h e  p r e s s u r e  o f  a  f l u i d .  Y/e w i l l  a ssum e,  w i t h o u t  p r o o f ,
t h a t  t h e  i n t e r n a l  e l e c t r o m a g n e t i c  i n t e r a c t i o n s  w i l l  l e a d  to
a. s im p le  form . o f  a  p r e s s u r e  f i e l d .  T h is  i s  i n d e e d  what
one h a s  i n  an  i d e a l  u n c h a r g e d  f l u i d ;  and  t h e r e  i t  e x p re
a' . .kind o f  i s o t r o p y .  But  now t h a t  t h e  f l u i d  i s  c h a r g e d
and t h e r e  a r e  e l e c t r i c  and m a g n e t i c  i n t e r n a l  f i e l d s  and  .
i t  i s  n o t  o b v i o u s  t h a t  t h e y  would  a v e r a g e  o u t  t o  an  
i s o t r o p i c  p r e s s u r e .  I n  t h a t  c a s e  we may u s e  a  d i a d i c
s t r e s s  f i e l d  t .  However,  we w i l l  h e r e  u se  a  s im p le  s c a l a r  
f i e l d  t o  d e s c r i b e  t h e  i n t e r n a l  e l e c t r o m a g n e t i c  i n t e r a c t i o n s .
The d e s c r i p t i o n  g i v e n  i n  t h i s < c h a p t e r ,  i n c l u d i n g
th e  f o r c e  d e n s i t y ,  w i l l  be fo u n d  t o  be more d e t a i l e d
t h a n  t h o s e  g i v e n  i n  t h e  t e x t - b o o k s *  However a l l  o f  t h e  
e x p r e s s i o n s  d e r i v e d  w i l l  r e d u c e  to  t h o s e  g i v e n  i n  th e
t e x t - b o o k s  when c e r t a i n  r e s t r i c t i n g  c o n d i t i o n s  a r e  a p p l i e d
to  th e m . ,
9 .2  APPLICATION OP THE THEOREM OP VIRTUAL POWER TO
A CHARGED CLOUD.
« As b e f o r e ,  we w i l l  p r o c e e d  by  a n s w e r i n g  t h e  t h r e e
q u e s t i o n s  g i v e n  i n  t h e  s e c t i o n  8 . 2  o f  t h e  c h a p t e r  V I I I  
and  w r i t e ,  t h e  a n s w e r s  u n d e r  t h e  h e ad i r fg s  A l ,  A2 and  A3.
A l .  I f  we c o n s i d e r  a  s m a l l  volume VQ o f  t h e  c h a r g e
c o n t inu u m ,  t h e n ,  when t h i s  volume i s  o b s e r v e d  f rom  t h e
i n s t a n t a n e o u s - r e s t - f r a m e  f o r  t h e  r e g i o n ,  t h e  work done on
t h i s  volume by  t h e  p r e s s u r e  p ,  a s  t h e  volume d e fo rm s ,
must  n e c e s s a r i l y  go i n t o  some fo rm  o f  i n t e r n a l  e n e r g y  o f
th e  c h a r g e  c o n t in u u m .  T h i s  i n t e r n a l  e n e r g y  m u s t  g i v e  r i s e
t o  an  i n c r e a s e  i n  t h e  r e s t - m a s s  o f  t h e  c h a r g e d  m a t t e r  i n
th e  volume V . The c a l c u l a t i o n  o f  t h i s  i n c r e a s e  i n  . r e s t -  o
mass i s  o b v i o u s l y  i d e n t i c a l  t o  t h e  . c a l c u l a t i o n  g i v e n  f o r  
t h e  i n v i s c i d  f l u i d  i n  t h e  s e c t i o n  8 . 2  o f  c h a p t e r  V I I I .
We t h e r e f o r e  e q u a t e  t h e  r a t e  o f  i n c r e a s e  o f  t h e  r e s t - m a s s
i n  th e  volume V" t o  t h e  r a t e  a t  wh ich  work i s  b e i n go ^
done t o  t h e  volume
w hich  s i m p l i f i e s  on t h e  a p p l i c a t i o n  of. -Gauss'*. Theorem o f  
d i v e r g e n c e  t o ,
A2. I n  o r d e r  t o  f i n d  o u t  what  fo rm s  o f  i n t e r n a l  e n e r g i e  
a r e  p r e s e n t ' ;  w h ich  do n o t  fo rm  com ponen ts  o f  t h e  r e s t -  
mass  o f  t h e  p o n d e r a b l e  m a t t e r ,  we c o n s i d e r  a g a i n '  t h e  
s m a l l  volume Vo f rom  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  f o r  t h e
r e g i o n .  L e t  u s  im ag ine  a l l  t h e  p o n d e r a b l e  m a t t e r  w i t h i n  
VQ t o  be  rem oved.  I f  t h e r e  i s  any  fo rm  o f  e n e r g y  s t i l l  
l e f t  w i t h i n  t h i s  volume V , t h e n  t h i s  e n e r g y  c o u l d  n o t
have b e e n  a  component  o f  t h e ; r e s t - m a s s  o f  t h e  p o n d e r a b l e  
m a t t e r  t h a t  was i n  VQ. The o n l y  e n e r g y  t h a t  wou ld  be
l e f t  b e h i n d  when a l l  t h e  p o n d e r a b l e  m a t t e r  i s  removed
i s  t h e  e n e r g y  o f  t h e  m a c r o s c o p i c a l l y  d e s c r i b e d  e l e c t r i c
and m a g n e t i c  f i e l d s .  The d e n s i t y  o f  t h i s  f i e l d  e n e r g y
m ust  be e q u a l  t o  Then, r e s o r t i n g  t o  o u r  knowledge
o f  vacuum e l e c t r o d y n a m i c s ,  we w r i t e  down th e  e x p r e s s i o n  
f o r  t h i s  e n e r g y  a s
where E° and H° a r e  t h e  e l e c t r i c  and  m a g n e t i c  f i e l d  
i n t e n s i t i e s  a s  m e a s u r e d  i n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  
o f  t h e  r e g i o n  and a n d 1, }XQ a r e  t h e  p e r m i t t i v i t y  and
p e r m e a b i l i t y  o f  f r e e  s p a c e .
A3 To a n sw e r  t h e  q u e s t i o n  Q3 we p r o c e e d  a s  b e f o r e
by c o n s i d e r i n g  t h e .  s m a l l  volume VQ d e v o id  o f  any  p o n d e r a h l
m a t t e r .  Then, t h e  o n l y  fo rm  o f  e n e r g y  f l o w  i n  t h e  volume 
VQ m ust  be t h e  f l o w  o f  e l e c t r o m a g n e t i c  e n e r g y .  The d e n s i t y
o f  t h e  f l o w  o f  t h i s  e n e r g y  e v a l u a t e d  f ro m  t h e  i n s t a n t a n e o u
r e s t - f r a m e  o f  t h e  r e g i o n  g i v e s  u s  t h e  v a l u e  o f  
The d e n s i t y  - o f  t h e  f l o w  o f  e l e c t r o m a g n e t i c  e n e r g y ,  'we  ^
know, i s  g i v e n  by  t h e  P o y n t i n g  v e c t o r  and  we t h e r e f o r e
have  t h a t
( R) o E° x h ° . 9 - 4
We a r e  now i n  p o s s e s s i o n  ' o f  a l l  t h e  - ^ i n f o r m a t i o n  r e q u i r e d  
t o  a p p l y  t h e  Theorem o f  V i r t u a l  Pow er .  We w i l l  f i r s t  
s t a t e  t h e  th e o re m  a g a i n  b e f o r e  m ak in g  t h e  n e c e s s a r y
n J d m c'
°  m  0 TJV w <R>° 1 s t jy. (?w(E)o)
e q u a t i o n 7 . 1 5  if
-° + f ^ I (E)o]T  <  v
J  1 3 i - f  - I
+ |v.fR)oj°
o
.St J
t (H)°  J V v ]  . 9 - 5
We now s u b s t i t u t e  f o r  t h e  e x p r e s s i o n s  on . t h e  L .H .S  o f  
t h e  T .V .P  g i v e n  above u s i n g  e q u a t i o n  9*2,  9*3 and  9*4 
and o b t a i n .
T h is  e x p r e s s i o n  s i m p l i f i e s  w i t h  t h e  u s e  o f  t h e  r e l a t i v i s t i e  
t r a n s f o r m a t i o n  .laws f o r  e l e c t r i c  a n d ,  m a g n e t i c  f i e l d s .  The 
. t r a n s f o r m a t i o n  l a w s  n e e d  o n l y  t o  he t o  t h e  f i r s t  o r d e r
i n  t h e  v e l o c i t y  v a s  a l l  h i g h e r  o r d e r  t e r m s  w i l l  v a n i s h  
when u s e d  i n  t h e  above  e x p r e s s i o n s  w h ich  a r e  a l l  r e d u c e d
to  t h e  i n s t a n t a n e o u s - r e s t - f r a m e .  So we n e e d  o n l y  use  t h e  
t r a n s f o r m a t i o n  la w s  a s  •.
E + v x jr H o „■
and H° H v x e QE
The e x p r e s s i o n  9 -6  t h e n  s i m p l i f i e s  t o  g iv e
o
L .H .S
Cf 1 f 1
9 . 9
By c o m p a r in g  t h i s  e x p r e s s i o n  w i t h  t h e  R .H .S  o f  9*5 we 
i d e n t i f y  t h e  d e n s i t y  o f  momentum and  th e  s t r e s s -
momentum f l o w  t e n s o r  o f  t h e  r e a c t i o n  sys tem ' . ,  a s
q: ( h ) o 9 * 1 0
f(R)o
We now have  a  c o m p le te  d e s c r i p t i o n  o f  t h e  e n e r g 3r-momenturn. 
t e n s o r  f o r  a  c h a r g e d  ‘ c lo u d  i n  t h e  . i n s t a n t a n e o u s - r e s t - f r a m e . 
We may now p r o c e e d  w i t h  t h e  a i d  o f  M a x w e l l ' s  ‘E q u a t i o n s ,  
v a l i d  f o r  r e g i o n s  c o n t a i n i n g  c h a rg e  , d i s t r i b u t i o n s  h u t  
w i t h o u t  p o l a r i s a t i o n  o r  m a g n e t i s a t i o n  o f  t h e  c h a r g e d  
p a r t i c l e s .  The e q u a t i o n s  a r e  .
(See A ppend ix  I I I  f o r  t h e  d e t a i l s  o f  t h e  t e n s o r s  F‘a ^ 
and 0a g ) .  U s in g  t h e  f i e l d  t e n s o r s  . Ea ^ and  i t  i s
e a s i l y  shown t h a t  t h e  energy-momentum t e n s o r ,  whose component  
f o r  t h e  r e s t - f r a m e  a r e  g i v e n  hy  . t h e  e q u a t i o n s  9*3,  9*4,
J 9 . 1 2
/
0
4-
9*13
We may w r i t e  down t h e  two e x p r e s s i o n s  on t h e  H.I i .S  o f  
t h e  e q u a t i o n  9*14 s e p a r a t e l y  a s  t h e .  ’‘m e c h a n i c a l  p a r t ” 
an(  ^ :^lle “e l e c t r o m a g n e t i c  p a r t ” 1^3 ^  a s
t (R) _ m(Rl)  . «(R 2) Q 15
i a|3 “  i a|3 + 1a0 * , ■ 5
( R1) 'The component  } o f  t h e  energy-momentum t e n s o r  o f
(R )r e a c t i o n  T ^p ' i s  i d e n t i c a l  t o  t h e  energy-momentum t e n s o r  
d e r i v e d  i n  R e l a t i v i s t i c  Hydrodynam ics  and  i s  t h e  same a s  
t h a t  d e r i v e d  i n  th e  p r e v i o u s  c h a p t e r  f o r  a n  i n v i s c i d  
f l u i d  w i t h o u t  any h e a t  f l o w .  (See e q u a t i o n  8 .1 6  o f  ' 
c h a p t e r  V I I I ,  s e c t i o n  8 . 2 ) .  The component w h i c h
i s  p u r e l y  a  f u n c t i o n  o f  t h e  m a c r o s c o p ic  f i e l d s  i s  t h e  
t e n s o r  u s u a l l y  g i v e n  i n  t h e  t e x t - b o o k s  a s  t h e  e n e r g y -
momentum t e n s o r  f o r  a  c lo u d  o f  c h a r g e d  p a r t i c l e s .  The
t e n s o r  w i l l  be s u f f i c i e n t  t o  g i v e  a  d e s c r i p t i o n  o f
t h e  momentum a n d  t h e  e n e r g y  and  a l s o  '’t h e  f o r c e s  i n  a
c h a r g e d  c l o u d  o n l y  i f  i s  v a n i s h i n g l y  s m a l l ,  a n d  t h i s
w i l l  be so o n l y  i f  t h e  p r e s s u r e  p i s  v a n i s h i n g l y  s m a l l .
*
The n a t u r e  o f  t h e  p r e s s u r e  p may be d e s c r i b e d  >
i n  t h e  f o l l o w i n g  way. I f  t h e  c h a r g e d  c l o u d  i s  o f  v e r y
low d e n s i t y  and t h e  p a r t i c l e s  o f  c h a r g e d  m a t t e r  a r e  f a r
• *
a p a r t ,  t h e n  a n y .  g i v e n  p a r t i c l e  i s  n o t  i n f l u e n c e d  v e r y  
much by  a n y  o f  i t s  n e i g h b o u r i n g  p a r t i c l e s  and  i s  o n l y
i n f l u e n c e d  by  t h e  o v e r a l l  e f f e c t  o f  a l l  t h e  p a r t i c l e s  i n
t h e  c lo u d  and  'by  • e x t e r n a l l y  a p p l i e d  f i e l d s  i . e .  ' b y
m a c r o s c o p ic  f i e l d s .  Hence th e  m a c r o s c o p ic  f i e l d  a l o n e  i s  
s u f f i c i e n t  t o  d e s c r i b e  t h e  dynam ics  o f  su c h  a  c l o u d .  I f
h ow ever ,  t h e  d e n s i t y  o f  th e  p a r t i c l e s  i s  h i g h ,  t h e n  any
s i n g l e  p a r t i c l e  w i l l  be i n f l u e n c e d  by  t h e  b e h a v i o u r  o f
i t s  im m ed ia te  n e i g h b o u r s .  T h e r e f o r e ,  i n  a d d i t i o n  t o '  t h e  '
i n f l u e n c e  o f  t h e  r e s t ,  o f  t h e  c lo u d  and  th e  e x t e r n a l l y
a p p l i e d  f i e l d s ,  (w hich  a r e  t h e  m a c r o s c o p i e a l l y  d e s c r i b e d  
f i e l d s )  t h e  i n f l u e n c e  o f  t h e  im m e d ia te  n e i g h b o u r s  o f  a
p a r t i c l e  h a s  t o  be a c c o u n t e d  f o r .  These  i n t e r a c t i o n s  o f
c l o s e  n e i g h b o u r s  a r e  o f  c o u r s e  a l s o  e l e c t r o m a g n e t i c  b u t  
t h e y  c an  n o t  be c o m p l e t e l y  d e s c r i b e d  by t h e  m a c r o s c o p i c  
f i e l d s .  I t  i s  t h e s e '  i n t e r a c t i o n s  t h a t  we p r o p o s e  t o  
d e s c r i b e  by  means o f  a  s c a l a r  p r e s s u r e  p .  I t  i s  o f  c o u r s e
p o s s i b l e  t h a t  t h e  i n t e r a c t i o n s  may n o t  be c o m p l e t e l y
d e s c r i b e d 1 by- a  s c a l a r  p r e s s u r e  p .  I t  may be b e t t e r  t o
u s e  a  s t r e s s  d i a d i c  t .  T h i s  can  a l s o  be d e a l t  w i t h  bjr
u s i n g  t h e  T . V . P . ,  b u t  we s h a l l  n o t  d i s c u s s  t h i s  more 
g e n e r a l  c a s e  -w h ich  would  t a k e  u s  a l o n g  a p a t h  v e r y
s i m i l a r  to t h e  one t a k e n  h e r e .
We now p r o c e e d  to  c a l c u l a t e  th e  d e n s i t y  o f  t h e
t o t a l  r a t e  o f  change  o f  t h e  4~momentum k a n d  t h e  4 ~ f o r c eCL
d e n s i t y  f  an d  t h e  m a s s - c h a n g e • 4 ~ v e c t o r  g . We w i l l  make
IX  vX
u s e  o f  t h e  c a l c u l a t i o n s  a l r e a d y  made i n  t h e  c h a p t e r  V I I I
g i v e n  by  t h e  e q u a t i o n s  8 .2 6  8 .2 9  and  8 , 3 1  "and t h e  f i e l d
e q u a t i o n s  9*12 and  9*13 ( M a x w e l l ' s  E q u a t i o n s ) .  .We t h e n  
o b t a i n  t h a t  t h e  c o n s e r v a t i o n  o f  e n e r g y  and  momentum i . e .
i s  g i v e n  by  t h e  e x p r e s s i o n
and t h e  d e n s i t y  o f  t h e  4 - f o r c e  i s  o b t a i n e d  a s
f  Q = n  m d vQ P o o s P L P  ~ ]• + M0 3?AaJ o
b x R I r r ^ J  p
9.18
and  t h e  4 - v e c t o r  g^ a s
Sc n v 0 d in o 0 0 -  V0 P 5 v
c 2 ^ x a
a 9 .1 9
F i n a l l y  we w i l l  c a l c u l a t e  and  w r i t e  down— t h e 3 + 1 ) - sp a c e  
com ponen ts  o f  and g u s i n g  t h e  n o t a t i o n  d e f i n e d
CL CL CL -
i n  c h a p t e r  VIII*  and  g i v e n  by  t h e  e q u a t i o n s  8 . 3 2 ,  8*33
and  8 . 3 4 .  A ga in ,  w i t h  t h e  a i d  o f  t h e  c a l c u l a t i o n s  a l r e a d y  
made i n  c h a p t e r  V I I I ,  and  t h e  f a c t  t h a t  t h e  f i e l d  t e n s o r  
and  th e  4 - c u r r e n t  d e n s i t y  g i v e s  u s  t h a t
1*0 W a i  E . J  , ^oE + 7  x n  H h 9 .20
we have  t h a t
9 . 3  LIMITATIONS ON THE USE OF THE LO RENT Z FORGE 
. IN - ■•CONTINUUM DESCRIPTIONS. v /  ; A ; v
Our t r e a t m e n t  o f  t h e  c h a r g e d  c l o u d  a s su m e s  a
knowledge  o f  : e l e c t r o d y n a m i c s  o f  i s o l a t e d  c h a r g e d  p a r t i c l e s  
o r  o f  a  c l o u d  o f  c h a r g e d  p a r t i c l e s  w i t h o u t  . d i r e c t  i n t e r n a l  
• i n t e r a c t i o n s .  The .d y n a m i c s  o f  su c h  a  s im p le  c h a r g e d  c l o u d
can  be d e s c r i b e d  c o m p l e t e l y  by  means o f  t h e  m i c r o s c o p i c a l l y  
d e t e r m i n e d  f i e l d s ,  c h a r g e  d e n s i t y  and  c u r r e n t  d e n s i t y .
Such d e s c r i p t i o n s  a r e  t o  be fo u n d  i n  any  s t a n d a r d  t e x t ­
book on t h e  s u b j e c t  ( f o r  exam ple  M p ' l l e r ^ ^ ) .  The s t a r t i n g
p o i n t  i n  t h e  e l e c t r o d y n a m i c s  o f  a  • s im p le  c h a r g e d  c l o u d  
i s  t h e  " L o r e n t z  F o r c e '1, w h ich  g i v e s  t h e  f o r c e  on a
c h a rg e  q moving . w i t h  v e l o c i t y  v a s
P = q ( E + v x |xqH ) 9 .2 7
and t h e r e f o r e  th e  d e n s i t y  o f  f o r c e  i n  a  moving  . s im p le
c h a r g e d  sc lo u d  a s
- f  ' = Y>E ■ + ■ 7  x jioIi 9 . 2 8
where 7 0  = '  q/V i s  t h e  c h a r g e  d e n s i t y  and  J = p v  i s
t h e  c u r r e n t  d e n s i t y .  T h i s  i n d e e d  i s  t h e  c o r r e c t  s t a r t i n g
p o i n t  s i n c e  th e  e q u a t i o n  9*27 i s  t h e  e q u a t i o n  w h ich
d e f i n e s  t h e  e l e c t r i c  f i e l d  E and  t h e  m a g n e t i c  f i e l d  H,
i n  t e r m s  o f  t h e  m e a s u r a b l e  f o r c e  a c t i n g  011 a  c h a r g e  q,
and i s  - t h e r e f o r e  t h e  m os t  f u n d a m e n t a l  . .. e q u a t i o n  i n
, e l e c t r o m a g n e t i c  t h e o r y . - The energy-momentum t e n s o r  o f
( R) ' ■ /  - ■ 
r e a c t i o n  i s  e a s i l y '  d e r i v e d  f o r  such  m ed ia  u s i n g
t h e  d e n s i t y  o f  L o r e n t z  Fo rce  (9*28)  a s
= l i °  + ^ 0  e
' 2 .. ■ 2 :
There  i s  no change i n  th e  r e s t - m a s s  p e r  p a r t i c l e  mQ
and t h e  d e n s i t y  o f  t h e  r a t e  o f  change o f  t h e  t o t a l
e n e r g y  i n  t h e  m a t t e r  i s  e q u a l  to  t h e  d e n s i t y  o f  th e  
r a t e  o f  i n c r e a s e  o f  k i n e t i c  e n e r g y  o f  t h e  m a t t e r  ( t h i s
i s  g i v e n  by E. J ) .
Our. t r e a t m e n t  o f  th e  more complex  c h a r g e d  c l o u d
w i t h  i n t e r n a l  i n t e r a c t i o n s ,  (due t o  a  h i g h  d e n s i t y  o f
c h a r g e d  p a r t i c l e s ) ,  h a s  a n  i n t e r n a l  e n e r g y  component  
which  c o n t r i b u t e s  t o  t h e  r e s t - m a s s  p e r  p a r t i c l e  m . I t  
i s  t r u e  t h a t  a l l  e l e c t r o m a g n e t i c  f o r c e s  m us t  be g i v e n  
by th e  l o r e n t z  F o rce  9«27« However we would n o t  a r r i v e
a t  a  f o r c e  e x p r e s s i o n  o f  t h e  form  9 . 2 8  by  c a l c u l a t i n g
th e  mean d e n s i t y  o f  t h e  L o r e n t z  f o r c e s  a c t i n g  on t h e  
i n d i v i d u a l  c h a r g e s  i n  t h e  v o lu m e . T h i s  i s  b e c a u s e  mean
v a l u e s  o f  p r o d u c t s  a r e  n o t  i n  g e n e r a l  e q u a l  t o  t h e
p r o d u c t s  o f  m eans .  I t  i s  p r e c i s e l y  t h i s  d i f f e r e n c e  t h a t
i s  a c c o u n t e d  f o r  by  t h e  f i r s t  two t e r m s  o f  t h e  f o r c e
e q u a t i o n  - ( 9 * 2 5 ) ,  i n  t e r m s  o f  a  s c a l a r  p r e s s u r e  p .  1
The r e a s o n s  f o r  a s s u m in g ,  a t  t h e  v e r y  o u t s e t ,
 ^ t h a t  t h e r e  w i l l  be c h a n g e s  . i n  t h e  mean r e s t - m a s s  p e r
p a r t i c l e  o f  m a t t e r  i n  t h e  c h a r g e d  c lo u d  a r e  t o  be fo u n d
i n  c h a p t e r  V. A c c o r d in g  t o  t h e  d e s c r i p t i o n  o f  t h e  r e s t -  
mass g i v e n  i n  c h a p t e r  V, t h e  r e s t - m a s s  o f  a  r e g i o n  o f
t h e  c h a r g e d  c l o u d  . w i l l  - be' composed n o t  o n l y  o f  t h e  sum
o f  th e  i n d i v i d u a l  c h a r g e d  p a r t i c l e s  when t a k e n  i n
i s o l a t i o n ' , '  b u t  a l s o  th e  e n e r g y  o f  a s s e m b ly  o f  th e  r e g i o n
(work w i l l  have  t o  be done t o  a s s e m b le  t h e  c h a r g e d
c l o u d )  and  th e  k i n e t i c  e n e r g i e s  o f  t h e  i n d i v i d u a l  c h a r g e d
. p a r t i c l e s ,  a s  m e a s u r e d  f ro m  t h e  i n s t a n t a n e o u s - r e s t - f r a m e
o f  t h e  r e g i o n .
T ha t  t h e  e n e r g y  o f  a s s e m b ly  would change  t h e
t o t a l  r e s t - m a s s  o f  a  sy s te m  o f  p a r t i c l e s  c o u l d  i n
p r i n c i p l e  be e x p e r i m e n t a l l y  v e r i f i e d .  L e t  u s ,  by  way o f
. an  e x am ple ,  c o n s i d e r  a  c a p a c i t o r .  The t o t a l  num ber  o f
m a t e r i a l  p a r t i c l e s  i n  t h e  c a p a c i t o r  a r e  n o t  c hang ed  ■''' 
by c h a r g i n g ,  f o r  a  number o f  e l e c t r o n s  e q u a l  i n  number
t o  wha t  i s  removed f rom  th e  +ve p l a t e ,  i s  d e p o s i t e d
on t h e  - v e  p l a t e .  The e n e r g y  s t o r e d  i n  t h e  c a p a c i t o r
i s '  e q u a l  t o  t h e  d i f f e r e n c e  i n  t h e  e n e r g i e s  o f  a s s e m b ly
o f  t h e  c h a r g e d  an d  th e  u n c h a r g e d  c a p a c i t o r .  T h i s  d i f f e r e n c e ,
t h o u g h  e x t r e m e l y  s m a l l  i n  mass u n i t s  f o r  any  p r a c t i c a l  
c a p a c i t o r ,  c o u l d  i n  p r i n c i p l e  be d e t e c t e d  b y  m e a s u r e m e n ts  
o f  t h e  w e i g h t s  o f  t h e  c a p a c i t o i ’ b e f o r e  and  a f t e r
c h a r g i n g .  I n  a  s i m i l a r  way, t h e  c h a n g e s  i n  t h e  r e s t - m a s s
and i t s  e f f e c t  on f o r c e  c o u l d  i n  p r i n c i p l e  be v e r i f i e d
by e x p e r i m e n t .
C H A P T E R X
ELECTRODYNAMICS OP MOVING MATERIAL MEDIA.
1 0 . 1  INTRODUCTION.
The s u b j e c t  o f  E l e c t r o d y n a m i c s  o f  moving m ed ia
h a s  a lw a y s  b e e n  c o n t r o v e r s i a l  and  i n  ' p a r t i c u l a r , '  t h e  p r e c i s e
fR)fo rm  o f  t h e  energy-momentum t e n s o r  o f  r e a c t i o n  ( T^q ) 
h a s  b e e n  t h e  s u b j e c t  o f  much d i s c u s s i o n  and  a r g u m e n t .  T h i s  
c o n t r o v e r s i a l  s u b j e c t  now h a s  a  h i s t o r y  o f  o v e r  60 y e a r s .  
The o r i g i n s  o f  t h e  p ro b le m  may be t r a c e d  b a c k  t o  1908 
when H. -Minkowski p r o p o s e d  a  f o r m u l a t i o n  o f  e l e c t r o d y n a m i c s  
f o r  m oving  m a t e r i a l  m e d ia ,  c o n s t r u c t e d  w i t h i n  t h e  f r a m e ­
work o f  th e  S p e c i a l  T heo ry  o f  R e l a t i v i t y .  A l th o u g h  f i e l d  
e q u a t i o n s  o f  h i s  t h e o r y  o f  e l e c t r o d y n a m i c s ” w e r e p e r f e c t l y  
a c c e p t a b l e  and  f r e e  o f  a n y .  i n c o n s i s t e n c i e s ,  t h e  e n e r g y -  
..momentum, t e n s o r  o f  r e a c t i o n  t h a t  he p r o p o s e d  h a s '  b e e n
c r i t i s i z e d  f rom v a r i o u s  v iew p o i n t s .  One o f  t h e  m a in
c r i t i c i s m s  was t h e  n o n -sy m m etry  o f  t h i s  t e n s o r .  I t  h a s  
a l s o  b e e n  p o i n t e d  o u t  by  M i l l e r  t i i a t  t h e  t e n s o r  i s
i n c o m p l e t e .  S e v e r a l  o t h e r  energy-momentum t e n s o r s  h ave  s i n c e  
b e e n  p r o p o s e d .  However, we do n o t  i n t e n d  d i s c u s s i n g  t h e  
h i s t o r y  o f  t h i s  c o n t r o v e r s i a l  s u b j e c t  i n  t h i s  t h e s i s .  A 
d e t a i l e d  a c c o u n t  o f  t h e  p ro b le m  an d  some o f  t h e  s o l u t i o n s
t h a t  have  b e e n  s . u j e s t e d  h a s  a l r e a d y  b e e n  d i s c u s s e d  by
( 1 / )
t h e  a u t h o r  i n  a n  e a r l i e r  d i s s e r t a t i o n  on t h e  s u b j e c t v .
(M. G. Abeywickrama, M.Sc. d i s s e r t a t i o n  1 9 6 8 ) .  A c o m p r e h e n s iv e
a c c o u n t  o f  t h e  p ro b le m  and  i t s  h i s t o r y  h a s  a l s o  b e e n
g i v e n  by  P e n f i e l d  and  H a u s ^ ~ ^  .
I n  t h e  c a se  o f  t h e  more w e l l  known- e n e r g y -
momentum t e n s o r s  su c h  a s  t h e  Minkowski  t e n s o r  o r  t h e  >
Abraham t e n s o r ,  t h e  m ethod  u s e d  f o r  a r r i v i n g  a t  t h e s e  
t e n s o r s  a r e  w o r th y  o f  comment* As f a r  a s  i t  a p p e a r s ,  t h e  
m ethod  u s e d  f o r  a r r i v i n g  a t  t h e s e  energy-momentum t e n s o r s  
i s  t o  u s e  t h e  f i e l d  t e n s o r s  t o  c o n s t r u c t  a  t e n s o r  ( u s i n g  
m e tho d s  u s e d  i n  vacuum e l e c t r o d y n a m i c s  a s  a  g u i d e )  w h ich
h a s  t h e  c o r r e c t  d i m e n s i o n s  o f  e n e r g y  and momentum. And
t h e  vacuum e l e c t r o d y n a m i c s  t h a t  i s  u s e d  f o r  gu i& ence  i s
n o t  t h e  t h e o r y  we d i s c u s s e d  i n  t h e  c h a p t e r  IX b u t  t h e  
s i m p l e r  one w i t h  no i n t e r n a l  i n t e r a c t i o n s  a s  g i v e n  i n
th e  t e x t - b o o k s  on - t h e  s u b j e c t .  I t  i s  o b v i o u s  t h a t  num erous
d i m e n s i o n a l l y  c o r r e c t  t e n s o r s  c o u l d  be a r r i v e d  a t  i n  t h i s
way and  t h e  p r o b a b i l i t y  o f  a r r i v i n g  a t  t h e  c o r r e c t  one 
and r e c o g n i s i n g  i t  a s .  su c h  i s  e x t r e m e l y  r e m o t e .  N e i t h e r
t h e  Minkowski  t e n s o r  n o r  t h e  Abraham t e n s o r  a r e  c a p a b le
■ " /  
o f  g i v i n g  a  c o m p le te  d e s c r i p t i o n  o f  t h e  e n e r g y  and
momentum o r  t h e < f o r c e  d i s t r i b u t i o n  i n  a n  e l e c t r o m a g n e t i c
m a t e r i a l  medium which  i s  moving and  d e f o r m i n g .
More r e c e n t l y  th e  p ro b le m  was t a c k l e d  i n  e a r n e s t
by t h e  two r e s e a r c h  w o r k e r s  P e n f i e l d  and  Haus o f  t h e  
M . I .T .  T h e i r  work on t h e  s u b j e c t ^ " ^  shows an  e x c e l l e n t  
u n d e r s t a n d i n g  o f  t h e  p ro b le m  and  t h e i r  m e th od  o f  a p p r o a c h
t o  t h e  p r o b le m  a p p e a r s  to  be th e  r i g h t  o n e .  They
d e v e lo p e d  a  t h e o r y  o f  r e l a t i v i s t i c  m e c h a n ic s  f o r  m a t e r i a l  
c o n t i n u a  and  d e r i v e d  f rom  i t  a  t h e o re m  o f  v i r t u a l  p o w e r .
T h is  th e o r e m  was t h e n  u s e d  by  them t o  d e r i v e  t h e  e n e r g y -
momentum t e n s o r  o f .  m oving and  d e fo r m in g  e l e c t r o m a g n e t i c
m e d ia .  Our main, c r i t i c i s m  o f  t h e i r  work is .  r e g a r d i n g  t h e
t h e o r y  o f  m e c h a n ic s  u s e d  by  them, and  i n  p a r t i c u l a r  t h e i r
c o n c e p t  o f  r e s t - m a s s .  The t h e o r y  o f  r e l a t i v i s t i c  m e c h a n ic s
d e v e l o p e d  by  P e n f i e l d  and  Haus a ssu m es  t h a t  a  body
composed o f  a  g i v e n  c o n s t a n t  number o f  m a t e r i a l  p a r t i c l e s
h a s  a  c o n s t a n t  r e s t - m a s s  i n d e p e n d e n t  o f  any  c h a n g e s  i n
i t s  i n t e r n a l  e n e r g y  su c h  a s  h e a t  e n e r g y ,  s t r e s s  e n e r g y  e tc . .
T h i s  a s s u m p t i o n  i s  i n  d i r e c t  c o n t r a d i c t i o n  t o  t h e
s p e c i a l  r e l a t i v i s t i c  c o n c e p t  o f  r e s t - m a s s  a s  d i s c u s s e d
i n  the. c h a p t e r  V o f  t h i s  t h e s i s .  I t  i s  c l e a r  t h a t  t h e
S p e c i a l  T heory  o f  R e l a t i v i t y  r e q u i r e s  t h a t  a l l  fo rm s  o f
i n t e r n a l  e n e r g y  s u c h  a s  h e a t ,  s t r e s s  e t c .  be i n c l u d e d  i n
th e  r e s t - m a s s  o f  a  b o d y .  I t  i s  t r u e  t h a t  t h e  c o n t r i b u t i o n
made by th e  i n t e r n a l  e n e r g i e s  o f  a  body t o  t h e  r e s t - m a s s
o f  t h e  body  .a re  o f t e n  v e r y  s m a l l .  However t h e s e  s h o u l d
n o t  be e n t i r e l y  o u t s i d e  t h e  l i m i t s  o f  e x p e r i m e n t a l
d e t e r m i n a t i o n .  I t  i s  i n d e e d  a l s o  t r u e  t h a t  f o r  m o s t
' /  
p r a c t i c a l  e x a m p le s ,  t h e  d i f f e r e n c e s  b e tw e e n  N e w to n ia n
c a l c u l a t i o n s  and r e l a t i v i s t i c  c a 3 . c u l a t i o n s  a r e  b e y o n d  o r
on t h e  l i m i t s  o f  e x p e r i m e n t a l  d e t e r m i n a t i o n ;  b u t  t h i s
does  n o t  make th e  r e l a t i v i s t i c  t h e o r y  any l e s s  v a l i d .
The m i s c o n c e p t i o n  r e g a r d i n g  t h e  r e s t - m a s s  i n  t h e  
work o f  P e n f i e l d  and  Haus, i n t r o d u c e s  e r r o r s  i n t o  t h e i rl
c a l c u l a t i o n s  and  a s  a  r e s u l t  e r r o r s  a r e  p r e v a l e n t  
t h r o u g h o u t  t h e i r  work.  C e r t a i n  t e r m s  t h a t  a p p e a r ’ i n  t h e i r  
energy-momentum t e n s o r s  and t h e i r  f o r c e  d e n s i t i e s  a r e  
w i t h o u t  any r e a l  j u s t i f i c a t i o n  and  .. may w e l l  be  shown to  
be e r r o r  t e r m s -  by  e x p e r i m e n t .
In many r e s p e c t s  th e  procedure a d op ted  by u s
i n  t h i s  t h e s i s  i s  s im i la r  to  t h a t  o f  P e n f i e l d  and Haus.
We d ev e lo p  a . t h e o r y  o f  m ech a n ics ,  we d e r iv e  a theorem
o f  v i r t u a l  power and we u se  th e s e  to  s o lv e  the problem
o f  the  energy-momentum t e n s o r  f o r  e le c t r o m a g n e t ic  moving  
m edia . However, i t  would be tru e  to  say  t h a t  the  
developm ent o f  the th e o r y  o f  m echan ics  o f  v a r ia b le - m a s s e s  
i n  t h i s  t h e s i s  i s  o f  g r e a t e r  im portance th an  . any o f  the  
a p p l i c a t i o n s  in c lu d in g  ' the a p p l i c a t i o n s  i n  e le c tr o d y n a m ic s
o f  moving m edia . N e v e r t h e le s s  the  .problem o f  e le c tr o d y n a m ic s
o f  moving m edia i s  an i n t e r e s t i n g  and c h a l l e n g in g  one and
i t  i s  hoped th a t  none o f  th e  e r r o r s  ( c o n c e p tu a l  o r
o th e r w is e )  p r e s e n t  i n  the p r e v io u s  work on th e  s u b j e c t
are  to  be found h e r e ,  a t  l e a s t  a s  f a r  a s  the  m ech an ics  
i s  con cern ed . But th e r e  i s  a v e r y  s e r io u s  problem  in
th e  e le c tr o d y n a m ic s  o f  m oving media t h a t  s t i l l  reu m in s.
The problem  i s -  to  do w ith  th e  v ar iou s-  f o r m u la t io n s  o f  
e le c tr o d y n a m ic s  o f  moving m ed ia . These fo r m u la t io n s  are th e
Minkowski fo r m u la t io n ,  the  : Amperian fo r m u la t io n ,  th e  B o f f i
fo r m u la t io n ,  th e  Chu fo r m u la t io n  and o t h e r s  > which have  
not b een  g iv e n  any names ( s e e  P e n f i e l d  and Haus M. I . T
r e s e a r c h  monograph 40 our th e o r y  o f  m ech an ics  o f
v a r ia b le  r e s t - m a s s e s  r e q u ir e s  u s  to  c a l c u l a t e  th e  c o n t r i b u t i o
ir ■
o f  the  v a r io u s  i n t e r n a l  e n e r g ie s  to  the r e s t - m a s s .  In  th e
e le c tr o d y n a m ic s  o f  moving media i t  i s  n e c e s s a r y  to  
c a l c u l a t e  the  c o n t r ib u t io n  to  th e  r e s t -m a s s  due to  th e
en ergy  o f  p o l a r i s a t i o n  and due to  the  en erg y  o f  m a g n et i­
s a t i o n .  But each  o f  the  fo r m u la t io n s  o f  e le c tr o d y n a m ic s
g i v e s  d i f f e r e n t  v a l u e s  f o r  t h e  p o l a r i s a t i o n  e n e r g y  and 
f o r  t h e  m a g n e t i s a t i o n  e n e r g y !  an d  would t h e r e f o r e  g iv e
d i f f e r e n t  c o n t r i b u t i o n s  t o  t h e  r e s t - m a s s .  T h i s  i s  un ­
a c c e p t a b l e  s i n c e  we have  shown t h a t  r e s t - m a s s  i s  a
m e a s u r a b le  . p h y s i c a l  q u a n t i t y  and  t h e r e f o r e  would  o n l y  have  
one c o r r e c t  v a l u e .  T h i s  p r o b le m  c o u l d  o n l y  be s o l v e d  
by a  d e t a i l e d  s t u d y  o f  t h e  f u n d a m e n t a l s  o f  e l e c t r o m a g n e t i c  
t h e o r y .  We s h a l l  make no a t t e m p t  t o  do t h i s  h e r e .  We
w i l l  m e r e ly  s e l e c t  one f o r m u l a t i o n  ( t h e  Chu f o r m u l a t i o n ) ,  
w hich  -we p r e f e r ,  and  a p p l y  t h e  t h e o r y  o f  m e c h a n i c s  o f
v a r i a b l e  r e s t - m a s s e s  t o  i t .
1 0 .2  THE MACROSCOPIC DESCRIPTION OP AN ELECTROMAGNETIC ■
MATERIAL CONTINUUM.
The m a c r o s c o p i c  d e s c r i p t i o n  o f  t h e  behav iour . . .  o f
e l e c t r i c  and  m a g n e t i c  f i e l d s  and  t h e i r  i n t e r a c t i o n s  w i t h
th e  p o n d e r a b l e  m a t t e r  i n  a  m a t e r i a l  c o n t in u u m  a r e  g i v e n
.by t h e  f o l l o w i n g .
1 .  F i e l d  e q u a t i o n s  (known a s  M a x w e l l ' s  e q u a t i o n s  f o r
m a t e r i a l  m e d i a ) .
2 .  C o n s t i t u t i v e  r e l a t i o n s  f o r  t h e  m a t e r i a l  medium.
3 .  E q u a t i o n s  f o r  t h e  c o n s e r v a t i o n  o f  e n e r g y  an d
momentum and  t h e  e q u a t i o n  f o r  f o r c e  d e n s i t y .
A l l  ’t h e s e  e q u a t i o n s  m ust  be c o n s i s t e n t  w i t h  e a c h  o t h e r  
and  w i t h  th e  t h e o r y  o f  m e c h a n ic s  o f  c o n t i n u o u s  m e d ia .
The f i e l d  e q u a t i o n s  f o r  moving  m a t e r i a l  " m e d ia  
c an  be w r i t t e n  down i n  s e v e r a l  d i f f e r e n t  f o r m s ,  and  some
o f  t h e s e  have b e e n  d i s c u s s e d  by  P e n f i e l d  and  H a u s ^ ' 1^.
U n l ik e  i n .  th e  work o f  t h e s e  two a u t h o r s ,  t h e  a p p l i c a t i o n
o f  our.  t h e o r y  o f  m e c h a n ic s  o f  v a r i a b l e  r e s t - m a s s e s  t o
t h e  v a r i o u s  f o r m u l a t i o n s  o f  e l e c t r o d y n a m i c s  o f  moving m ed ia
w i l l  g i v e  d i f f e r e n t  r e s u l t s .  We s h a l l  h e r e  d i s c u s s  th e  
Chu f  o r m u l a t i o n ^ " ^  a p p l y  o u r  t h e o r y  o f  m e c h a n ic s
t o  i t .  The f i e l d  e q u a t i o n s  f o r  m oving  and d e fo r m in g
m a t e r i a l  m ed ia ,  a c c o r d i n g  t o  t h e  Chu f o r m u l a t i o n  a r e ,
V x H  = £  b  E + b  P + V x  (P x v)  + J'p, 1 0 . 1
° d t  b t  1
1 0 . 2
1 0 .3
1 0 . 4
I  a n d  H a r e  t h e  e l e c t r i c  an d  m a g n e t i c  f i e l d  i n t e n s i t i e s
i n  t h e  medium, P i s  t h e  e l e c t r i c  p o l a r i s a t i o n ,  M i s  t h e  
m a g n e t i s a t i o n ,  -v i s  t h e  v e l o c i t y  f i e l d  o f  t h e  medium,
i s  t h e  d e n s i t y  o f  t h e  c u r r e n t  due t o  t h e ’ f r e e ^  c h a r g e s  
i n  t h e  medium ( c o n d u c t i o n  c u r r e n t )  and  p ^  i s  t h e  d e n s i t y  
o f  t h e  f r e e  c h a r g e s .  A l l  t h e s e  q u a n t i t i e s '  a r e  d e f i n e d  t o  
g i v e  a  s u i t a b l e  .m a c r o s c o p ic  d e s c r i p t i o n  o f  t h e  e l e c t r o ­
m a g n e t i c  medium and a r e  d e s c r i b e d  i n  d e t a i l  by Fano ,  Chu
and  A d l e r v We have c h o s e n  t h e  f i e l d  e q u a t i o n s
d e v e l o p e d  by  L. J .  Chu, r a t h e r  t h a n  t h e  more commonly u s e d
f i e l d  e q u a t i o n s  o f  th e  Minkowski  f o r m u l a t i o n ,  f o r  one
v e r y  i m p o r t a n t  r e a s o n .  The Minkowski f i e l d  e q u a t i o n s  a r e
■ V x E  = -  )xn b j l  -  ’b j f !  -  D*x (-M x v ) ,
0 b t  b t
€ 0 V. E = - V - P  + P f ,
M*0 V-H = -  V*M.  ' v; ■ - ; -  : ^
w r i t t e n  down u s i n g  th e  p h y s i c a l  q u a n t i t i e s  E, H , 'D ,  B, J  
and  p  and  o f  t h e s e  t h e  v e c t o r s  I) and  B w h ich  a r e  th e  
so c a l l e d  e l e c t r i c  d i s p l a c e m e n t  v e c t o r  and t h e  m a g n e t i c  
f l u x  d e n s i t y  v e c t o r  a r e  b o t h  . m ixed  v e c t o r s .  What i s  m ean t  
by t h e  t e r m  mixed v e c t o r  i s  t h a t  t h e y  a r e  t h e  r e s u l t
o f  t h e  a d d i t i o n  o f  a  f i e l d  v e c t o r  and  a  m a t e r i a l  v e c t o r  
f o r  we know t h a t  i n  ' t h e  Minkowski f i e l d  e q u a t i o n s ,
3 °  = 60E° + P° 1 0 . 5
B° = |X0 H° + M°. , 1 0 .6
. E and  H a r e  ’ f i e l d  v e c t o r s  w h i l e  P and  M a r e  m a t e r i a l  
v e c t o r s .  A ccord ing .  . t o  t h e .. m e c h a n ic s  o f  v a r i a b l e  r e s t - m a s s e s
t h a t  we have  d e v e l o p e d ,  i t  i s  e s s e n t i a l  t o  make a  c l e a r
d i s t i n c t i o n  b e tw e e n  t h e  e n e r g y  a s s o c i a t e d  w i t h  t h e  p o n d e r a b l e  
m a t t e r  i n  a  g i v e n  r e g i o n  and t h e  e n e r g y  n o t  a s s o c i a t e d
w i t h  t h e  p o n d e r a b l e  m a t t e r  i n  t h e  same r e g i o n .  The u se
o f  t h e  m ixed  v e c t o r s  B and  B o f  t h e  Minkowki f o r m u l a t i o n  
w i l l  n o t  a l l o w  u s  t o  do t h i s .  When t h e  Chu f o r m u l a t i o n  
i s  u s e d ,  i t  i s  p o s s i b l e  t o  s e p a r a t e  t h e  f i e l d  e n e r g i e s  
(w h ich  a r e  n o t  a s s o c i a t e d  w i th '  t h e  p o n d e r a b l e  m a t t e r  i n  
t h e  r e g i o n )  f rom  t h e  e n e r g i e s  o f  p o l a r i s a t i o n  and  
m a g n e t i s a t i o n  (w hich  a r e  a s s o c i a t e d  w i t h  t h e  p o n d e r a b l e
. i  ■*
m a t t e r  i n  t h e  ’ r e g i o n ) .
I n  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  o f  any  g i v e n
—ofr e g i o n  o f  t h e  medium, th e  e n e r g y  e x p r e s s i o n  E .JB  D ( o f
I d t  j
t h e  Minkowski  f o r m u l a t i o n  c an  be s e p a r a t e d  i n t o  t h e  f i e l d
q u a n t i t i e s  • and m a t e r i a l  q u a n t i t i e s  a s
E - I S - D ] 0  = ^ E 0 . ( b _ l l 0 + I ° l s _ p ] °  1 0 , 7
ibt -* I'b'fc J J
The component  £>E°.fd e )  i s  t h e  r a t e  o f  change o f  t h e
j
e n e r g y  o f  t h e  e l e c t r i c  f i e l d  i n  t h e  r e g i o n  and  t h i s
f i e l d  e n e r g y ,  makes no c o n t r i b u t i o n  t o  t h e  r e s t - m a s s  o f  
t h e  p o n d e r a b l e  m a t t e r  i n  t h e  r e g i o n .  On t h e  o t h e r  h a n d ,
t h e  e n e r g y  o f  p o l a r i s a t i o n ,  th e  r a t e  o f  change  o f  w h ich
i s  g i v e n  by  E ° « J s  ? T  , f o r m s ’ p a r t  o f  t h e  r e s t - m a s s  o f
m  y
t h e  p o n d e r a b l e  m a t t e r  i n  t h e  r e g i o n .  The a rg u m e n t s  a r e  
s i m i l a r  f o r  t h e  m a g n e t i c  t e r m  H° A b  ~bT * I t  i s  c l e a r
Ibt  J
t h a t  t h e  Minkowski  ‘ f o r m u l a t i o n ,  i n  t h e  fo rm  t h a t  i t  
i s  u s u a l l y  g i v e n ,  i s  n o t ’ s u i t a b l e  f o r  u s e  w i t h  t h e  
c o n t in u u m  m e c h a n ic s  o f  v a r i a b l e  r e s t - m a s s e s  t h a t  we have  
d e v e l o p e d .
The c o n s t i t u t i v e  r e l a t i o n s  depend on  t h e  t y p e  
o f  medium and we‘ w i l l  make no a s s u m p t i o n s  r e g a r d i n g  t h e s e  
r e l a t i o n s  o t h e r '  t h a n  t h a t  t h e  e l e c t r i c  p o l a r i s a t i o n ,  a s  
o b s e r v e d  from  t h e .  i n s t a n t a n e o u s - r e s t - f r a m e , i s  some f u n c t i o n  
o f  t h e  e l e c t r i c  f i e l d  and  t h e  p a r t i c l e  d e n s i t y  ( n 0 ) a t  
t h a t  - p o i n t .  T h a t  i s ,  f o r  a  g i v e n  medium,-
P° = P ° ( E ° ,  n 0 ) ,  1 0 . 8
and s i m i l a r l y  f o r  t h e  m a g n e t i s a t i o n
1 0 .9
The p r e c i s e  natu re  o f  th e s e  f u n c t i o n s  i s  not o f  im portance  
here as  we are o n ly  i n t e r e s t e d  in  the  g e n e r a l  d e s c r i p t i o n  
o f  the p o l a r i s e d  and m a g n e t ised  m a t e r ia l  medium*
The e q u a t io n s  o f  c o n s e r v a t io n  o f  en erg y  and o f
momentum f o r  the  m a t e r ia l  continuum  can n o t  be o b ta in e d  
by d i r e c t  a p p ea l to  the f i e l d  e q u a t io n s  and to  some 
l o r e n t z  type f o r c e  ( a s  i s  p o s s i b l e  i n  the case  o f  the  
sim ple  charged  c lo u d  w ith  no i n t e r n a l  i n t e r a c t i o n s  and 
t h e r e f o r e  no changes i n  the  d e n s i t y  o f  the  r e s t -m a s s )*
But t h i s  has been  a ttem p ted  by some a u th o rs  ( s e e  f o r  
example E le c tr o m a g n e t ic  Theory And S p e c ia l  R e l a t i v i t y  by
J . H e a d i n g ^ ^ ) .  More in fo r m a tio n  r e g a r d in g  the  e x p r e s s io n s  
o f  e le c t r o m a g n e t ic  en erg y  and i t s  f lo w  and th e  natu re
and form o f  the  en erg y  o f  e le c t r o m a g n e t ic  o r i g i n  t h a t
may be s t o r e d  I n  the  me dium ( en erg y  o f  p o l a r i s a t i o n  and
m a g n e t i s a t io n )  are  r e q u ir e d .  .
In  the  case  o f  s t a t i o n a r y  r i g i d  m a t e r ia l  m edia  
i t  i s  p o s s i b l e  to  d e r iv e  from th e  f i e l d  e q u a t io n s  an 
i d e n t i t y  known a s  P o y n t in g ' s  Theorem, Then, by r e c o g n i s i n g
c e r t a i n  term s in  t h i s  i d e n t i t y  a s  the  r a te  o f  in c r e a s e
o f  f i e l d  en erg y  and power d i s s i p a t i o n ,  i t  i s  p o s s i b l e  to  
i n t e r p r e t  the i d e n t i t y  a s  the  e q u a t io n  f o r  the c o n s e r v a t io n
o f  en ergy  in  J^he medium. S in ce  the medium i s  r i g i d  and
s t a t i o n a r y  (and With no d e fo rm a tio n )  the  th e o r y  o f  m echanic  
i s  n o t  in v o lv e d  and i t  i s  b ecau se  o f  t h i s  t h a t  the  
P o y n t in g ' s  theorem  which i s  d e r iv e d  e n t i r e l y  from th e  
f i e l d  e q u a t io n s  g i v e s  the e n e rg y  b a la n ce  e q u a t io n .  In  the  
case  o f  moving and deform ing media i t  i s  n o t  s u f f i c i e n t  
to  d e r iv e  such an i d e n t i t y  and a more d e t a i l e d  en ergy
b a l a n c e  e q u a t i o n  i n v o l v i n g  th e  v a r i o u s  fo rm s  o f  e n e r g y
and power f l o w  p r e s e n t  i n  t h e  medium i s  r e q u i r e d *  T h is  
i s  a c h i e v e d  by  t h e  u s e  o f  t h e  t h e o r y  o f  m e c h a n ic s  o f
v a r i a b l e  r e s t - m a s s e s .  We s h a l l '  p r o c e e d  by  a p p l y i n g  t h e  
Theorem o f  V i r t u a l  Power t o  t h e  m a t e r i a l  medium
10*3 APPLICATION OP THE THEOREM- OF VIRTUAL POWER TO A
POLARISED AND MAGNETISED TNVISCID FLUID-.
The m a t e r i a l  medium we s h a l l  c o n s i d e r  i s  a  
c o m p r e s s i b l e  f l u i d *  F o r  s i m p l i c i t y  we s h a l l  assume a d i a b a t i c  
c o n d i t i o n s  and  t h a t  t h e r e  i s  no v i . sco u s  d i s s i p a t i o n .
L e t  u s  f i r s t  w r i t e  down t h e  fo rm  o f  t h e  Theorem 
o f  V i r t u a l  Power t o  be u s e d  ( e q u a t i o n  7*15)
r
V- d.moc 2l °  + h  / v .y w (R> ° ] ° _ + / ^ M (e)0'dt 0 St S t  c 2
o
V.S(R)oj  = - G ^ 0. js_ v l  - i (E)° : j v v j 10.10
We . w i l l ,  now p r o c e e d  t o  f i n d  s u i t a b l e  e x p r e s s i o n s  for-,  
t h e  t e r m s  on th e  L . I I .S .  o f  1 0 . 1 0  by  u s i n g  o u r  know ledge  
o f  e l e c t r o m a g n e t i s m .  To do t h i s  we r e t u r n  t o  t h e  t h r e e  
q u e s t i o n s  Q l ,  Q'2y :Q3 o f  s e c t i o n  8 .2  o f  c h a p t e r  V I I I  an d  
a n sw e r  them u n d e r  t h e  h e a d i n g s  o f  Al* A2 and  A3*
A l .  The q u e s t i o n  Ql i s  a b o u t  t h e  fo rm s  o f  i n t e r n a l  
e n e r g y  ( r e s t - m a s s  f o r m in g  e n e r g i e s )  • t h a t  a r e  i n v o l v e d  
and  how t h e y  change th e  r e s t - m a s s  o f  t h e  m a t t e r  o f  t h e
medium.
F i r s t l y ,  s in c e  the medium i s  a c o m p r e ss ib le  
f l u i d ,  d eform a tio n  which i n v o l v e s  com p ress ion  w i l l  change the  
i n t e r n a l  en ergy  i n  the m a t e r ia l  continuum . The work done
i n  com p ress in g  the f l u i d  w i l l  appear a s  some form o f  
i n t e r n a l  en ergy  such a s  e l a s t i c  en ergy  or  h e a t  e n e rg y .
I t  does n o t  m a tte r  what form the  i n t e r n a l  en erg y  ta k e s  
the im p ortan t p o in t  i s  t h a t  i t  w i l l  form p a r t  o f  th e  
r e s t -m a s s  o f  th e  m a t te r .  The c a l c u l a t i o n  o f  the  e x p r e s s io n
f o r  t h i s  energy* i s  a s  worked o u t  in  c h a p te r  V III  and 
th e  d e n s i t y  o f  the r a te  o f  in c r e a s e  o f  t h i s  en erg y  i s
■ %  = -  j v - p 7 ] °  '» i O - 11
where i s  'the c o n t r ib u t io n  to  the  ~ l e a n  * r e s t -m a s s
p er  p a r t i c l e  i n  t h i s  "reg ion  from th e s e  form s o f  e n e r g y .
Next we c o n s id e r  changes i n  Hie i n t e r n a l  en erg y
i n  the  m a t e r ia l  medium due to  the  p o l a r i s a t i o n  and
m a g n e t i s a t io n  o f  the  m a tter  o f  th e  medium. As f a r  a s  I
am aware no ‘one has c o n s id e r e d  the  changes i n  the
r e s t -m a s s  o f  the  m a tte r  due to  the  p o l a r i s a t i o n  en erg y
and. the  m a g n e t i s a t io n  e n e r g y .  That th e s e  e n e r g i e s  sh o u ld  
change the r e s t - m a s s  o f  the  m a tte r  seems o b v io u s  from
th e  co n cep t  o f  r e s t -m a s s  in  the  S p e c ia l  Theory o f
R e l a t i v i t y  t h a t  was d i s c u s s e d  i n  ch a p te r  V o f  t h i s  t h e s i s .
Yet i t  has n o t  been c o n s id e r e d  in  p r e v io u s  t h e o r e t i c a l
a c c o u n ts  o f  the  s u b j e c t .  To i l l u s t r a t e  the p o in t  b r i e f l y ,
we may c o n s id e r  a p ie c e  o f  i r o n .  T h is  p i e c e  o f  i r o n
w i l l  have more en erg y  when i t  i s  m a g n e t ised  th an  when
i t  i s  n o t  m a g n e t ise d .  T h is  en ergy  i s  a s s o c i a t e d  w ith  
the magnet and th e r e f o r e  must form p a r t  o f  i t s  r e s t - m a s s .  
Hence the r e s t - m a s s  p er  p a r t i c l e  o f  th e  ir o n  must
in c r e a s e  when m a g n e t ise d .  (S in c e  the  number o f  p a r t i c l e s  
o f  ir o n  i n  the  p i e c e  rem ains c o n s t a n t ) .  S i m i la r l y ,
e l e c t r i c a l  p o l a r i s a t i o n  must a l s o  in c r e a s e  the r e s t - m a s s  
o f  m a t te r .  The e l e c t r i c a l  p o l a r i s a t i o n  o f  a m a t e r ia l  
medium i s  b e l i e v e d  to  be due to  th e  p h y s i c a l  d is p la c e m e n t  
o f  the - n e g a t iv e  c h a r g es  o f  the  atoms and m o le c u le s  o f  
the  m a tte r  r e l a t i v e  to  th e  p o s i t i v e  n u c l e i * , The n e t t  
work done in  t h i s  d isp la c e m e n t  g o es  in t o  th e  en erg y  o f  .
the  f i e l d s  a s s o c i a t e d  w ith  th e s e  atoms and m o le c u le s  
and t h e r e f o r e  must change t h e i r  r e s t - m a s s e s .  The changes  
in  the  en erg y  o f  p o l a r i s a t i o n  and m a g n e t i s a t io n  are.,-,- ‘
e a s i l y  d e r iv e d   ^ from th e  .model o f  m a t t e r _used  by L. J .  Chu
f o r  h i s  fo r m u la t io n  o f  e le c tr o d y n a m ic s  ■ and need  n o t  be 
r e p e a te d  .h e r e .  We w i l l  w r ite  down t h e c o n t r i b u t i o n  to  
the  r e s t - m a s s  due to  t h e s e  e n e r g ie s  a s
V | ^ 2 ) c 2 s. J a / m 1 0 .1 2
where, mo( 2 ) i s  the c o n t r ib u t io n  to  th e  r e s t - m a s s  p er
p a r t i c l e  o f  m a tter  in  the  r e g io n  due to  t h e i r  p o l a r i s a t i o n
and m a g n e t i s a t io n .  ^  and Mn. are the  p o l a r i s a t i o n  and ‘~o ~o
m a g n e t i s a t io n  p‘e r  p a r t i c l e  in  the  in s t a n t a n e o u s - r e s t - f r a m e  
a t  the p o i n t .
F i n a l l y  th e r e  w i l l  be changes in  th e  i n t e r n a l
e n e r g y  due t o  th e  d i s s i p a t i o n  o f  e l e c t r i c  c o n d u c t i o n  
c u r r e n t s  i n  t h e  medium. The r a t e  o f  i n c r e a s e  o f  t h e  
d e n s i t y  o f  r e s t - m a s s  due to  t h i s  i s  o b v i o u s l y
n d m 
d t (3)
pO -rOh * d £ , 1 0 .1 3
where m( 3 ) * s " c o n t r i b u t i o n  t o  t h e  r e s t - m a s s  p e r
p a r t i c l e  o f  m a t t e r  due to  th e  d i s s i p a t i o n  a s s o c i a t e d  
w i t h  t h e  c o n d u c t i o n  c u r r e n t s  i n  t h e  m a t e r i a l  medium. By 
a d d i n g  e q u a t i o n s  1 0 . 1 1 ,  1 0 .1 2  and  " 1 0 .1 3  we w i l l  o b t a i n  
t h e  t o t a l  r a t e  o f  i n c r e a s e  o f  th e  r e s t - m a s s  p e r  p a r t i c l e  
due t o  c h a n g e s  i n  a l l  fo rm s  o f  i n t e r n a l  e n e r g y  t h a t  -we 
a r e  c o n s i d e r i n g  a s
n  j d m c ‘ 
0 i t 0
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T h is  c o n c l u d e s  t h e  a n sw e r  to  t h e  q u e s t i o n  Q l .
A2. R e g a r d i n g  t h e  fo rm s  o f  e n e r g y ,  t h a t  a r e  p r e s e n t  i n
any g i v e n  r e g i d n ,  which  do n o t  fo rm  p a r t  o f  t h e  r e s t -
mass o f  t h e  m a t t e r  i n  t h e  r e g i o n ,  l e t  u s  c o n s i d e r  a
s m a l l  volume V i n  t h e  i n s t a n t a n e o u s - r e  s t - f r a m e  o f  t h eo
r e g i o n .  The .. . p n l y  form  o f  e n e r g y  i n  t h i s  s m a l l  volume
Vo w hich  does n o t  form, a  component  o f  t h e  r e s t - m a s s  o f
m a t t e r  w i t h i n  VQ m us t  be t h e  e n e r g y  o f  t h e  f i e l d s  w i t h i n
VQ which  a r e  p r o d u c e d  by  a l l  t h e  m a t t e r  e x t e r n a l  to  \
T h is  i s  t h e  e n e r g y  o f  t h e  m a c r o s c o p i c a l l y  d e f i n e d  e l e c t r
and  m a g n e t i c  f i e l d s  E° an d  11° r e s p e c t i v e l y .  Hence we
have  t h a t  t h e  d e n s i t y  o f  t h e  e n e r g y  o f  what  we e a r l i e r
d e f i n e d  a s  , t h e  " r e a c t i o n  sy s tem "  i s  ( i n  t h e  i n s t a n t a n e o u
r e s t - f r a m e )  : .
w( k ) o = .  i  : + i n  h° . h° .  x o .
u  0 ?  0
T h is  i s  t h e  o n l y  fo rm  o f  e n e r g y  w i t h i n  . V w h ich  does
n o t  c o n t r i b u t e  to  t h e  r e s t - m a s s  o f  t h e  m a t t e r  w i t h i n  7 { ;
A3* l e t  u s  c o n s i d e r  a g a i n  a  s m a l l  volume VQ i n  t h e
i n s t a n t a n e o u s - r e s t - f r a m e  of* t h e  r e g i o n  o f  i n t e r e s t .  S in c e
' . t h e  p o n d e r a b l e  : m a t t e r -  w i t h i n  VQ i s ..a t r e ^ s t ,-..'—t h e r e - .... i s .  _
no n e t t  f l o w  o f  t h e  e n e r g i e s  t h a t -  fo rm  co m ponen ts  o f
t h e  r e s t - m a s s  o f  m a t t e r  w i t h i n  V .. The o n l y  fo rm  o f  en
f l o w  w i t h i n  VQ w h ich  does  n o t  fo rm  p a r t  o f  t h e  p o n d e r -
m a t t e r  i s  t h e  f l o w  o f  t h e  e n e r g y  o f  t h e  m a c r o s c o p i c a l l y  
d e f i n e d  f i e l d s *  There  i s  ample e v i d e n c e  t h a t  t h i s  i s
g i v e n  by  t h e  P o y n t i n g f s v e c t o r  and  we . t h e r e f o r e - h a v e  t h e  
an sw e r  t o  t h e  q u e s t i o n  Q3 a s
' . g (* 0 °  _ f ° x  h° 1 0 .
We a r e  now r e a d y  to  p r o c e e d  w i t h  t h e  a p p l i c a t i o n - o f  t h  
Theorem o f  V i r t u a l  .Power ( e q u a t i o n  1 0 . 1 0 ) .  We s u b s t i t u t e  
i n t o  t h e  L .H .S  o f  t h i s  e q u a t i o n  u s i n g  e q u a t i o n s  1 0 . 1 4 ,
1 0 .1 5  and  1 0 .1 6  to  o b t a i n ,
L .H .S  „  - { V . p v  j °  .  * " o ’1” '
0 J o
E ° . J °  H- n
/ 5 t . l
i 6 oE°.E° + 4hoH°.H°]]0
+ |V .E°x  H°J° . ■ 1 0 .1 7
We now make u se  o f  th e  t r a n s f o r m a t i o n  l a w s  f o r  t h e  
f i e l d s  and  f o r  . the  p o l a r i s a t i o n  and t h e  m a g n e t i s a t i o n .
(which  n e e d  o n l y  be u s e d  to  th e  f i r s t  o r d e r  i n  t h e  
v e l o c i t y  v ,  a s  a l l  h i g h e r  o r d e r s  v a n i s h  when i n s e r t e d
i n t o  1 0 .1 7  -which i s  r e d u c e d  t o  t h e  i n s t a n t a n e o u s - r e s t - f r a m e )■ ■ ; /  ' : ■
These a r e
1° = I  + V x u H, 10.18
H° = ■ H . -  \r X £ E, 1 0 .1 9
p° _ p in  oo
M° -  M
1 0 *  21
S u b s t i t u t i n g  t h e s e  i n  e q u a t i o n  1 0 .1 7  and  w i t h  s i m p l i f i c a t i o n
we o b t a i n ,
l .H .S -  p JV -v
+■ i E°.P° + H°.M° V - v |°  + E °.J° -  6om.0 E°x
+ H H"l° + /£ oE°.E° + j j^oH°. H'h ly .
b t°  J \  2 2 / I
+ fV -E  x H j
(%+ l e^E°E° + |i0H°H°
where we have  u s e d  t h e  v e c t o r - d i a d i c  i d e n t i t y
a  x ("b x c) a .  ( c  b ¥  c) X)
and  th e  e q u a t i o n  f o r  t h e  c o n s e r v a t i o n  o f  p a r t i c l e s  i n  
t h e  i n s t a n t a n e o u s - r e s t - f r a m e , -
~ 1 
no {M0 = M .0 . 2
Now, f rom  t h e  f i e l d  e q u a t i o n s  1 0 . 1  t o  10 o 4, we c an  
d e r i v e  an  i d e n t i t y  w hich  i s  t h e  P o y n t i n g ’ s i d e n t i t y  o f  
t h e  Chu f o r m u l a t i o n .  T h is  i d e n t i t y ,  when r e d u c e d  t o  t h e  
i n s t a n t a n e o u s —r e s t —fram e  i s
The u s e  o f  t h i s  i d e n t i t y  i n  t h e  e x p r e s s i o n  1 0 .2 2  
s i m p l i f i e s  i t  c o n s i d e r a b l y  t o  g iv e
L .H .S E°x  H°. M
r
'p h- So E ° .E °  + H ° . H° J b 
k 2 2 ■ J
-  e0E°E° -  n 0H°H0- P ° E 0
M°H° : j v v}C 1 0 .2 6
Then by  c o m p a r in g  t h i s  w i t h  t h e  R.H.S, o f  t h e  e q u a t i o n  
o f  t h e  Theorem o f  V i r t u a l  Power 1 0 . 1 0 ,  ..we i d e n t i f y
s(R )o E °x  H° 1 0 .2 7
an d , T( R)°  ■ •= (p + e0 E ° .E °  + H°.H°A S
\  T  ” 2'  )
-(> FOTfO ^rO^rO6.E°E° + |x H°H° + P°B° + M  1 0 . 2 8
/  ■
We have t h u s  c o m p le t e d  th e  energy-momentum t e n s o r  o f
r e a c t i o n  ( f o r  t h e  i n s t a n t a n e o u s - r e s t - f r a m e ) f o r  an •
i n v i s c i d  f l u i d  w i t h  p o l a r i s a t i o n  and  m a g n e t i s a t i o n  moving 
and d e fo r m in g  u n d e r  a d i a b a t i c  c o n d i t i o n s .  We c a n  w r i t e  
down t h i s  t e n s o r  f o r  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  i n  
d e t a i l  i n  t h e  p a r t i t i o n e d  m a t r i x  fo rm  a s
g B?E + p. H?H I ic  E x H°
i2 . —S. f |  5~
2 2 J o
I (E)oa(3
i  E °x  R° I I 0  wO VrO *TjO|<P + 6a *® + - M'a *
I
j -  h i 0! 0 + tx0H°H°
! -  I p 0! 0 + I°H°
'}
1 0 .2 9
Now t h e  t e n s o r  T (R)af3 c an  be o b t a i n e d  by a  L o r e n t z
t r a n s f o r m a t i o n  o f  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  t e n s o r  T ( R ) oap
We. may a l s o  p r o c e e d  by  f i n d i n g  a  t e n s o r  e x p r e s s i o n  t h a t  
would g iv e  u s  ^ ( 3 ^ ° a n & t h e n  by  v i r t u e  o f  t h e  f a c t  t h a t  
a  t e n s o r  r e l a t i o n s h i p  w h ich  i s  v a l i d  i n  one f r a m e  o f  
r e f e r e n c e  m us t  be v a l i d  i n  any  o t h e r  f r am e  o f  r e f e r e n c e .  
We know t h a t  s iu s t  be some f u n c t i o n  o f  t h e  ' f o u r -
d i m e n s i o n a l  p h y s i c a l  q u a n t i t i e s  u s e d  i n  t h e  Chu f o r m u l a t i o n  
o f  e l e c t r o m a g n e t i s m ,  t h e  f o u r - v e l o c i t y  f i e l d ,  a n d  t h e
S o u l  c : f l u i d .  B e f o re TN n A  A /^*5 V> ri* 4* A  *P •> >">U K J  J .  JLJLA d
(R)e x p r e s s i o n  f o r  * Ta p i n  t e r m s  o f  t h e s e ,  we w i l l  g i v e  th e  
r e l e v e n t  d e t a i l s  o f  t h e  Chu f o r m u l a t i o n  o f  e l e c t r o d y n a m i c s  
i n  t h e  4 ~ d i m e n s i o n a l  fo rm al ism . .  A d e t a i l e d  d e s c r i p t i o n  o f  
th e  Chu f o r m u l a t i o n  and how t h e  v a r i o u s  p h y s i c a l  q u a n t i t i e s
i n v o l v e d  a.re d e r i v e d  h a s  a l r e a d y  b e e n  d i s c u s s e d  by t h e  
a u t h o r  i n  a n  e a r l i e r  d i s s e r t a t i o n ^ - ^ .
1 0 . 4  THE POUR-DIMENSIONAL DESCRIPTION OP THE CHU 
FORMULATION OF ELECTRODYNAMICS.
.T he  3 - v e c t o r  fo rm  o f  t h e  f i e l d  e q u a t i o n s  o f  
t h e  Chu f o r m u l a t i o n  were g i v e n  e a r l i e r  i n  t h i s  c h a p t e r  by 
t h e  e q u a t i o n s  1 0 . 1  to  10 .4*  These f o u r  e q u a t i o n s  can  be 
e x p r e s s e d  by  means o f  two t e n s o r  e q u a t i o n s  a s
B  F -  -  J f  -  j ( P0L)•§£ a3 “ d (3 “ J (B 1 0 . 3 0
FQp and  a r e  t h e  ; f i e l d  t e n s o r s  o f  t h e  Chu f o r m u l a t i o n
f
a n d  a r e  a s  g i v e n  i n  t h e  A ppend ix  I I I .  i s  t h e  f o u r -
v e c t o r  c u r r e n t  d e n s i t y  o f  t h e  f r e e  c h a r g e s  ( c o n d u c t i o n ) . .  
j (POL) a n £ j(MAG) a r 0  4_ v e c t o r  d e n s i t i e s  o f  e l e c t r i c
and  m a g n e t i c  c u r r e n t s  due to  p o l a r i s a t i o n  and  m a g n e t i s a t i o n
r e s p e c t i v e l y *  and a r e  g i v e n  by  th e  e q u a t i o n s
J ? 01) = | ^ ( VPp a  "  p Pv a )  ’■ 1 0 . 3 2
j i MG) = | ^ ( vpma " m|3va )  ' 10*33
where v i s  th e  4 - v e l o c i t y  f i e l d  o f  t h e  medium andU ^ G,
and  ma  a r e  th e  p o l a r i s a t i o n  and m a g n e t i s a t i o n  4 - v e c t o r s  
which  a r e  g i v e n  by
Pa h i  Y (Pev)  c
Y ( P . v ) v  + P 10 c 34
ma Y (M. v)c
Y ( I L v ) v  + M ^ 
. 2  Y
1 0 . 3 5
1 0 . 5 THE EXPRESSION FOR t£ ? ) : THE ENERGY-MOMENTUM TENSOR 
OF REACTION, FOR THE ELECTROMAGNETIC FLUID.
U s in g  t h e  f i e l d  t e n s o r s  and  t h e  m a t e r i a l  
4-'v e c t o r s  o f  t h e  Chu f o r m u l a t i o n  g iv en  i n  t h e  p r e v i o u s  
s e c t i o n ,  we r e a d i l y  o b t a i n  t h a t
+ £ o mKa (3 \ \ } 0
0 0
0 OrfOO
'1 0 .3 6
an d  t h a t  i l  n o FaXFpx + l ^ G ^  ]
We a l s o  know • t h a t
+ p
0 0
0 p %
1 0 . 3 8
Now we see  t h a t  i f  we add t h e  R.H. S i d e s  o f  t h e  e q u a t i o n s  
1 0 . 3 6 ,  1 0 .3 7  and  1 0 .3 8  we o b t a i n  t h e  i n s t a n t a n e o u s - r e s t -
f ram e energy-momentum t e n s o r  T (R >a(3 g i v e n  by  1 0 . 2 9 .  S in c e
a l l  t h e s e  e q u a t i o n s  a r e  t e n s o r  r e l a t i o n s  we have  t h e
g e n e r a l  e x p r e s s i o n  f o r  T 
o f  r e f e r e n c e  a s
(E)
a|3 v a l i d  f o r  any  i n e r t i a l  f ram e .
T(E)<x£ "  K V p \ vX + > o ma Gp*vV\ } + kL + ' (■' p
1 0 .3 9
The (3+1) spa.ce com ponen ts  o f  t h i s  t e n s o r  are. e a s i l y  
worked o u t  and a r e
The energy-momentum t e n s o r  t h a t  we have  d e r i v e d  f o r  t h e
e l e c t r o m a g n e t i c -  f l u i d  i s  n u m e r i c a l l y  d i f f e r e n t  f rom  any  •
o f  t h o s e  t h a t  have  b e e n  p r o p o s e d  b e f o r e .  I t  i s  n u m e r i c a l l y
d i f f e r e n t  f rom  th e  t e n s o r  d e r i v e d  by ‘ P e n f i e l d  and  Haus
by a  t e n s o r  w h ich  can  be w r i t t e n  a s  W°v v 0 . The t e n s o r  ° . .. m a p
d e r i v e d  by them i s  e q u a l  to  t h e  t e n s o r  we have  d e r i v e d  
p l u s  t h i s  a d d i t i o n a l  t e n s o r  W^ v a vp .  The symbol r e p r e s e n t s
the.  d e n s i t y  o f  t h e  i n t e r n a l  e n e r g y  o f  t h e  m a t e r i a l  medium 
a s  • m e a su re d  f ro m  th e  i n s t a n t a n e o u s - r e s t - f r a m e  o f  t h e  medium. 
Bu t  t h e s e  e n e r g i e s  a r e  com ponen ts  o f  t h e  r e s t - m a s s  o f
t h e  m a t e r i a l  medium and  t h e r e f o r e  s h o u l d  n o t  be i n c l u d e d  
i n  t h e  t e n s o r  o f  r e a c t i o n  . They s h o u l d  i n s t e a d  be
i n c l u d e d  i n  t h e  energy-momentum t e n s o r  f o r  t h e  p o n d e r a b l e
( p  m )
m a t t e r  T„o* w hich  i s  g i v e n  by  n m v  vQ • T h i s  t e r m  ap °  o o a  p
w hich  we r e g a r d  a s  th e  e r r o r  t e r m  i n  t h e  t e n s o r  t h a t
t h e y  have  d e r i v e d  i s  a  d i r e c t  r e s u l t  o f  t h e  c o n s t a n t  /
mo ( r e s t - m a s s  p e r  p a r t i c l e )  m e c h a n ic s  t h a t  t h e y  h a d  u s e d .
We have  a l r e a d y  m e n t io n e d  t h a t  t h i s  fo rm  o f  m e c h a n ic s  i s
n o t  s u i t a b l e  f o r  a  r e l a t i v i s t i c  t h e o r y  o f  c o n t in u u m
m e c h a n i c s .  The S p e c i a l  T heory  o f  R e l a t i v i t y  r e q u i r e s  mQ
t o  be a  f u n c t i o n  o f  t h e  i n t e r n a l  e n e r g i e s ' ' a n d  t h e r e f o r e
demands a  v a r i a b l e  m m e c h a n i c s .  :. ..
0
1 0 .6  ' CONSERVATION OP ENERGY AND MOMENTUM AND THE 
NETT-FORCE DISTRIBUTION IN THE EIE CTROMAGNE TIC
FLUID.
The c o n s e r v a t i o n  o f  e n e r g y  and momentum was 
d i s c u s s e d  e a r l i e r  i n  c h a p t e r  VI and. was g i v e n  t h e r e  a s
; •: + 4 ? ]  = 0 : 1G*44
' "  ■ '  ; X \  :
which  was a l s o  w r i t t e n  a s
=. n d A . v A  = -  S . 1 0 .4 513 o o p ;  ^  af3
.■ - ■ a  ■ , :
Yr ) ■Then, u s i n g  th e  v a l u e  o f  ^ (3  f ° r  a n  i n v i s c i d  f l u i d  w i t h  
p o l a r i s a t i o n  and  m a g n e t i s a t i o n ,  moving  and d e f o r m i n g  u n d e r  
a d i a b a t i c  c o n d i t i o n s  ( e q u a t i o n  1 0 . 3 9 )  we have  t h a t
where we have made u s e  o f  t h e  f a c t  t h a t  t h e  f i e l d  
t e n s o r s  obey th e  e q u a t i o n
(jLlPdv S Gr„* Va 1-70 pA. r~r aX co pX .*r—* aX • 10«4 (
°  a. d x a
E q u a t i o n  1 0 .4 6  f o r  t h e  d e n s i t y  o f  t h e  r a t e  o f  change  o f  
4-momentum s i m p l i f i e s  f u r t h e r  w i t h  t h e  u s e  o f  t h e  F i e l d  
E q u a t i o n s  ( 1 0 . 3 0  and. 1 0 . 3 1 )  an d  th e  i d e n t i t y  g i v e n  i n  
t h e  A ppend ix  I I ,  i . e .
The above  e q u a t i o n  f o r  k^ i s  t h e  e q u a t i o n  f o r  t h e  
c o n s e r v a t i o n  o f  4-momentum. I t  g i v e s  th e  d e n s i t y  o f  t h e  \  
4-momentum o f  t h e  medium a s  a  f u n c t i o n  o f  t h e  p r e s s u r e ,  
v e l o c i t y  and  e l e c t r o m a g n e t i c  v a r i a b l e s .  The e q u a t i o n  i s  i n
a  fo rm  which  i s  m os t  s u i t a b l e  f o r  e x a m in in g  t h e  (3+1)  
sp a c e  com ponen ts  o f  t h e  , 4 - v e c t o r  k ^ .
We now c a l c u l a t e  t h e  d e n s i t y -  o f  t h e  r a t e  o f
change  o f  4-momentum due e n t i r e l y  t o  t h e  c h a n g e s  in .  
th e  r e s t - m a s s  p e r  p a r t i c l e  o f  t h e  medium, u s i n g  ( s e e  
e q u a t i o n  6 . 4 1 )
U s in g  I O .48  ( s i n c e  k^ = - .  "b ) i n  t h e  above e q u a t i o n ,
6 x a
gp i s  o b t a i n e d  a s
By t h e  s c a l a r  m u l t i p l i c a t i o n  o f  t h e  above e q u a t i o n  by  
Vp, t h e  genera , !  e x p r e s s i o n  f o r  t h e  r a t e  o f  change  o f  
th e  r e s t - m a s s  p e r  p a r t i c l e  i s  o b t a i n e d  a s
n  c^ o
1 0 , 5 1
Of c o u r s e  t h i s '  e q u a t i o n  c o n t a i n s  no more i n f o r m a t i o n  
t h a n  th e  e q u a t i o n  we have  a l r e a d y  assum ed  f o r  t h e  r a t e  
o f  change  o f  th e  r e s t - m a s s  p e r  p a r t i c l e  ( e q u a t i o n  1 0 . 1 4 )
V i r t u a l  Pow er .  I n  f a c t  t h e  e q u a t i o n s  1 0 .5 1  a n d  1 0 . 1 4
a r e  t h e  same, b u t  t h e  one above i s  w r i t t e n  u s i n g  t h e
4 - d i m e n s i o n a l  n o t a t i o n  and  t h e  o t h e r  i s  w r i t t e n  u s i n g  t h e
(3+1) sp a ce  q u a n t i t i e s .  The e q u a t i o n  ‘ i s  t h e  e n e r g y  b a l a n c e
e q u a t i o n  f o r  th e  i n t e r n a l  e n e r g i e s .  The f i r s t  t e r m  on th e
R.H .S  o f  tlie  e q u a t i o n  1 0 . 5 1  g i v e s  t h e  r a t e  o f  i n c r e a s e
o f  m due to  th e  work done i n  d e fo r m in g  t h e  f l u i d ,o
w hich  was r e q u i r e d  f o r  t h e  a p p l i c a t i o n  o f  t h e  Theorem o f
I t  i s  t r u e  t h a t  f rom  some a r b i t r a r y  i n e r t i a l  f r a m e ,  t h e
c h a n g e s  i n  th e  l o r e n t z  c o n t r a c t i o n  o f  t h e  medium w i l l
a l s o  be o b s e r v e d  a s  a  d e f o r m a t i o n .  But  t h e  e x p r e s s i o n  
i n  t h e  - e q u a t io n  1 0 .5 1  does  n o t  t a k e  i n t o  a c c o u n t  t h i s
-form o f  d e f o r m a t i o n  and  i s  j u s t  a s  w e l l  s i n c e  -'■we would  no
e x p e c t  L o r e n t z  c o n t r a c t i o n  t o  change th e  e l a s t i c  e n e r g y
o f  m a t t e r .  The s e c o n d  t e r m  on th e  . R .H .S  o f  1 0 ,5 1  g i v e s
t h e  c h a n g e s  i n .  t h e  r e s t - m a s s  p e r  p a r t i c l e  due t h e  e n e r g y
d i s s i p a t e d  by  t h e  e l e c t r i c  c u r r e n t  due t o  th e  f r e e
c h a r g e s .  The t h i r d  t e r m  g i v e s  t h e -  c h a n g e s  i n  t h e  r e s t -
mass . p e r  p a r t i c l e  due t o  t h e  e l e c t r i c  p o l a r i s a t i o n  and
th e  f o u r t h  t e r m  g i v e s  t h e  c h a n g e s  i n  t h e  r e s t - m a s s  p.er
p a r t i c l e  due t o  t h e  m a g n e t i s a t i o n .
We now c a l c u l a t e '  t h e  d e n s i t y  o f  4 - f o r c e  w h ich  i s  
t h a t  component  o f  t h e  d e n s i t y  o f  t h e  r a t e  o f  change  o f  
4-momentum, due e n t i r e l y  t o  t h e  c h a n g e s  i n  t h e  4 - v e l o c i t y .  
We know t h a t ,  ; /
H  = “ o V f ^ P  = k0 -  S(3 • 10 .52
Then, u s i n g  t h e  e q u a t i o n  1 0 .4 8  f o r  k^ ' a n d  1 0 . 5 0  f o r  g^
we c a n  c a l c u l a t e  f Q a s  
. •
T h is  i s  t h e  d e n s i t y  o f  4 - f o r c e  i n  t h e  e l e c t r o m a g n e t i c  
m a t e r i a l  medium. The s p a c e - l i k e  p a r t  o f  i t  i s  t h e  d e n s i t y  
o f  t h e  n e t t  f o r c e  and t h e  t i m e - l i k e  . p a r t  i s  t h e  d e n s i t y  
o f  t h e  r a t e  o f  i n c r e a s e  o f  t h e  k i n e t i c  e n e r g y  due 
e n t i r e l y  to  t h e  a c t i o n  o f  t h e  f o r c e .
The (3+1) sp a ce  com ponen ts  o f  t h e  4 - v e c t o r s  k ^ , 
gp and f p  a r e  c a l c u l a t e d  u s i n g  t h e  f i e l d  e q u a t i o n s  and  
th e  m a t e r i a l  v e c t o r s  o f  t h e  Chu f o r m u l a t i o n  g i v e n  i n  
s e c t i o n  1 0 . 4 .  Then, u s i n g  th e  sym bols  d e f i n e d  i n  s e c t i o n  
8 . 3 ,  c h a p t e r  V I I I ,  e q u a t i o n s  8 . 3 2 ,  8 .3 3  and  8 . 3 4 ,  we
have t h a t  , ..
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The above e q u a t i o n  g i v e s  t h e  r a t e  o f  work done by  th e
d e n s i t y  o f  n e t t  f o r c e  i n  t h e  m a t e r i a l  medium, i . e .  f cV .
We now come t o  th e  c a l c u l a t i o n  o f  t h e  t h r e e  3 - s p a c e  
v e c t o r s  k ,  J. and  g.  . k i s  worked o u t  f rom  e q u a t i o n  10*4-8 
and  i s
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The v e c t o r  g c an  be " c a l c u l a t e d  d i r e c t l y  f r o m  t h e  e q u a t i o n  
1 0 .5 0  f o r  gp and  i s  g i v e n  by  7
n  YvY d fli ° ^ o X  d e J .  d t  ! 1 0 .5 8
where d e _  i s  g i v e n  by  t h e  e q u a t i o n  10 .5 5 *  S in c e  a l l  
d t  ^
t h a t  i s  r e q u i r e d  i s  t h e  m u l t i p l i c a t i o n  o f  t h e  R .H .S  o f
*
1 0 . 5 5  by  t h e  f a c t o r  v /  2, t h e  e x p r e s s i o n  f o r  g n e e d  n o t
U  ‘ -■
be w r i t t e n  o u t  i n  d e t a i l .  The d e n s i t y  o f '  n e t t  f o r c e  
i n  t h e  m a t e r i a l  medium i s  e a s i l y  g i v e n  i n  t e r m s  o f  t h e  
e x p r e s s i o n s  t h a t  we • have  w r i t t e n  down i n  d e t a i l  a s
where k i s  g i v e n  i n  d e t a i l  ■■.by t h e  e q u a t i o n  1 0 .5 7  and
d e _  i s  g i v e n  by  th e  e q u a t i o n  1 0 . 5 5 .  
d t  ^  •
We have ’ g i v e n  a  c o m p le te  d e s c r i p t i o n  o f  t h e
e l e c t r o m a g n e t i c  m a t e r i a l  medium i n  t e r m s  o f  t h e  p r e s s u r e  p ,
which  i s  a  s c a l a r  f i e l d ,  and  t h e  v e l o c i t y  f i e l d  and
th e  e l e c t r o m a g n e t i c  v a r i a b l e s  su c h  a s  f i e l d s ,  c u r r e n t s ,
c h a r g e s ,  e t c .  So f a r ,  we have  n o t  a c t u a l l y  s t a t e d  w ha t
t h i s  p r e s s u r e  f i e l d  p i s  d e t e r m i n e d  by  and  a  b r i e f
i n v e s t i g a t i o n  i n t o  t h e  n a t u r e  o f  i t  i s  a p p r o p r i a t e .
The n a t u r e  o f  t h e  p r e s s u r e  f i e l d  p i n  t h e
e l e c t r o m a g n e t i c  f l u i d  can  be e x am in ed  i n  a  m an n e r  s i m i l a r
to  t h a t  u s e d  by  P e n f i e l d  an d  . H a u s ^ ^ f  . We a d a p t  t h e i r
. t e c h n i q u e s  to .  s u i t  o u r  v a r i a b l e - r e s t - m a s s  m e c h a n i c s .
I n  t h e  e l e c t r o m a g n e t i c  f l u i d  t h a t  we a r e  e x a m in in g ,
we. r e s t r i c t e d  o u r s e l v e s  t o  c h a n g e s  o f  f o u r  t y p e s  o f
i n t e r n a l  e n e r g y ,  i . e .  f o u r  t y p e s  o f  e n e r g y  c h a n g e s  *' w.hich
cau se  c h a n g e s  i n  t h e  r e s t - m a s s  p e r  p a r t i c l e  mQo These
e n e r g i e s  a r e ,  (1 )  m a g n e t i s a t i o n  e n e r g y ,  (2 )  p o l a r i s a t i o n
e n e r g y ,  (3 )  e l a s t i c ,  e n e r g y  and  (4 )  h e a t  en e rg y *  We may
t h e r e f o r e .  say  t h a t  t h e  r e s t - m a s s  p e r  p a r t i c l e  mQ i s  a
f u n c t i o n  o f  t h e  p o l a r i s a t i o n  p e r  p a r t i c l e  P ° ,  t h e
- o  n om a g n e t i s a t i o n  p e r  p a r t i c l e  M , t h e  p a r t i c l e  d e n s i t y  n
n  °
and t h e  e n t r o p y  p e r  p a r t i c l e  _s , where  s i s  t h e  d e n s i t y
o f  e n t r o p y .  We--can w r i t e  t h i s  down a s
m. m0( 'P / n Q, M /n Q, no , s /n0) 10 o 60
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how, e a r l i e r  i n  s e c t i o n  1 0 . 3  o f  t h i s  c h a p t e r ,  we d i s c u s s e d  
i n  some d e t a i l  t h e  m echanism  o f  r e s t - m a s s  change  f o r  t h e  
e l e c t r o m a g n e t i c  f l u i d  t h a t  i s  b e i n g  e x am in ed .  T h e r e ,  we 
a r r i v e d  a t  an  e x p r e s s i o n  g i v e n  by  e q u a t i o n  1 0 . 1 4  ( a n d  
i n  g e n e r a l  by  1 0 .5 5 )  w h ich  i s /
n J d m c c 
° %  ° -  I V ’py
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T h is  e q u a t i o n  s i m p l i f i e s  w i t h  t h e  u s e  o f  t h e  e q u a t i o n
f o r  t h e  c o n s e r v a t i o n  o f  p a r t i c l e  number f o r  t h e  i n s t a n t a n e o i .
- r e s t - f r a m e  t o  g i v e ,
As w i t h ,  e q u a t i o n  1 0 . 6 1 ,  t h e  above e q u a t i o n  1 0 . 6 3  d e s c r i b e s  
t h e  f o u r  ' mechanisms,  o f  r e s t - m a s s  c h a n g e .  E ach  t e r m  on 
t h e  R.H .S  o f  1 0 . 6 1  c o r r e s p o n d s  i d e n t i c a l l y  to  e a c h  t e r m  
on t h e  -R.H.S o f  1 0 . 6 3 ,  an d  t h e r e f o r e  we may e q u a t e  t h e s e  
t o  o b t a i n
10 «»64
1 0 . 6 5  
10 * 66
Now, i t  i s  r e a s o n a b l e  t o  assume t h a t  t h e  p r e s s u r e  p 
a l s o  dep en d s  on th e  f o u r  v a r i a b l e s  P ° / n Q, l ° / n o , n Q an d
s / n Q. We may t h e r e f o r e  w r i t e  down t h e  v a l u e  r o f  t h e
E° - 2m c 0
~c> P ° / n o
. 2  m0
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Nov/, by  t h e  p a r t i a l  d i f f e r e n t i a t i o n  o f  t h e  e q u a t i o n s  
1 0 . 6 4 , 1 0 . 6 5  and  1 0 . 6 6  we have  t h a t
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Then, by s u b s t i t u t i n g  1 0 .6 8  and  1 0 .6 9  i n  t h e  e q u a t i o n  
1 0 .6 7  an d  i n t e g r a t i n g  we have  « . .
where t h e  i n t e g r a t i o n s  a r e  to  be c a r r i e d  o u t  h o l d i n g
n  and  s / n  c o n s t a n t .  The f i r s t  t e r m  o f  t h e  e x o r e s s i o n0 ' o
a b o v e ,  p* ,  i s  t h e  p r e s s u r e  i n  ' t h e  f l u i d  i n d e p e n d e n t  o f  
th e  e l e c t r i c  and  m a g n e t i c  f i e l d s  p r e v a i l i n g  a t  t h a t  t im e  
and  p o s i t i o n .  The r e m a i n i n g  t e r m s  g i v e  t h e  c o n t r i b u t i o n  
t o  t h e  p r e s s u r e ,  due to  p o l a r i s a t i o n  and m a g n e t i s a t i o n .
The - i n t e g r a t i o n s ’ i n  t h e  e q u a t i o n  1 0 .7 0  c a n  "be c a r r i e d 
o u t  i f  t h e  c o n s t i t u t i v e  r e l a t i o n s  f o r  t h e  medium a r e
known. I t  m us t  be remembered t h a t  t h i s  p r e s s u r e  t e r m  p
i s  o n l y  p a r t  o f  t h e  e n e r g y  momentum t e n s o r  f o r  t h e  
e l e c t r o m a g n e t i c  f l u i d  and t h e r e f o r e  m ust  n o t  be c o n s i d e r e d
P P*(no , s / n o ) + n
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i n d e p e n d e n t l y  when f o r c e s  i n  t h e  f l u i d  a r e  c a l c u l a t e d .
1 0 .7  THE VALIDITY . OP THE EXPRESSION'S FOR THE ENERGY AND 
MOMENTUM BALANCE AND THE FORCE DISTRIBUTION FOR AN 
ELECTROMAGNETIC FLUID.
The • v a l i d i t y  o f  t h e  e x p r e s s i o n s  d e r i v e d  f o r  t h e
e n e r g y ;  and  momentum' b a l a n c e  and  f o r  t h e  f o r c e  d i s t r i b u t i o n
d ep en ds  on th e  v a l i d i t y  o f  t h e  energy-momentum t e n s o r
^a|3 g i v e n  by t h e  e q u a t i o n  1 0 .3 9 °  I n  o r d e r  t o  d e r i v e  
t h i s  t e n s o r ,  we c o n s i d e r e d  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  
t e n s o r  ' a n ^ assum ed  t h a t  we knew s o m e th i n g  a b o u t
some o f  t h e  t e r m s  o f  t h i s  t e n s o r .  We a ssum ed  t h a t  we
knew th e  e x p r e s s i o n s  f o r  and  an d  th e  e x p r e s s i o n
f o r  t h e  r a t e ,  o f  change  o f  t h e  r e s t - m a s s  p e r  p a r t i c l e  mQ.
We t h e n  p r o c e e d e d  t o  . u s e  t h e s e  e x p r e s s i o n s  i n  t h e  Theorem
o f  V i r t u a l  Power to  c o m p le te  t h e  e n e r g y - m o m e n tu m  t e n s o r
- ■ /  • 
o f  r e a c t i o n  f o r  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  by  d e r i v i n g
t h e  e x p r e s s i o n s  f o r  G ^ ^ °  and  T ^ ^ ° .  The t e n s o r  was
d e r i v e d  f rom  t h i s  i n s t a n t a n e o u s - r e s t - f r a m e  t e n s o r .  O b v i o u s l y
t h e  v a l i d i t y  o f  t h e  t e n s o r  d ep en d s  on t h e  v a l i d i t y  o f  -
2 o / \ ^
t h e  e x p r e s s i o n s  t h a t  we assum ed  f o r  n  d m c , W* '
- m n  0 a U 0
and' S W ° .
R e g a r d i n g  t h e  c h a n g e s  i n  t h e  - r e s t - m a s s ,  t h e r e  i s
no d i f f i c u l t y  i n  d e c i d i n g  w ha t  fo rm s  o f  e n e r g y  c o n t r i b u t e
t o  i t  and  what  fo rm s  do n o t .  We h a d  a l r e a d y  l a i d -  o u t
t h e  g u i d i n g  p r i n c i p l e s  'When t h e  c o n c e p t  o f  r e s t - m a s s  was
d i s c u s s e d  i n  c h a p t e r  V. There  i s  a l s o  l i t t l e  d i f f i c u l t y
i n  d e c id in g  what form s o f  e n e rg y  are to  he in c lu d e d  in
W ^^ °, f o r  i f  th e y  are n o t  in c lu d e d  in  the r e s t -m a s s
m c^ th en  th e y  must be p la c e d  in  W ^^ °. The procedure  
was to  c o n s id e r  a sm a ll  volume VQ ( i n  the  r e g io n  o f  
i n t e r e s t )  and to  examine i t  from th e .  i n s t a n t a n e o u s - r e s t -
frame* I t  was th e n  e a s y  to  see  t h a t  the  ' o n ly  form o f
e n e rg y  in ,  w h ic h  would n o t  .b e  a s s o c i a t e d  w ith  the  
p on derab le  m a tter  w i t h in  V - was th e  en ergy  o f  th e  f i e l d s  
t h a t  are produced by a l l  th e  m a tte r  e x t e r n a l  to  VQ.
T h is  means- t h a t  y / ^ ) °  w i l l  o n ly  c o n ta in  the  en e rg y  o f  
the  e l e c t r i c  and m agn etic  f i e l d s ,  produced by th e  m a tte r  
o u t s id e  ' V . C le a r ly ,  th e r e ,  i s  no d i f f i c u l t y  i n  d e s c r i b i
the forms o f  en ergy  which go to  form the  r e s t - m a s s  
w ith in , V .
. . When we t a l k  o f  th e  en erg y  a s s o c i a t e d  w ith  the
pon d erab le  m a tter  w i t h in  V , we do n o t  i n s i s t  t h a t  a l l
o f  t h i s  energy  a c t u a l l y  r e s i d e s  w i t h i n /  th e  b o u n d a r ie s
o f  Some o f  t h i s  energy  may r e s id e  o u t s id e  the
b o u n d a r ie s  o f  the  volume V . A s i m i l a r  s i t u a t i o n  i so
en c o u n te re d  when a charged  body or  p a r t i c l e  i s  c o n s id e r e d  
For example we may sa y  t h a t  an e l e c t r o n  i s  w i t h in  a 
c e r t a i n  volum e, b u t the  f i e l d s  o f  t h i s  e l e c t r o n  may 
e x ten d  beyond the  b o u n d a r ie s  o f  t h i s  volum e. Then, i f
we are to  say t h a t  the r e s t - m a s s  o f  th e  e l e c t r o n  i s  
w h o lly  o r  p a r t l y  due to  the energy  o f  i t s  f i e l d s ,  th en
we f i n d  t h a t  some o f  . the r e s t -m a s s  form in g  e n e rg y  o f  
the. e l e c t r o n  i s  i n  • f a c t  o u t s id e  the  boundary t h a t  was 
o r i g i n a l l y  c o n s id e r e d  f o r  the e l e c t r o n .
I t  i s  c l e a r  f rom  t h e  d i s c u s s i o n  t h a t  • t h e r e  i s /  
no d i f f i c u l t y  i n  g i v i n g  a  q u a l i t a t i v e  d e s c r i p t i o n s  o f  t h e
fo rm s  o f  e n e r g y  w h ich  go t o  fo rm  n Qmo c^ and  W ^ ^ ° .  The 
d i f f i c u l t y  i s  i n  g i v i n g  s a t i s f a c t o r y  q u a n t i t a t i v e
d e s c r i p t i o n s  f o r  e a c h  o f  ■them. I n  t h e  p r o b le m  t h a t  we 
have  d e a l t  w i t h  i n  t h i s  c h a p t e r  ( i . e . '  an  i n v i s c i d  f l u i d  
w hich  i s  p o l a r i s e d  and m a g n e t i s e d  and  f l o w i n g  and  
d e fo r m in g  u n d e r  a d i a b a t i c  c o n d i t i o n s )  we a r e  l a r g e l y  
d e p e n d e n t  on t h e  t h e o r y  o f  e l e c t r o m a g n e t i s m ,  g i v e n  by
L. J .  Chu o f  t h e  M . I . T .  The e x p r e s s i o n s  f o r  e n e r g y  o f
p o l a r i s a t i o n  and  m a g n e t i s a t i o n  were d e r i v e d  by him u s i n g  * 
d i p o l e  m o d e ls  f o r  b o t h  t h e s e  phenomena.  There  a r e  o t h e r  
f o r m u l a t i o n s  o f  e l e c t r o m a g n e t i s m  where  an  e l e c t r i c  c u r r e n t  
l o o p  model  i.s u s e d  to  d e s c r i b e  m a g n e t i s a t i o n  and  t h e  
e x p r e s s i o n  f o r  th e  - m a g n e t i s a t i o n  e n e r g y  i s  d i f f e r e n t  f rom  
what  we have  u s e d .  E n e r g i e s  o f  t h e  f i e l d s  have  a l s o  
b e e n  g iven-  d i f f e r e n t l y .  T h i s  means t h a t  d i f f e r e n t
2f o r m u l a t i o n s  w i l l  g i v e  d i f f e r e n t  e x p r e s s i o n s  f o r  n 0m0 c
and • f o r  W ^ ^ ° .  Hence, d i f f e r e n t  e x p r e s s i o n s  w i l l  be
• (V.)d e r i v e d  f o r  t h e  energy-momentum t e n s o r  o f  r e a c t i o n  T^g'; 
A n o th e r  way o f  d e s c r i b i n g  t h e s e  d i f f e r e n c e s  i s  t o .  s a y
( m)
t h a t  t h e  t o t a l  energy-momentum t e n s o r  T^j  h a s  b e e n  
s e p a r a t e d  i n t o  i t s  com ponen ts  ^ 3 ’^  a n & d i f f e r e n t
ways.  I n  r e a l i t y  t h e r e  s h o u l d  be o n l y  one u n i q u e  a n s w e r  
( i g n o r i n g  any  component  o f  T^j^  whose 4- d i v e r g e n c e  i s  
a lw a y s  z e r o ) .  We a r e  h e r e  n o t  i n  a  p o s i t i o n  t o  make 
any comments r e g a r d i n g  th e  r e l a t i v e  m e r i t s  o f  t h e  v a r i o u s  
f o r m u l a t i o n s  o f  e l e c t r o m a g n e t i s m ,  b u t  t h e  s u b j e c t  i s
c e r t a i n l y  w o r th y  o f  f u r t h e r  s t u d y  i n  t h e  f u t u r e .
What we have  done i n  th e  e l e c t r o d y n a m i c s  p a r t  
o f  t h i s  t h e s i s  i s  t o  a p p l y  t h e  t h e o r y  o f  m e c h a n ic s  o f  
v a r i a b l e  r e s t - m a s s e s  t h a t  we d e v e l o p e d  to  one o f  t h e  
f o r m u l a t i o n s  o f  e l e c t r o d y n a m i c s  ( t h e  Chu f o r m u l a t i o n )  and  
to  g i v e  a  d e s c r i p t i o n  o f  t h e  moving  and  d e f o r m i n g  medium 
i n  t e r m s  o f  t h i s  f o r m u l a t i o n .
I n  . t h i s  A ppend ix  th e  e q u a t i o n  w h ich  g i v e s  th e
c o n s e r v a t i o n  o f  p a r t i c l e  number i s  d e r iv e d *  T h i s  e q u a t i o n  
i s  . . som etim es  r e f e r r e d  t o  a s  th e  c o n t i n u i t y  e q u a t i o n *
The number d e n s i t y  i n  t h e  m a t e r i a l  con t inuum ,  n  (m easured '
i n  t h e  ’i n s t a n t a n e o u s - r e s t - f r a m e  a t  t h e  p o i n t )  was d e f i n e d
i n  s e c t i o n  6*2 o f  ‘ c h a p t e r  VI* We c o n s i d e r e d  a  c o n s t a n t
number N o f  p a r t i c l e s  i n  th e  n e ig h b o u r h o o d  o f  t h e  p o i n t
o f  i n t e r e s t  i n  t h e  m a t e r i a l  c o n t in u u m ,  t h e  number F 
b e i n g  r e l i e d  upon  a s  b e i n g  s u i t a b l e  f o r  t h e  a v e r a g i n g  
p r o c e s s e s .  The volume c o n t a i n i n g  t h e s e  F p a r t i c l e s  was. ¥
The number d e n s i t y  was t h e n  d e f i n e d  a s ,
n  >  N A I . l
. . 0 y  . . :
■ h I'- V-,. ■.. / ■
The volume VQ i s  s u b j e c t  t o  c h a n g e s  i n  m a g n i tu d e  due
t o  t h e  d e f o r m a t i o n  o f  t h e  m a t e r i a l ,  medium, an d  s i n c e  F
i s  a  c o n s t a n t  number,  n Q i s  a  f u n c t i o n  o f  p o s i t i o n  an d
t i m e .  The b o u n d a r i e s  o f  VQ a r e  a lw a y s  d e t e r m i n e d  by  
s i m u l t a n e o u s  m easu rm en t  f rom  t h e  i n s t a n t a n e o u s - r e s t - f r a m e  
o f  - t h e  p o i n t  o f  i n t e r e s t .  From e q u a t i o n  A I . l  we have  
a  d i f f e r e n t i a l  e q u a t i o n  f o r  t h e  c h a n g e s  i n  n Q due t o
We can c a l c u l a t e  th e  . changes in  the  volume due 'to  
d efo rm a tio n  by u s in g  the  v e l o c i t y  d i s t r i b u t i o n  o f  the  
bounding su r fa c e  o f  th e  voliime as
o
dVo ? d t ... ds p » ' AI.-3-
where dt i s  a tim e e le m e n t ,  v  the  v e l o c i t y  f i e l d  o f  
the r e g io n  and dir  i s  a s u r fa c e  e lem en t on th e  bounding  
s u r fa c e  o f  the volume V . The whole e x p r e s s io n  i s  reduced  
to  th e  in s ta n t a n e o u s - r e s t - f r a m e  a t  the  p o in t  s in c e  V0 and
i t s  changes are to  be c a l c u l a t e d  from t h i s  frame*
S u b s t i t u t in g  A I .3  in  A I .2  we h ave ,
o
dn = -  n v dt * ds  ^ . A I .4o o
Sin ce  the  i n t e g r a t i o n  has to  be done h o ld in g  t  c o n s t a n t ,  
we have t h a t ,  -
, o
d n { = — n  ^ v . dsi V , AI*5
d t  0
and a s  V i s  c o n s id e r e d  ■ to  be v e ry  s m a l l ,  o
Then, s i n c e
o
V - v
0
a
AI o 7
where v  i s  t h e  4 -  v e l o c i t y  f i e l d ,  and,Uf
o
d n
d t  c
c l n
dT
A I .8
where i s  t h e  p r o p e r  t i m e ,  we have  t h a t
JL
dtf ( no \ l - v al<>xa
A I.  9
w h i c h ,  i s  a  c o v a r i a n t  r e l a t i o n  e.nd t h e r e f o r e  m us t  be 
v a l i d  i n  any i n e r t i a l  f ram e  o f  r e f e r e n c e .  Hence i n  
g e n e r a l ,  ■ ; - :.C
d n 
d£
n. A
bx
v a AIolO
a
T h i s  i s  t h e  4 - d i m e n s i o n a !  f o r m  o f  t h e  e q u a t i o n  f o r  t h e  
c o n s e r v a t i o n  o f  p a r t i c l e  num ber .  A lso  s i n c e
IL
d? v a | -&x
A I . l l
a
have f rom AI .10 t h a t
c) ( n  v ) 
S x .  0 a
0 'AI.12
a
g i v i n g ,  - : :  ''
' ^_(nor) +■ y . ( n or?) = 0. . AI.13
t
F o r  an y  q u a n t i t y  X (w h ich  i s  a  f u c t i o n  o f  
p o s i t i o n  an d  t im e )  u s e d  i n  t h e  c o n t in u u m  d e s c r i p t i o n ,  
t h e r e  i s  a  u s e f u l  i d e n t i t y  i n v o l v i n g  t h e  4 - v e l o c i t y  f i e l d  
and  t h e  p a r t i c l e  d e n s i t y  o f  t h e  m a t e r i a l  continuum* The 
i d e n t i t y  i s
b  {X r „ ) .  ' . A I I . l
T h is  i d e n t i t y  i s  p r o v e d  a s  f o l l o w s .
Now, cD (Xv ) = 5  f l  A. A l l . 2
5 * a  ^ c i V  ° J
1 *e * -  s  | I Eo v a)  + > o v a | ~ U  \  A I 1 - 3
i . e .  = X h ( n v „ ) + n  d ( r | ,  A i l . 4
n o 5 x a  d 4 n j .  ,
Now, s i n c e  t h e  e q u a t i o n  f o r  t h e  c o n s e r v a t i o n  o f  p a r t i c l e  
number i s  ( s e e  e q u a t i o n  A I .1 2  o f  A p p en d ix  I )
5  ( n 0v a ) = 0 ,  A I .1 2
<>x a
we have  t h a t
/
Since  X = X(x ) ,  i s  any  q u a n t i t y ,  t h e  i d e n t i t y  A l l .  511
i s  a l s o  t r u e  f o r  X. Hence,  we have by r e p l a c i n g  X i n
Y
e q u a t i o n  A l l . 5 by  X ,
r  ■ ■*- ... ■ ■ •
n  d fx 1 = J ^Q» V * Al l .
d^[rnoJ "£>xa, 1 T
Then s i n c e  n  = YnQ, th e  p a r t i c l e  d e n s i t y  a s  o b s e r v e d
f ro m  t h e  moving fram e
n d i  X 
d t  / n
b  j x j  + V ^ X v  . A l l
T h is  i d e n t i t y ,  ( p r e v i o u s l y  u s e d  i n  th e  work o f  P e n f i e l d
(11 )  * and H a u s v ')/* i s  u s e d  . i n  many o f  t h e  c a l c u l a t i o n s
i n  t h e  c o n t in u u m  m e c h a n i c s .
A P P E N D I X  I I I
The f i e l d  t e n s o r s  Fa p and  G-a p a r e  u s e d  i n  
t h e  d e s c r i p t i o n  o f  c h a r g e d  c lo u d  and  a l s o  i n  m a t e r i a l  
m ed ia  u s i n g  th e  Chu f o r m u l a t i o n .  The e l e m e n t s  o f  t h e s e  
two t e n s o r s  a r e  a s  f o l l o w s .
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A l l  I
4 I I I
I n  t h e  c a se  o f  t h e  c h a r g e d  c l o u d ,  E . and  H a r e  th e  
m a c r o s c o p i c a l l y  d e f i n e d  e l e c t r i c  and m a g n e t i c  f i e l d s  f o r
th e .  c h a r g e d  c l o u d .  I n  the. c a s e  o f  m a t e r i a l  m e d ia  ' d e a l t
w i t h  i n  c h a p t e r  X o f  t h e  t h e s i s ,  E . an d  H a r e  t h e  
m a c r o s c o p i c a l l y  d e f i n e d  e l e c t r i c  and m a g n e t i c  f i e l d s  f o r
t h e  m a t e r i a l  c o n t in u u m  a c c o r d i n g  to  t h e  Chu f o r m u l a t i o n
o f  e l e c t r o m a g n e t i s m .
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